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Abstract. A lattice theory of Fermi fields of mass m coupled to gauge fields in
the region where m and the gauge field coupling constant g are large is studied.
It is shown that the energy of some states composed of a fermion and a distant
antifermion with a string in between grows at least linearly with the distance if
1 <g®<m<gloes,

1. Introduction

The lattice gauge field theory was formulated by Wilson [15] with the hope that
the mechanisms behind the long distance behavior of the continuum fields could
be understood in the simplified lattice models, see also [ 1, 7]. The primary aim was
to understand the quark confinement. Working with the QED Wilson formulated
a criterion for charge confinement which involved only the electromagnetic field
(no Fermi fields):

if <exp (ze {4 dx")> ~exp(— C(s)) and C(s) is proportional

to the area of the two-dimensional cube s then charge should be confined; if
C(s) is proportional to the circumference of s then no confinement occurs.

The criterion was based on the analysis of the expansion of Euclidean
propagators of full lattice QED into powers of, say, inverse fermion mass,
interpreted as a sum over fermion-antifermion trajectories. Each path ¢ contri-
buted a lattice version of <exp (iejAudx“» . It was argued that in the case of the

a

“area law”, paths with fermion and antifermion well separated hardly entered.
Wilson suggested that in the lattice QED the area law should hold for large
coupling constant g. This was confirmed by the rigorous result of Osterwalder-
Seiler [10] obtained for a wide class of lattice gauge theories. In the meantime
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other possible mechanisms leading to the area law have been proposed, believed to
work for weak or intermediate coupling (instantons, merons) [2, 3, 6, 12, 13].

In the present paper we consider a gauge field interacting with a color multiplet
of Dirac Fermi fields (in Euclidean region). Our result is a rigorous step in proving
occurence of confinement for large Dirac fields mass m and large coupling
constant g, starting from a different criterion, more appealing to the physical
situation. It may be also viewed however as a rigorous step on the way to
substantiate the Wilson’s criterion.

The criterion we use is based on the following rough idea : confinement occurs
if the physical (i.e. gauge invariant!) states with gauge charges concentrated in well
separated regions have big energy, growing with the separation. This idea of
confinement, where the use of gauge invariant states is a crutial point, is very close
to the one used in [7]. Our test-states X, consist of a fermion and an antifermion
connected by a gauge field string (necessary to have gauge invariance). We are able
to prove that once the spins of the fermion and the antifermion are correlated in a
certain way the energy of the state grows at least linearly in r for some m>g> 1.
The correlation between spins of the pair seems to result only from our inability to
dismiss this assumption.

The basic technical tool we use is the cluster expansion—a generalization of
the one worked out in [9,10] for pure lattice Yang-Mills theory (without
fermions). Section 2 is devoted to the formulation and to the proof of convergence
of the cluster expansion. As usually, once the convergence is proven, existence of
the exponentially clustering infinite volume theory follows and the standard
construction [11] gives the physical Hilbert space and the transfer matrix e 2",
since the Osterwalder-Schrader positivity holds, as proven in [10].

The confinement bound is deduced from the estimate

1
FaE

(X, oMY e 00, (1)

To obtain (1) we bound (X,le” ?#X,) from above by e~ " directly from the cluster
expansion. The missing lower bound on X, 12, IXx, I2=e ¢, with C,<C,, is
moredifficult.One can bound IIX, 12 from below computing it in the lowest order of
the strong coupling perturbation calculus and estimating the correction by the
cluster expansion, which is well suited for that. However this does not lead to the
searched bound directly. Nevertheless this bound can be obtained if we use
additionally a convexity of log !X, | (Proposition 2) which can be proven by a sort
of Nelson symmetry argument. This is where our nasty assumption on correlation
of spins of the fermion and the antifermion enters. The estimates leading to the
lower linear bound on the energy of X, compose Section 3 of the paper.

2. Cluster Expansion

The model we study is essentially the same as the one considered by Osterwalder-
Seiler [10, Sections 1.2 and 11.3]. We shall briefly recall and supplement their
notation, introducing some minor changes.
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Let A be a finite subset in the hypercubic d-dimensional lattice L= (3, ..., %)
+2Z*CIR*. By B, we shall denote the set of oriented bonds b [pairs (x,,y,) of
nearest neighbor sites] in A, by B} the set of bonds in A with positive orientation
(with respect to the coordinate axes) and by P, the set of all oriented plaquettes p

(lattice squares) in A. The basic Euclidean field variables are:
pix) i=1,2, 2=0,1,2,3, A=1,..,N, xelL,
(they generate a Grassmann algebra) and
9,=0,-1€G,

where b, b~ ! are bonds, b~ ! =(y,, x,), and G is the gauge group taken to be U(1) or
SU(n).
The Euclidean fermionic action in finite volume is taken to be (compare [10])

3 N 1 3 l
DI WLTN O IR WD VD WRTACN

xed a=0 A=1 2beBA a,p=0 A,B=1
“015)ap U(G3) 45W55(V) - (2)

Here U is a fixed N-dimensional unitary representation of G, y£ =9~ if be B} and
vE = —9yE otherwise, where o corresponds to the coordinate axis parallel to b, and
the Euclidean Dirac matrices are chosen as in [10].

The Euclidean gauge field action is given by

1
AZM2=—2—7 Y g, 3)

peP a4

where g, is the product of four bond variables along the boundary of p (defined up
to conjugacy class) and y is a character of G (trace of a D-dimensional unitary
representation).

Let o/ ,= @ o', denote the Grassmann algebra generated by (i ,(x)), ., ("
being its subspace of order r). Similarlyasin [10] we let ¢ > denote the linear
functional on o7, defined by {7’/ =0 if r is not maximal,

< q lpfA(x)tpiA(x)>F =1.

xed A

Consider the space A, of the continuous mappings from X G into </ ,. For
beB
F e, define !

fdg (Fe A Hhe AT
F> = F Y™ s 4
I a = g e e @

where dg = (X) dg, dg being the normalized Haar measure on G.
beB*+
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Now a local gauge transformation ye X G acts on X G by (g,)—(g])

xell
G=7,9575" (5)

and also defines an authomorphism of .«7 :

VVJ;A(X) = §3; Ulyy 1)ABW113(X) s

M5 = 2 Ul ) gppi(x). (6)
B
These actions induce an authomorphxsm on A, Fr>F?
F(g): =179} " ). (7)

The subspace of U , of invariant elements will bedenoted by AYY. { >, is invariant
under local gauge transformations:

T a=L{F D4

Take
1
F = [T w4 c)wps ()%, (8)
i=1
where % is a complex continuous function on X G. Standard computation of
beB}
Gaussian anticommuting integral gives a sort of Matthews-Salam formula
1 -1
(T, = jdgA( ) det!! [(1 - —KA> }
m BiyBiyvigs %y iy ey
1 — AYM
det 1—'“‘KA (fe A s (9)
m
where
1
ZA:jdgAdet<1_;q—KA)e_AXM (10)

and K, is a matrix,

") :{%(ya,y))apU(g(x,y))AB if (x,y)is a bond in 4,
«Ax. BBy V0 otherwise.

(11)

To be sure that (4) and (9) make sense we have to show still that Z,=0. This
follows immediately from

1
Lemma 1. det(l - ;n—KA) >0.

Proof of Lemma. We have
Ki=—K,=75K,75,
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where

E,EE.E __

Ye=yoySyi =09 =09,

Hence

1 1 1
det<1 m KA> det<1 mKA> de ( o KA>

. . . . . 1
and the determinant is real. Moreover as K, is antihermitian, 1 — —K ; cannot
m

1 1
have eigenvalue zero. Since lim det(l 0 KA) =1, det(l - %KA> must be always

m-—> o0

positive. [

We shall examine the theory in the region where m and g are large (strong
coupling) using a cluster expansion generalizing the one used in [9, 10] for lattice
Yang-Mills fields only. The generalization is patterned on the cluster expansion
used in the continuum Yukawa model (Yu),, see [4, 8] but again is much simpler
because we work on the lattice. It will resemble however the cluster expansions for
continuum models, especially of [6,4], more than the expansion of [10], since we
shall be turning off the non-local parts of interaction smoothly.

To this end introduce for each function

s:B,—-[0,1] and <:P,—[0,1]

interpolating objects K . and A*M by

(K e pmi= Ls((x, y))(y(ﬁ%’y))aﬁU(g(x’y))AB if (x,y)is a bond in A4, (12)
il 0 otherwise,
YM. 1
A= Y dplg,)- (13)
2 peP a
For I'CB,, QCP, and s, T as above define s, 7, by
~([s(b)y if berl,
si(b):= {0 otherwise,
and analogically for 7,,. The first step in the expansion is (compare [6]):
. 1 -1\
<<#>A:Zv Y. | dspdry,, rQfdg,1
A TCBy
QCPa
Ix] 1 ! 1 1 —AYM
“det; 7, ([ 1= — Ky det{1——K,  |9e™ “atc . (14)
! moT e, m T
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0 0
Here | dspdr,= ds(b) dt(p), 0,0, —— || =——, y;, stands for
[ dspdrg=T17] pﬂz o Eos(b)gm(p) x

B B;y; and x,, for ochAllez The terms with I' =0 or Q =§ also enter (there is no
integration and differentiations involving s, or 7, then).

Now define

l
supp 7 U X; ViyUsupp%,

where supp¥ is the union of lattice sites—ends of bonds b such that ¥ depends
non-trivially on g,. To (I', Q) assign the subset I'UQ in R* composed of closed unit
intervals corresponding to the bonds in I and to the boundary bonds of the
plaquettes in Q. Suppose that I'=I",UI'},Q=0,00, I';nI'{=0,0,nQ, =0 and
that I;0Q, is disjoint from I',UQ,usupp.Z. Then the right hand side of (14)
“decouples”:

X 1 -t
[dspdtyd,, 0 tQRdgA( ) detflu’[(l- %KASF) }

Vi X1,

1 YM
-det(l - —KASF) Ge~ Az
m

1 -1
(LN G PR (R

YigXiy

m
1 YM
det(l — EKASF )ge—AATQO) . (j dST1dTQanrlanx jdgA

1
“det [1—— —ARY )
e ( mKASrl)e Q) (15)

Suppose that from all possible divisions of I' and Q described above we always
choose that leading to minimal I'yuQ,. Using (15) we may perform in (14) a
partial resummation fixing (I',, Q,) and summing over all (I";,Q,) and only then
summing over all (I'y,Q,), I'yCB,, Q,CP,, such that I'yuQ, has no connected
component disjoint from supp%. This leads to

1 1
(F,= Z jdsrodTQoaSr Igoj gA( )

(I'o, Qo)

Ix1 1 !

X
detw[(l )

Yig X1,
( )ge—A};’;’z ZA\(FoquuSUpp?)
Asr ° Z
A
Z / FO! QO) A\(FOUQOUSUPP?) . (16)

0,Q0) ZA
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Let K:=|Iol, L:=1Q), To=1{by41s---»bux}s by=(xp,y,), k=I1+1,...,[+ K. An
easy calculation, which we leave to the reader, gives

1 __1 I+K 1 L
R(Z,T,Q0)= | dSrodTQow(-m“) (;]7) §dg,

ZA . (I;[ (i U(gbk)AkBk) detf 0+ 0 (17)
il e Py
1 - 1 o
: 1— -’EKASFO det 1_ EKASFO g ]._.[ X(gp)e e,
Yigs Xy reQo

Throughout the paper we shall denote by 0(1) various constants, which can
depend only on N and D.

Lemma 2. If m,g>1 then

R&F.Ty, 0 )|<( ) Il o<1><f<+m(%>" (gi) (1)

Proof of Lemma.

1 -1 1
detgle>X<l+'<>K1 — K, ) Jdet(l — K, )
112 m Iy m To

VX

1
I+K+—||Kas, |1

<e | mlTAsn (19)

by the Cauchy integral formula, since the left hand side is equal

al+K

la:ul"'a:ul+K

where

(B, =0, 00

x, X yi,y°

1
det (1 T Ky, +1:Bi+... +:ul+KBl+K) ,
0

and
ldet(1+C)| <ell€ll,
But

4N
5 K. (20)

IIA

IK 4, 11y
Hence

Ar, Bic (I;[ (5)aes UG bk)AkBk>

ks
1,..,l+K

. 1 -1 1
et <I+K)[(1 AKASrO) }det(l—ZKA%)

YigsXiy

ok, B
k=1+

2N
I+K+2K
< H( > I(yfk)akpkiz)“z ( Y 1U( gbk)AkBklz) 12(4K. 4K NK. NK)12o 5
k \ox,Bx A, Bie
l+K+%K

S(4N)*?%e =el T oK, - 1)
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Now
1
»g [T 2(g,)e %% |<lgl prezs™ <lgll  owr. (22)
peQo
From (17), (21), and (22) we get (18). [
Lemma 3. For given K and L there are at most 21VPPZ 10D E*D) cpoices of different
(5, Qo)

Proof of Lemma. The number N in question is bounded by
Number N, of possible ways to draw the bond-graph I'yuQ,, times;

Number N, of possible choices of I', within a bond-graph times;

Number N, of possible choices of Q, within a bond-graph.

N, Z(number of choices of length of the bond-graph)-(number of choices
of length of connected components of the bond-graph given its total length)
-(number of choices of bond-graphs with given length of components) <(4L+ 1)
QlsuppFI K AL (0 7)2K+ L) where d=4 is the dimension of the lattice (compare [6,
Proof of Proposition 5.17).

N SzK K+4L) <22K+4L
2= K =

(2¥ is the number of choices of possible orientations of the bonds of I'y).
]\[3 é 2L <2(d— 1)‘(LK +4L)) § 2L+ 2(d—1)(K+4L) .

Thus
]\7§N1-NZ.N3gQISUppfl+0(1)-(K+L)_ o
Lemma 4. If m>0(1), g*>>0(1) and 0(1) is big enough then for X C A

Zax| <o,

A

Proof of Lemma. We proceed as in [10, Proof of Lemma 3.2]. Thus we must show
that for |A]=N

z, |
1<_ 23
Z4 l"2 @3)

\{xo}

provided that (23) holds for |4]<N.
Z,

A\{xo}

O(1)(K + L) L\E/1)E O(1)(K+L) 7K +3L
< Z e —| =] e 2

T KIzo mj \g
K+L>0

1 1 1
20 g0 153
m g2

zZ

Z —
S B R R
(F'o,Qo)> xo0 A\{xo}

1—

if m and g? are big enough. [
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The cluster expansion (16) together with the estimates of Lemmas 2-4 (or their
versions for the theory with doubled degrees of freedom) give in a standard way

(see [6])

Theorem 1. Let m, g*>>0(1), with 0(1) big enough. Then the cluster expansion for
(F >, converges uniformly in A. There exists the thermodynamical limit

<97>— hm< >/1

and the infinite volume theory clusters exponentially.

3. Confinement of Fermions

In this section we shall assume that U is an irreducible representation of G [ = U(1)
or SU(n)] of non-zero n-ality, see [10], and that y is the trace of U. The cluster
expansion developed in Section 2 will be used to cast some more light on the
problem of confinement of charges connected with gauge invariance. Roughly
speaking confinement occurs if the states with charges concentrated in distant
regions have very high energy. For some states this will be proven to happen.

Our physical Hilbert space is defined by the usual Osterwalder-Schrader’s
construction, see [ 117. If # € W™ for some finite subset A in the positive time half-
lattice IL™ CIL and ©.7 e AL} is its time reflection as defined in [10] then (see [ 10,
Section 11.3])

(OF -F»=0. (24)

The physical Hilbert space # is obtained by taking ™ :=ind lim ¥ with the

AcL*
scalar product induced by (24), factorizing out the null subspace and completion.
Let W& denote the canonical image of .# in #. As in [11] one defines a (discrete)
semigroup (S(n)),~, . [S(1) is the “transfer matrix”] by

SMWF =WU,,F, (25)

where U,,# denotes the translation of # in (Euclidean) time by 2n, defined in the
obvious way. Now (S(n)) is a semigroup of selfadjoint operators in # of norm =<1
(compare [11]—we use the cluster expansion to bound {@%-U,F ) when
m— o). Also S(n)=0. If S(1)>0 then we can define the Hamilton operator

H:= —3logS(1). (26)
If S(1) has zero eigenvalue then H is not well defined, however we may speak all the

1 .
time about expectation values of the energy = (X|HX), for 0=X e H#, as given

i
by 2 J (— 3 log D(dEg,(AX[X).
Let for r=1,3,5,...

Fgp):= Z ‘Pm( () Vi aﬂ( l—[ ng;)) 'P/le(y1)» (27)

p,A,B bCrxyyy
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where 7, is the line segment from x, to y,,

X1 =G .03 oy = <§, s =T33, ...,%), j=12,3.
J
Define
X, =W%Z,. (28)
Later we shall show that X, +0 in some region of the mg plane. Now by the Jensen
inequality
2 1 —-2H
exp| — 5z O HX,) | £ ez (X Je 27X ), (29)

where, with some abuse of notation, we write e~ instead of S(1). Hence to bound
the energy of X, from below it is sufficient to find a suitable upper bound on

1
VaE (X,le~HX ). Introduce

o:=logm/logg?. (30)
We shall assume, that o> 3.
(X,Ie“?‘HX,)=<@(U237,)‘fr>E<1r> (31)
Ay=Tm ¥ RU, Iy Qp) AT Gsrnts (32)
A= (I'5,Q0) Z,

where R(I, Iy, Q,) is given by (17). Developing determinants in (17) into powers of
% we obtain an expansion for R(I,, Iy, Q,) in terms of fermion paths joining points

{x;,} to {y;,} built up of bonds of I'; (with closed loops contribution included),
compare [15]. Each bond b in the path contributes a matrix element of U(g,) as a

. 1
factor. Subsequent development of exp( —Aﬁi‘f)o) into powers of e produces more

factors of this type corresponding this time to boundary bonds of plaquettes in Q,,.
Summarizing, R(I,,I'y, Q) is a linear combination of dg ,-integrals of products of
matrix elements of U(g,) for b from I';, or from plaquettes of Q,. Now build a one-
(lattice-)cycle

ci= Y b+ Y b+ Y b+ Y Yb,

bCrx; v, bCrx,y, bel'o peQo bCp

where r, . is the line segment obtained from r, by translation by —3 in time

with change of orientation, see Figure 1. Suppose that one can add to ¢; a one-
cycle

dy= ) mb+ Y m,yb (n,m,=0,1,..)

bel'o peQo bCp

such that
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: )
x! A
. . ° ° . ° . . ° ° Py .
b b, b bg by By
« N t6 ;7 2 X . . Y2 — — X .
) ~ A _
Py \ P31 ‘p3 -2 F \ Py Tp3r-t. s x°
° . L4 .
N ™y
.
@ @ ‘gr—s ! o ‘/p; @ Pslig | n
* . ° .
| || l |
| I ‘ [
| | I [
[ ] ° L] °
™ (\ ™
¥, ‘y/p? Gs\ '/ps 5,1 U P3 ‘/F;z\ V/P1
d L] b4 — : .
™ bg  bg b,
@ Q 61 b, by
. < = . . X . . y .
2B, b, by 2 |
° ° [ . ° . ° . [ [ . .
n=6c +3r n=8oc+3(r—1)
Fig. 1 Fig. 2

1. d(c, +d,)=0.

2. for each bond be B the overall coefficient at b of ¢, +d,; multiplied by the
n-ality of U is integer.

It is easily infered from the Peter-Weyl theory that R(I,, Iy, Q,) can be different
from zero only if this holds. It is a very useful observation as it eliminates many
terms from the right hand side of (32).

For the time being we shall keep o of (30) fixed, changing m and g*. As each

l+K L
term in R(#,T,,Q,) has a factor (%) (?) in front, there will be an overall

1 \2+Ke+L
) in front of R(1,, Iy, Q). Let

ower |—
P <gz

n=n(K,L):=Ka+L. (33)
Suppose that r=7. It is easy to check that all terms of R{I,,I",, Q) with n <60 +3r

vanish. The lowest non-vanishing term with n=ny,=6a+3r corresponds to
(T, Qo) as on Figure 1. Next terms have n=8x+3(r—1) (one of them is pictured
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on Fig. 2). Thus

ZA\(Foquvsupp I,)

(le X )<sup 3 |R(L,. 10, Q)

A4 (1000 Zy : (34)
where the sum is taken over all (I'y, Q,) such that n(K, L) = 60+ 3r.
(34) produces an upper bound upon (X,Je” *#X,).
Proposition 1.
X, le™ X )< (0;?)8“3' (35)

provided r =17,

1
9;7) <1 and 0(1) is big enough.

Proof. From (34) and Lemmas 2 and 3
(260(1))K(8e0(1))L

(92)(2 +K)a+ L

(X Je™ 21X ) 4N 4lsuerlrl %

K,L20
n(K,L)zno

2a7T [nol] [s] aK+L
soveer Q18 £

2
L=0 K= —[(L—no)/a]

g
N i i (@)aK%—L} é (@)Zaﬂ-m. (36)

L=[no]+1 K=0\ Y g

Here [x] denotes the biggest integer less or equal x and (36) holds provided, say,

o1
( ) <1 and 0(1) is large. O

We shall also need a lower bound on IIX,ll. The point is that it is sufficient to
bound from below Xl for example and then use the following

Proposition 2. For r=7
1
L x, < lx, sl 2, (37)

Proof. We use a sort of Nelson symmetry argument [14]. Following the
construction of [ 10] introduce an axial gauge in which g, =1 for b in the direction
of the j-th axis. Thus consider the algebras 2% of continuous mappings on

X G with values in the Grassmann algebra .o/, For JeW% define the

bEBA
bl j-thaxis

expectation {J %" for which the cluster expansion holds (all estimates of Section 2
hold mutatis mutandis). So there exists an exponentially clustering infinite

volume state { »**= hm < >3 defined on indlim A%, Now introduce an oper-
ACL

ator O; of reflection w1th respect to the plane x/ =0, similarly as ® was intro-
duced in [10] (one uses yj instead of yf in the following way: @j% 4(x)
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= ZwﬁA(S X)) g O 024(xX)= D (15),5}4(3,%), where 9,x is the reflected lattice
;

31te>. Mimicking the proof of [10, Theorem 2.1] we conclude that whenever Je
with A composed of sites with positive j-th coordinate then
(OJ-J>*=0.

As before, we produce a Hilbert space #** using (@ ,J-J»** as a scalar product in
AZ, 1= indlim‘lla‘x where we take only /1 -s with positive j-th coordinate. If W;*J

denotes the canonical image of J in #;** and U}, the translation by 2n in the j-th
direction acting on U7} then again

O0,J- UL Iy =(WPIISTm W),

where (S5%(n)),-; ,,  Is a selfajoint semigroup of non-negative operators in #3*
Now the Holder inequality for the spectral measure of S7%(1) gives

((OJ-U Y™~ D2 (O U,y =920 J-U,_ | J5™ (38)
for odd r=7.

For #, given by (27)

OF 7= T wis®y)0)ulrusvin(dx,)

-waA«xl)(»,- Dy )
=f;B<@jJAB'Ur—1JAB>aX7 (39)

where

Jan —Zwm DO6pvis(9%,). (40)

Combining (39) and (38) we obtain
1 ,
s OF FYTIPE(OF F)INOF, F,y,

which is 37). O

, o 1 1 ders Q1) -
Proposition 3. HX 2> 0 D\ if 7 <1 and 0(1) is big enough.
Proof. Let us notice that in the cluster expansion for (O@F - Z ;) , all terms with n
<20+ 5 vanish. There is a non-vanishing term for n=20+5 (see Fig. 3) and other
terms have n=n, =40+4. Now

Z TouOn F e T
sup| > ROFF4,T,,0,) A\(rouqo;upp@fs 75)
A (I'o, Qo) A
n(K,Lyzny

9

g("(?)w i 2oy
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and 0(1) is big, which is proven the same way (35) was. Thus

Z T F g
<@g:5 . ‘¢5>A — R(@g?s .975’ Fo’ Qo) A\(FOUQo%supp@Js Fs)
A

01 6a+4
SE

where (I'y, Q,) is chosen according to Figure 3 (and A is big enough).
Define

m-—>oc
92~

1 .
Ry(7, FO’QO)::W lim m'*%g* R(F,T 4, Q,). (42)

2 [\kl:ls Wb Y (gbk)AkBk)

%i, B, Ay, By
i=1,2,3,4
4x4 E E, E E
ety [9p,,.2,08,,, 40,05, 5,0 )2 (7077 Do (70)u1 .91

(T e (T U(go)m} ﬁ1 1@,,)

bCryx v, bCrx,y,

m=
5

:2_(_9.1)_ Fag. e ([ T1 Vo) (T Vtan)Utes) 1 #6,,)

bCrxy Y1 bcr"zyz m=
1 1 4a+5
= 3NA (;;) : “3)

The last line was obtained by subsequent use of orthogonality relations between
the matrix elements of U.

Lemma 5.

ZA\(roquuSupp@f/"5"6;5)

Zy

IR(@g;s'?yro, Qo) —Ro(@gs'ﬁsaro’Qo),

g (ii))%l +6 (44)
g

for %ﬁl <1 and 0(1) big enough.

Proof of Lemma. First we need a more refined version of Lemma 4. For X C A we
have

1— ZA\X — Z R(l,ro,Qo) ZA\(FOUQouX) ,
Z, (I'o, Qo) Zy
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Fig. 3

where we sum over (I'y,Q,) such that I';UQ, has no connected component
disjoint with X. Using estimates of Lemmas 2-4 we get

O(1)\K o(1
ll_ZA\X < 4(X|(262 >) <8e2 >) .X|0(1) 45)
Zy|™ K20 g g - g°
K+L
o )<1 Now

for O(1) on the right hand side big enough and 7

(+K) x(+K)
detlﬂz [ /3:1,0!1253;‘,14:25.\’11,)6.2]

1 -t 1 ot
detilﬂﬁ-zK) x(1+K)[<1 — ;,Z_KASIM) Bille."'p“izAllez} det(l - aKASrf)) < ;(2)(46)
1
;2) <1, 0(1) big, by (19), (20) and the Cauchy integral formula. Also
YM 1
ey =) @)

Og( ) <1 and 0(1) is big.
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a /////

growth of E(X

logm

10log g2
Fig. 4

Estimating the left hand side of (44) step-wise using the triangle inequality and
(45)—(47) we obtain (44).
Now (41) and Lemma 5 show that

4a+6
KOF - F >~ R(OF - F s, FO,QO)[<(O;”) (48)

. 0(1 . . ..
again for _g%z <1 and 0(1) big enough. (43) and (48) yield Proposition 3. [

From Propositions 2 and 3 we conclude that X,#0 for g* sufficiently large.

We shall need one more estimate which is proven in the same way as
Proposition 1.

1 4a+3
Lemma 6. [X,12 < (?) for 9gQ<1 0(1) big.
From Propositions 1-3 and Lemma 6 we obtain

=X, le X ) SN SIX B 7lx, = 3(x e 2HX )

!lX I
S NT730(1)r =32 (%)‘4“5“3 2 (%)Wﬂm*s)/z (%)sm,.
= (0;12)“ )b ' (49)
0(;2)« , 0(1) big enough,
EX)= |X1,,nz(Xr'HX»érlog(gl/ou)“). 50

Hence E(X,) grows if g>>0(1)*, « >3, i.e. for (see Fig. 4) 1 <(¢%)* <m<(g*)*°#¢* and
e¢=¢(N) small enough.
We have proven

Theorem 2. There exists 0<e=¢(N) such that for 1<(g?)> <m<(g?)"'°e¢*

1 logm)

X )>|logg? —
E( ,)_(og ¢ logg?
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Note Added in Proof

In fact it is not so difficult to extend our result to states X, of the form

Xi=W(E v IT V) vint)
A4,B bCra, v, 4B
and dismiss our assumption on spins of the fermion and the antifermion. We must only notice that in
the cluster expansion for [X/[1? all terms for which I'y does not connect {x,,y,} with {x,,y,} coincide
with their counterparts in the cluster expansion for |IX, 2. The sum of the other terms is bounded by
0(1)"/(g*)? 27 for small g>. However our bounds give

{
Ix 1Pz~ _
¥ 2 O(I)ar(g2)r+4a

if 0(1)*/g% < 1 and 0(1) is big enough. Thus the similar lower bound holds for [X/1? and yields, together
with an analog of Proposition 1, a linear lower bound on the energy of X.








