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The Navier-Stokes Equations in Space Dimension Four*

Vladimir Scheffer
Department of Mathematics, Stanford University, Stanford, California 94305, USA

Abstract. Solutions to the Navier-Stokes equations in four space dimensions
are continuous except for a closed set whose three dimensional Hausdorff
measure is finite.

Section 1. Introduction and Notation

In this paper we will prove Theorem 1.1 below. The terminology and notation in
the statement of this theorem are explained in the remainder of this section.

Theorem 1.1. Let v:R*—R* be a measurable function such that [[v(x)|dx < co and
div(v)=0. Then there exists a measurable function u:R* x (0, co)—R* such that

§ flu(x, DPdxdt < oo,
0

u is a weak solution to the Navier-Stokes equations of incompressible fluid flow with
initial condition v, and the following property holds: There exists a set
ACR*x (0, 00) such that

a) An(R* x [e, o0)) is compact for every >0,

b) the 3-dimensional Hausdorff measure of A is finite, and

c) the restriction of u to the complement of A is a continuous function.

Notation. Hausdorff measure is defined in Section 2 (Definition 2.8). If X and Y are
euclidean spaces then C®(X,Y) is the set of all infinitely differentiable functions
from X into Y, and C3(X, Y) is the set of all functions in C*(X, Y) with compact
support. If fis a C* function defined on an open subset of R* x R (R* should be
thought of as space and R as time) then D;f, D;;f, and D, f are the partial
derivatives (9/0x,)f, (0%/0x,0x))f, and (8°/0x,0x,0x;,) f with respect to the variables
X1, X,, X3, X, of R*. The partial derivative of f with respect to the R variable of

*  This research was supported in part by the National Science Foundation Grant MCS 75-23332-
AQ02

0010-3616/78/0061/0041,/$05.60



42 V. Scheffer

R*x R is denoted by D,f (the time derlvatlve) We also set Af = Z D,f=D;f

(repeated indices are always summed), div(f)= Z D,f;=D,f; if the range of f isR*,

and V(f)=(D,f,D,f, D, f, D,f). Note that the tlme derivative is not included in the
definitions of 4, div, and V. Analogous definitions are made for functions with
domain R*. If v:R*— R* is square integrable then div(v)=0 is interpreted in the
distribution sense. We also set [a,b)={t:a<t<b}. Closed and open intervals are
denoted [a,b] and (a, b), respectively.

Suppose v:R*—R* is square integrable with div(v)=0.A measurable function

u:R* x (0, c0)— R* satisfying f fu(x, t)*dxdt< co is called a weak solution to the

Navier-Stokes equations of 1ncompresmble fluid flow with initial condition v when
(1.1) and (1.2) are satisfied:

T [ulx, 0D,¢(x, dxdi=0 if $eCP(R*x R.R), (L.1)
0
fodx)i(x, 0)dx + T fux, t)(D,p; + A¢,)(x, t)dxdt
0
+ T Jujx, Dulx, OD;px, t)dxdt =0 if $eCF(R*x R, R*),div(¢)=0. (1.2)
0

Observe that Holder’s inequality, the integrability of |u|3, and the integrability of
|v]? imply that the integrals in (1.1) and (1.2) make sense.

If aeR* and 0<r< oo we set B(a,r)={xeR*:|x—a|<r}. If X is a measure
space and Y is a euclidean space then LP(X,Y) is the Lebesgue L? space of
functions with domain X and range Y. The L? norm is denoted [l [ ,. The norm | |
is always euclidean norm. If f'is a C* function defined on an open subset of R* x R
or R* then V' f (see above) will also be denoted Df. In addition, D?f and D*f will
be the vector valued functions with components D;f and D, f, respectively
(,j,ke{1,2,3,4}). If ¢peCPX,Y) (see above) then spt(¢) is the closure of
{x:¢(x)=*0}. If f is a function defined on a subset of R* x R and g, k are functions
defined on R* then we set

(f*k)x, 0) =] f(, Dk(x— y)dy,
(g*k)(x)= [g(y)k(x— y)dy

whenever the integrals make sense. If 0 <t < oo we define H,: R*—R by

H,(x)=(4nt)~ 2 exp(—|x|?/41). (1.3)
If ¢ has a complicated form we will write

H[t]=H,. (L.4)
We also define K:R*—{0}—R by

K(x)= —(4n*|x|*)~ . (1.5)



Navier-Stokes Equations 43

An absolute constant is a finite positive constant that does not depend on any
of the parameters in this paper. The symbol C will always denote an absolute
constant, and the value of C may change from one line to the next (e.g. 2C = C).
The symbols C,,C,,C,,... will also denote absolute constants, but their values
will not change in the course of the paper.

We fix v satisfying the hypothesis of Theorem 1.1 and set

L=[lu(x)[dx. (1.6)

See [4], [5] and [6] for theorems on the Navier-Stokes equations in 3-di-
mensional space. This program was inspired by the work of Mandelbrot [3]
and Almgren [1].

Section 2. Preliminary Results Involving Hausdorff Measure

Throughout this section we fix a positive real number D and functions f and f, in
L3(R* x [0, o0), R*) for ne{1,2,3,...} such that [£I3<D and the sequence f,
converges to f weakly in L3.

Definition 2.1. If aeR* O<b<oo, m is an integer satisfying 272" <b, and
ne{l,2,3,...} then we set

Ala, b,m, n)=2'”( Ii j | £, t)]3(|x—al+2_’")"5dxdt), (2.1)
b-3-2m Ra
B(a,b,m,n)= 26’"< 32 [AES t)|3dxdt> . (2.2)
b~3-2m B(a,2-m)

Definition 2.2. Whenever 0<M < oo the following statement will be known as
property P(M): If n,, n,,n,, ... is an increasing sequence of positive integers, p and
q are integers, p<q, acR* 0<b< o0, and 27 ?? <b then

liminfB(a, b, g,n,)

k—

q—1 3/2
<M (lim inf(A(a, b,p,n,)+ (2_”A(a, b,p,n)+ Y 27™B(a,b,m, nk)> ))

k— o0 m=p

From (2.1) and (2.2) we conclude that there exists an absolute constant C, such
that

B(a,b,m,n)< C,(A(a,b,m, n)). (2.3)

We use C, in the following lemma:

Lemma 2.3. For every positive real number M there exists ¢>0 such that the
following holds : If property P(M) is satisfied, ac R*, 0<b < oo, p is an integer, 2~ *P
<b, and

liminfA(a, b, p, n) < e23? (2.4)

n—> o0
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then

liminfB(a, b, g, n) <e(M + C, +1)23? (2.5)

for all integers q satisfying q=p.
Proof. We choose ¢>0 such that

M(1+2(M+C, +1))***? <¢. (2.6)
There is an increasing sequence n,,n,,ns, ... of positive integers such that
liminfA(a, b, p,n)= lim A(a,b,p,n,). 2.7
n-oo k— o
Using the Cantor diagonal process and passing to a subsequence, we may assume
lim B(a,b,m,n,) existsif m=p. (2.8)
k—

It suffices to prove

lim B(a, b, m, n,) Se(M + C, + 1237 (2.9)

k— o

if m= p. We proceed by induction on m. If m=p then (2.9) follows from (2.7), (2.8),
(2.3), and (2.4). Now suppose that (2.9) holds for m=p, p+1,...,gq—1. Then from
(2.8), property P(M), Definition 2.2, (2.7), (2.8), (2.4), and (2.6) we obtain

lim B(a, b, q,n,)

k=0

q-1 3/2
<M (lim inf(A(a, b,p,n)+ (2_"A(a, b,p,n)+ Y. 27 ™B(a,b,m. nk)> ))

k- o0 m=p

=M( lim A(a, b, p, nk))

k— 0

a-1 3/2
+M (2"" ( lim A(a, b, p, nk)> + 27 (lim B(a,b,m, nk)>)

k= o0 m=p k— o0

q—1 3/2
§M323P+M(2-P823p+ Y 2 me(M+C, + 1)23P>

m=p
<Me23P + M(e2*7 4277 1g(M + C, + 1)237)3/2
=Me237 + Me¥223P(1 + 2(M + C, +1))*2 S Me237 +£23? <¢(M + C,+ 1)2°7.
The lemma has been proved.

Lemma 2.4. There exists an absolute constant C, with the following property: If
aeR*, 0<b< o, p is an integer, and 2~ *P*2 <b then

A(C> d: p, n) é CZ(A(as b> pP— la n))
whenever ce R*, |a,—¢,| <2777 for ie{1,2,3,4}, and b—2"*?<d<b.
Proof. This follows easily from (2.1).

Definition 2.5. Let p be an integer. We let Z(p) be the collection of all points
(a,b)e R* x [2722* 2, 00) which satisfy the following: a=(i,277,i,277,i,277,i,277)
where i,,1,,15,1, are integers, and b=j27?% where j is an integer satisfying j=4.
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In the following lemma we use the function f given at the start of this section.

Lemma 2.6. Suppose M is a positive real number, property P(M) holds, ¢ is as in
Lemma 2.3, p is an integer, p =0, (a,b)e Z(p),

liminfA(a,b,p—1,n) < C5 1e2°7

(see Lemma 2.4), and
Q={(c,d)eR*x R:|la;—c|<277" 1 for ie{l1,2,3,4}, (2.10)

and b—2"2<d <b).
Then |f(c,d)|> £ Ce(M + C, + 1)2°? for almost every (c,d)eQ.

Proof. From Definition 2.5, Lemma 2.4, and the hypotheses we obtain

liminfA(c,d,p,n)=C, (lim infA(a,b,p—1, n)) <g23%r

n— oo n—oo

if (¢,d)e Q. Hence Lemma 2.3 yields
liminfB(c,d, q,n) <e(M + C, +1)2°?

if g=p and (¢, d)e Q. Hence (2.2) and the assumption that f, converges to f weakly
in L3 imply

26"( ; | If(x,t)dedt)ée(M+C1+1)23P (2.11)

2724 B(c,279)
if ¢ is an integer, g=p, and (c,d)e Q. We set
Q'={(y,5)eR*x R:|a,—y|<277~1 for ie{l,2,3,4}, (2.12)

and b—27?P<s<b}.

Let (y,s)e Q". Choose an integer ¢’ such that ¢'2p, |a,—y,|+2 7 =<277" 1 for
ie{1,2,3,4}, b—272P<s5—277, and s+27 9 <b. Let q be an integer such that
g=q'. We set

Q;={(x,t)eR*x R:|x—y| =279, (s+j272)—2729<t<s+j2729) (2.13)
whenever j is an integer and 1 —29<; <29 We also set

Q"'={(x,t)eR* X R:|x—y| <279 |s—t| <279} (2.14)

From g=¢q = p=0 we conclude that 1—27 and 27 are integers and satisfy 1—2¢
<249, Hence (2.13) and (2.14) yield

f |f|3:2(j |f]3> where the sum is taken over 1—21<j<29. (2.15)
Q" i \Qj

Jj\Q

Using (2.15), (2.13), (2.11) with (¢, d)=(y, s+ 2~ 29, the properties of ¢/, and (2.10)
we obtain

26”(§ IfP)§2"“(B)(M+C1+1)23”. (2.16)
o
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For every r>0 we set
B(y,s,7)={(x,t)e R* x R:|y—x|* +|s— t]* £r?} (217)

and we let m be the Lebesgue measure on R* x R. From (2.17) and (2.14) we
conclude B(y,s, 27 %) CQ". Hence (2.16) and (2.17) yield

(m(B(y,s,279)" 1( ) Ifl3) SCeM+Cy+1)2°7. (2.18)
B(y,s,279)
Since |f|? is an integrable function, (2.17) yields
lim (m(B(y, 5,2“‘1)))"‘( i I3) =1f(y,s)? (2.19)
q— B(y,s,279)

for almost every (y,s)e Q’. Now (2.18), (2.19), and the fact that Q' is almost all of Q
yield the conclusion of the lemma.

In the lemma below we use Definition 2.5 and the number D that was fixed at
the start of this section.

Lemma 2.7. There exists an absolute constant C, which satisfies the following : If p is
an integer then

Y. liminfA(a,b,p—1,n) < C,2°%D.

(a,b)eZ(p) n—x

Proof. For each (a, b)e Z(p) (see Definition 2.5) we define ¢, ,:R* x [0, 0)—>R by
Gy, )=(x—al+277"H73 if h—272P*2<1<),
¢ap(x,1)=0 otherwise.

We have

Z ¢ab

(a, b)eZ(p)

SC2°%%.

From (2.1) we obtain
A(a7 b’ p— 17 n) =20" l(j !fn|3¢’a,b) -Hence
Y A(a,b,p—1,nm<C2°%llf,3<C27D.

(a,b)eZ(p)

The conclusion follows from the inequality hm mf (a,)+ liminf(b,) <liminf(a,

+ bn) n—oo n—oo

Definition 2.8. For any nonempty subset B of R* x R we define
diam(B)=sup{(la—c[*+|b—d|*)*'?:(a,b)e B and (c,d)eB}.

Let A be a subset of R* x R. For every 6 >0 we define ¢4(A4) to be the infimum of all

numbers of the form

i (4/3)m(2~ diam(4,))?,

where A, is a nonempty subset of R* x R, A C U A;, and diam(4;) <. Observe that
i=1
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¢5(A)=¢,(A4) if <. This allows us to define H 3(A)=(1£I(1)%(A). The number

H?3(A) is called the 3-dimensional Hausdorff measure of 4. There is an extensive
treatment of Hausdorff measure in [2].

Lemma 2.9. Suppose p is an integer, p=0, M is a positive real number, property
P(M) holds, and ¢ is as in Lemma 2.3. Then there exists a set A, such that

1) A,CR*x[3(27?7), c0) and A, is compact,

2) ¢y(A4,)<Ce D if 62572277,

3) |1f(x, )P S Ce(M +C, +1)2%% for almost every (x,t) that satisfies the con-
ditions (x, t)e R* x [3(2727), 00) and (x, t)¢A,,.

Proof. For each point (a,b)e Z(p) (see Definition 2.5) we set
Q(a,b)={(c,d)eR* x R:|a;—¢,|<27P~ 1 for ie{1,2,3,4}, (2.20)

and b—2"2P<d<b)}.
From Definition 2.5 we obtain

u{Q(a,b):(a,b)e Z(p)} = R* x [3(2™ ??), 0). (2.21)
We set
Y(p)={(a,b)e Z(p) :li,t,il infA(a,b,p—1,n)=C; 1£237}, (2.22)
A,=u{Q(a,b):(a,b)e Y(p)}. (2.23)
From (2.22) and Lemma 2.7 we obtain
(cardinality(Y(p)))C5 'e2’?= > C;'e2%F (2.24)
(a,b)eY(p)

< ) liminfA(a,b,p—1,n)

(a,b)eY(p) n—>

< ) liminfA(a,b,p—1,n)<C;2°?D< 0.
(a,b)eZ(p) "o
We conclude from (2.24) that Y(p) is a finite set. Combining this with (2.20) and
(2.23) we obtain that A, is compact. This fact and (2.21) yield part 1). From (2.20)
and p=0 we conclude (see Definition 2.8)

diam(Q(a, b)) =(4(272F)+ 27 4P)lI2 <512 7P, (2.25)
Combining (2.24) and (2.25) we obtain
Y (4/3)n(27 " diam(Q(a,b)))* £Ce™'D. (2.26)
(a, b)Y (p)

Now the countability of Z(p), (2.23), (2.25), and (2.26) yield part 2) of the lemma.
From (2.21) and (2.23) we obtain

(R*x [3(27?7), o0)) — 4, CU{Q(a,b):(a,b)e Z(p)— Y(p)} . (2.27)
Take (a, b)e Z(p) such that (a,b)¢Y(p). Then (2.22) yields
liminfA(a,b,p—1,n)< C; 16237,

n— oo



48 V. Scheffer

Hence Lemma 2.6 and (2.20) yield
|f(x, 0> < Ce(M+C, +1)2°"  for almost every (x,t)eQ(a,b) (2.28)

if (a,b)e Z(p)— Y(p). Finally, (2.27), (2.28), and the countability of Z(p) yield part 3)
of the lemma.

Section 3. Estimates on Vector Fields

Throughout this section we fix a positive real number { and a C*® function
w:R*—R* such that div(w)=0, [|w]|*< oo, and [|Dw|* < co.

Lemma 3.1. [ [w]* < C([ [Dw[?)([|w|?)"/2.

Proof. The Schwarz inequality and the case n=4, p=2, g=4 of [7, Line 9, p. 127]
yield

JIwi® = Iwl?wl < (fIwl) 2 ([ w12 < CJIDWI)J w2

Lemma 3.2. If acR*, t>0, and t'* <r < oo then (see (1.3))
Jlows H)(x)P(1x—al +7) " *dx < C(fw(x)]*(|x — a + 1)~ *dx).

Proof. For every i€ {0,1,2,...} we define h;: R*—R as follows : If i >0 then h,(x)=1
for every xeB(0,2'r)—B(0,2""'r) and hy(x)=0 otherwise. We set hy(x)=1 if
xe B(0,7) and hy(x) =0 otherwise. For every i we use Young’sinequality to obtain

JlowsH)(x)P*(x — al +7) " *dx

IIA

C(i J IW*HrhiP(er)_S)

j=0 B(a, 27r)

IIA

c(i ( | |w|3(2jr)"5> llH,thi)

Jj=0 \B(a, 2Jr+ 2ir)

lIA

c(Z ( | |w|3(2fr)-5) IH | f)
J=0 \B(

a, 21+ 1,.)

+c< i( | 1w|3(2ir)—5)llH,hiH§>

j=i+1 \B(a,27*1p)

gc( f |w|3(2ir)—525i>llH,hillf

B(a,2it1y)

+C( i( { 1w|3(2fr)“525i)llchi|l§>

j=i+1 \B(a, 2% 1)

gc(i( | |w|3(2fr)_5)25i]|chil|i>

j=0 \B(a, 27+ 1)

S C(fIw(x)P(x —al +7) " 3dx)2% I H,h, 13 . (3.1)
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We define a measure m on R* by m(E) = [ (|x —a| + 1)~ >dx. Minkowski’s inequality
E
and (3.1) yield
(j[(W*H YOOI (Ix —al +7)~ 3dx)!/? =(“w « H |>dm)'/3 (3.2)

< z (Jlws H b *dm)

§ (“(W*Hh)x)] (Ix—al+r)~3dx)'3

< (WP (x—al+1)” de)W(z 25’/31|Hh||1>

i=0

From t'/2 <r we obtain Z 253|| H Il < C. This inequality and (3.2) complete the
i=0
proof of the lemma.

Definition 3.3. We define f:R*—R* by f{(x)=(w,*H/)(x)D;w,(x). We obtain
I, <lwsH N IDwl, < lwl L= L IDwl, < 00 (3.3)

It is elementary that every ¢eCZ(R* R*) has an orthogonal decomposition
(consisting of a divergence free vector field and a gradient vector field) ¢ = ¢’ + ¢”
in the Hilbert space L?(R*, R*) where [see (1.5)] ¢” = (V'div(¢))*K =div(¢)*VK [so
that 4¢” =Vdiv(¢)]. We conclude

g —((Pdiv(p)=K)l, =llg'll, <l oll,.
Hence we can use (3.3) to construct ge L2(R*, R*) such that (3.4) and (3.5) hold:

g, <l£lIl,, (3.4)

fg-¢=[f(p—((Vdiv(p)*K)) if $eCF(R*R?). 3.5)
Lemma 3.4. If acR* (V?*<r< oo, pe CT(R* R), and spt(¢)C B(a,r) then

I 9w (x)P(x)dx]

<C(Ipgll , +7= gl L )r3(f W) (x — al +7) " *dx).
Proof. We define J:R*—R by
JX)=(x—al+r)"3. (3.6)

Let ¢>0 such that 4¢<r and 4e<r~!. We construct C* functions o/, f/, 7' with
domain R* and range [0,1] such that the following conditions are satisfied:
a(x)=1 if xeB(0,¢), &' (x)=0 if x¢B(0,2¢), el Do/l  +e2ID%|l  <C, p(x)=1 if
xeB(0,7), f'(x)=0 if x¢B(0,2r), riDpll +r2ID2 N +r3ID3p 1l <C, y'(x)=1 if
xeB(0,e7 1), y'(x)=0 if x¢B(0,2e1), e~ 1Dyl +e 2Dyl +e 2Dyl 2C.
We define functions «, f3, y, 6 with domain R* and range [0, 1] as follows: a =0,
p=p—ao,y=y—fF,5=1—7". We have

a+f+y+6=1, (3.7)
lakll, < Ce?, ID3(yK)(x)| £ C (x| +7) "3, IDEK)I, < Ce. (3.8)
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Since AK(x)=0 for every x+0, we have A(SK)(x)=0 for every xe B(0,r)— B(0, 2¢).
We conclude
AR, =C. (3.9)

We use Definition 3.3, div(w)=0, the Schwarz inequality, Young’s inequality, and
(3.8) to obtain

[ £:D(div(we)saK)|
=1 £:D(w;D$)aK)
=[f £{Dw,D p)aK)
<l f1,1ID(w,D $)xaKl,
<l f1,Ipw, D)l laKll
<clifl,(pwl, Dl + Iwll, D2l )e?. (3.10)
We use Definition 3.3, div(w)=0, spt(¢)C B(a, ¥), spt() C B(0,2r), and the genera-
lized Holder inequality to estimate
If £iD{(div(wg)BK)|
= [ (wjxH)D;w,D(w, D)+ K)|
” w *Hg)W, i (WD, @)% BK)
f (Wj*Hg)W,DU((Wka¢)*ﬁK)!

B(a,3r)

éZ(fIW%ﬂ“(ﬁlMTWmﬂmmwwmh' (3.11)

i,j \B(a,3r) B(a,3r)

From Lemma 3.2 we obtain

j |w>l<HC|3 <Cr¥(f l(w*Hc)(x)|3(|x— al+7) " 3dx)

B(a,3r)
SCr([ WP (Ix—al+r)~%dx). (3.12)
We also have
[P (fiw)lP(x—al+7)~3dx). (3.13)

B(a,3r)

Now [7, Proposition 3, p. 597, spt(¢) C B(a, r), spt(f) C B(0,2r), Young’s inequality,
and (3.9) yield

1D, ((w, D) BE) 3 < CllA((w, D p)* K 3 = Cllw, Dy px ABK)

<CllwD ol 14BK) < Cllw, D, ol gc( | |w|3>1/3 Dol

B(a,r)

<Cr3BIDl (] wx)1P(1x — al + 1)~ 3dx)*/3 . (3.14)
Combining (3.11), (3.12), (3.13), and (3.14) we obtain
I £:D{div(w)=BK) = Cr3IDpll (] [w(x)](1x —al +7)~3dx). (3.15)
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From Definition 3.3 and the hypothesis div(w)=0 we obtain
I £iD{div(we)=yK)|
= ” (w;H D jw;D{(Dy(w, )y K)|
= U (Wj*Hz;)WiDijk(Wk(ﬁ*VK)i
=] (wH)w (W=D (yK))| . (3.16)
Now (3.8), spt(¢) C B(a, r), and Holder’s inequality yield

(Wi %D (Y K)) ()]
=[] W) 1)(D;(yK)) (x — y)dyl
SCIwd O (x—yl+1)™3dy)
< C(flwe)y)ldy)sup{(Ix—yl+71)"°:ye B(a,r)})

§C||¢“w( ) lW(y)ldy)(Ix—al +7)73

B(a,r)
§C|]¢>”w< J lW(y)Isdy)l/g’( § (1)3’2>2’3(lx—al +7)7°
B(a,r) B(a,r)
<clgll w( | |w(y)|3dy>1/3r3/3(|x—al +7)73
B(a,r)
<Cligl 2B WPy —al +7) 7 2dy) P(x—al +7)7°. (3.17)
Combining (3.16), (3.17), and (3.6) we obtain
I f:D{div(we)yK)|
S Cloll 3B WP I (p)dy) 3(§ 1w+ H ) ()] [wx)| T (x)dx) (3.18)

Furthermore, the generalized Holder inequality, Lemma 3.2, and (3.6) yield
FIwH) ()| w0l (x)dx
= [ (w=H) TGN (W)l T ) (I () 2)dx
S ([ w=H) ()* J)dx) > (] Iw()* T (x)dx) '3 ([ I (x)dx)
< C(f WP I (x)dx)? ([ I (x)dx)

SCrmY3([ W) J(x)dx) 2 . (3.19)
Combining (3.18), (3.19), and (3.6) we obtain
[ £:D{(div(we)xyK) < Cllpll  r*([ [w(x)1>(|x —al +r)~3dx). (3.20)

We use div(w)=0, the Schwarz inequality, Definition 3.3, (3.8), and Young’s
inequality to estimate

If £:D{div(we)=d K)|
:'j fi(Wka¢*Di(5K))|
<lfl, wD,pxDEK)I
<l £l lw,D,pll, IDE K,
<ClwsH, IDwl, llwl, IDgll e
<Clhwl, 1H, 1, 1Dwl, Tl 1Dl e (3.21)
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Now we use (3.7), (3.10), (3.15), (3.20), (3.21), (3.3), llwl,<oo, IDWl, <00,
IH I, <00, ¢ CP(R* R), and the fact that ¢ can be made arbitrarily small to
conclude

If f:D{(div(we)+K)|
<c(Ipgl , +r= el ([ wx)P(x—al+7)~%dx). (3.22)
Using Definition 3.3, div.(w)=0, spt(¢)C B(a,r), Holder’s inequality, (3.12), and
(3.6) we find
If fiwidl =1 (wxH) (D w)w,pl = (1/2)|f (wxH) D (Iw]*)¢|

=(1/2)If (wxH,)|W|*D;| <(1/2) (B(y )|W*HC||w|2) Dl

§(1/2)”D¢”00< f IW*HC|3)1/3< j |w|3)2/3

B(a,r) B(a,r)

< CIDgll r33([ W) T (x)dx) 31 O3([ [w(x)] I (x)dx)?
=ClIDgll r3(f [w(x)[*(Ix — a| + )~ dx). (3.23)

Finally (3.5) (with ¢ replaced by w¢), (3.22), and (3.23) imply the conclusion of
Lemma 3.4.

For every ne{1,2,3,...} we set r,=n{"? and construct a C*® function
¢,:R*>[0,1] such that ¢ (x)=1 if xeB(0,r,/2), ¢,(x)=0 if x¢B(,r,), and
ID$,I  <Cr; ! Lemma 3.4 (with a=0) yields

[ gwip < CrtIwl3. (3.24)

From Lemma 3.1, llwll, < oo, and IDwll, <o we conclude llwll; <o0. We also
have ge L3(R*, R*) (see Definition 3.3) and we L?(R* R*). Hence we can take the
limit as n— o0 in (3.24) and conclude

[gw;=0. (3.25)

Lemma 3.5. Suppose acR*, p is an integer, t is a real number, { <t<27 2P 1

o:R*—~[0,1]is a C* function, a(x)=1if xeB(a,27?~1), (x)=0 if x¢B(a,2~?), and
IDall , <27*2. Then

If g (x)H (x — a)ou(x)dx| < C(J w(x)|*(Ix — a] + /%)~ *dx).
Proof. We define k by the properties
272kl <27 2k* 1 [ is an integer. (3.26)

The hypotheses imply p<k. For every integer j satisfying p<j<k we construct «;
as follows: We set o, =a; if p<j=<k we choose a C* function ocj:R“—»[O, 1] such
that a(x)=1 if xeB(a,27771), a,(x)=0 if x¢B(a,277), [IDall , 27> We define
¢;:R*—R as follows:

¢j(x) =H,(x— a)(‘xj(x) —0y (X)) if psj<k

dy(x)=H (x — a)oy(x).
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From (3.26) and the hypotheses we conclude 27/*1>27%*1>2p)t/2> (12 if
p=<j=k. We also have spt(¢;)CB(a,27/"!). The last two statements and Lemma

3.4 yield
If 9w (x)H (x — a)oux)dx]|

= ; I g:x)wi(x)p (x)dx|

k
< ¥ Clipgll ,+27 Mgyl 273 3 ([ Iwx)P(x —al+277 )~ 2dx).

We have

0<H,(x) < CtY2(|x| +t1/2)75, |D(H,)(x)| £ CtY/2(|x] +£1/2) 6 .

We also have
spt(x;—a;,,)CB(@,279)—B(a,27/7%) if j<k,
spt(e,) CB(a,27%).

From (3.26), (3.28), and (3.29) we conclude
O0<H(x—a)=C2%7* if xespt(d;—a;,,) and j<k,
O<H,(x—a)SC2* if xespt(x,),
IDH)(x—a)|=C2%* if xespt(q;—a;,,) and j<k,
ID(H)(x—a)|SC2% if xespt(a).

From (3.30) and the properties of «; we obtain
ID;ll,+27~lp;l , < C2%7% if p<j<k.

Now (3.27), (3.31), and (3.26) yield

1§ 9w (0 (x — a)u(x)dx]

k
< Y CYTH[we)P(x—al+27771) " %dx)

< zk: C2M[|w(x)]*(]x —al +27%) " 3dx)

j=p
SC(f wx)P(Ix —a] +27%) 3dx)
SC([wx)P(x — a|+ t1/?) " 3dx).
The lemma has been proved.

Lemma 3.6. If 0<t<oo, feC®(R%R), [|f|*<0, and [|Df|* <o then

I f—(f«H)I, <ce'2IDfll,.

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

Proof. Define g:R* x (0, 00)— R by g(x,s)=(f+H)(x). The relation D,g= Ag yields

(F+H)) = )= [ D gl shds = j}Ag(x, $ds

= ({) D,(f*H)(x)ds = g (D, f+D.H)(x)ds.
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Hence Minkowski’s integral inequality and Young’s inequality yield

(FICf=H,)(x) = f(x)2dx)!2

- (I |§ (D f+DH )()ds| dx)
(0]

(J D, fD,H ) (x)[*dx)"/*ds

=

=

Oty = Oty =~

IDfI,IDH, | ds=ID fuz(j (Cs“”z)ds) _clpgl, e,
0

Section 4. Estimates on Approximate Solutions

Throughout this section we fix positive real numbers { and d such that (see
Section 1)

d<( dLlH 31, 4.1

Definition 4.1. We use induction to define functions v~ %, v°, v!, v2, ... such that
v*e L(R*,R*) and

o2 <L, div(v)=0. (4.2)
We set v~ =0 (see Section 1). Suppose that k>0 and v*~'e L2(R* R*) has been
defined so that (4.3) holds:

v~ tI2< L, div(*~1)=0. (4.3)
We will define v* with the aid of several auxiliary functions. Let
u*:R* x [kd, 0)—R* be given by u¥(x, kd)=1v*"1(x), u*(x, kd +t)=(""1*H,)(x) if

t>0. Let w*:R*—>R* be given by wH(x)=uf(x,kd+d). The relationship
D,(u*)= A(u*) implies

kd+d
lw )2 =| vk—llig-z( [ [1DuAx, t)lzdxdt). (4.4)
kd
Similarly, the relationship D,(Du*)= A(D;u*) implies
kd+d
ID W% = [ Dk, t)[zdx—2( [ [ID(Du*)(x, s)|2dxds) (4.5)
t
for all te(kd, kd +d). Averaging (4.5) over t and summing over i we obtain
kd+d
IlDwkllggd-1< [ [IDu(x, t)[zdxdt). (4.6)
kd
From (4.3), (4.4), (4.6), and the definition of w* we conclude that w* satisfies
Iwel2 <ll=t2< L, 4.7)
IDwHIIZ < 2d)~ o~ 2 < (2d) 1L, (4.8)

wte C*(R* R*) and div(w")=0. 4.9)
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Hence we can replace w by w* in Section 3 and construct functions f* and ¢*
corresponding to f and g in Definition 3.3. We set

v*=wk—(d)(g"). (4.10)

In order to complete the inductive definition, we must show that (4.2) holds. Using
(3.4), (3.3), (4.7), and (4.6) we obtain

d?lgil2 <a?l 412 < a* w21 H 3 pwkl3 < LI H 131 Dwtl3
<dLlH,|3 (kdf ‘ [1Du(x, t)lzdxdt) . (4.11)
kd

From (4.10), (3.25), (4.4), (4.11), and (4.1) we obtain
1412 = k2 4 @2l g2
kd+d
=||uk—1ng_z( [ “Duk(x,t)pdxdt)+d2ugkug
kd
kd+d
<l 2= | [IDuk(x, 1) *dxdt. (4.12)
kd
From (4.12) and (4.3) we conclude
o2 < flvk=tI2< L. (4.13)
If peCP(R* R) then (Vdiv(V¢))*K=V(4¢*K)=V¢. Hence (3.5) yields [g* V¢
=0. We conclude div(g*)=0. Combining this with (4.9), (4.10), and (4.13) we obtain

that (4.2) holds. The definition of the v* is complete.
We define u:R* x [0, oc0)—R* (this is not the u in Theorem 1.1) by

u(x, t)y=uk(x,t) if kd<t<kd+d. (4.14)
From (4.2) and (4.12) we conclude

T (1DuCx, 0Pdxdt<L. (4.15)
(I) ]

If t 2 kd then the property [[u*(x,t)|?dx < lv*~ 112 follows in the same way as (4.4).
Hence (4.2) yields

flu(x,0)Pdx<L for all ¢=0. (4.16)
The argument in the proof of Lemma 3.1, (4.15), and (4.16) yield

T [lu(x, 1) Pdxdt

=C (T (f IDu(x, o) 2dx)(f Ju(x, t)|2dx)”2dt> <CLY?. (4.17)
0

Definition 4.2. In Lemmas 4.3 and 4.4 we fix ae R*, 0 <b < o0, and integers p and ¢
satisfying p<gq, 272’ <b, and d <2727~ 2, We construct C® functions o:R*—[0,1]
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and B:R—[0,1] such that a(x)=1 if xe B(a,277™ 1), a(x) =0 if x¢B(a, 277), IIDall
<2v*2 D%l <C2%7, B(t)=1 if t=b—272P"2 B(t)=0 if t<b—2"2P4d, and
”(8/6t)ﬁ“ <c22v We define ¢:R* x [0,b]>R by [see (1.4)]

P(x, 1) =(H[b—t+27217)(x — a)u(x)B(?). (4.18)

We have (D,¢ +4¢)(x,t)=0if [x—a| <277~ ! and b—2"??~2 <t <b. From this we
conclude

ID,¢+Apll , <C2°, (4.19)
We also have
ol  <C2%. (4.20)

Lemma 4.3. [fke{0,1,2,...},b—2"?? <kd+d <b and { <27 (see Definition 4.2)
then

[l " 2 (x, kd + d)|* p(x, kd + d)dx
— [ [uM(x, kd + d)|*$(x, kd + d)dx

<C (kdf ’ [lux, )3 (1x — a] + (b — £ +2729)1/2) dedt)

+CdLHHAlz(z‘“f)(kdj+ fbuts, o).

Proof. From Definition 4.1 and (4.10) we obtain
flu* Y (x, kd + d)>(x, kd + d)dx
— [ [uM(x, kd + d)|*§(x, kd + d)dx
= flv"(x)|2¢(x kd + dydx — [ W (x)|2(x, kd + d)dx
= —2d([ g¥()WH(x)p(x, kd + d)dx) + d*([|g"(x)|* (x, kd + d)dx) . (4.21)
Using (4.20), (4.11), and (4.14) we find
d*([1g (x> p(x, kd + d)dx) <ca?lgtl249)

<CdL|H llz(z“q)( [ [1Du(x, t)|2dxdt) (4.22)

The hypotheses on p, ¢, and k imply
b—(kd+d)+2729<272P 427242724 (4.23)
The hypothesis of Lemma 4.3 implies
(£272<b—(kd+d)+2 . (4.24)
Now (4.18), Definition 4.2, (4.23), (4.24), and Lemma 3.5 yield [see (1.4)]
I gECIWEC)P(x, kd + d)dx]
= B(kd + d)| | g; COWE()Hb — (kd +d) +27**])(x — a)u(x)dx]
SCWH)P(1x —al + (b —(kd +d) +2729)11*) " 3dx). (4.25)
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For every te(kd, kd+ d) we define h':R*—>R* by
R(x) =uk(x, ) = u(x, 1). (4.26)

From Definition 4.1 and the semigroup property H,«H,=H, ., (see [8, Corollary
1.28, p. 16]) we obtain

wh(x) =1 (x, kd +d)= ("'« H,)(x)
— (oF~ U5 H[t — kd] % H[kd + d— {])(x)

=W« H[kd+d—t])(x). (4.27)
The hypotheses of Lemma 4.3 and (4.1) yield the following for kd <t <kd+d:
(kd+d—0)'? <d'? <P <2722 <(b—(kd +d)+27 2912, (4.28)

Now (4.27), (4.28), and the proof of Lemma 3.2 yield
JIW P (Ix —al + (b —(kd+ d)+2729)1/%) " 2dx
SC(fIR )P (Ix — al + (b — (kd +d)+ 27 29)1/2) " 3dx) (4.29)

if kd <t<kd+d. From (4.1) and the hypotheses { £272% kd +d <b we obtain d <{
<2727 and d<b—kd. This implies d <(1/2)(b—kd +2~29), which in turn implies

b—(kd+d)+2 *1=(b—kd+2729)—d=(1/2)(b—kd+2~29)
=(1/2)b—1+27%9)
whenever kd <t<kd+d. We conclude
(b—t+272D12 > (b—(kd+d)+27 292 = (1/2) 2(b—t +2729)1/2 (4.30)
if kd <t<kd+d. Now (4.30) implies
[P (x —al+ (b—(kd + d) + 2~ 29)*2) " 3dx
SC(fIKx)P(x—al+(b—t+2729)1?) 7 3dx) (4.31)

if kd<t<kd+d. Using (4.29) and (4.31), averaging over t, and using (4.26) we
obtain

§ WGP (1 — al 4+ (b — (kd + d) + 27 29)/2) " 3dx
<cd ! (kdf ’ [ Ju(x, D2(1x — al +(b—t+2‘2‘1)”2)‘5dxdt). (4.32)
kd

Finally, (4.21), (4.22), (4.25), and (4.32) yield the conclusion of the lemma.
Lemma 4.4. If b—2"21<s<b and { <27 %1 (see Definition 4.2) then

(1/2)(f [u(x, s)|* p(x, s)dx) + —j_ [ IDu(x, t)]>P(x, t)dx dt

= C( } flu(x, OPF(x—al+(b—t+272912)~ dedt)
b-2-2p

+CAL?I H122%) + C(26P)( If [ u, t)l2dxdt).
-2

b—2-2P B(a,2"P)
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Proof. We define integers k' and k” by the relations
(k'=1)d<b—-2"??<kd k"d+d<s<(k"+1)d+d. (4.33)

From (4.33) and b—2"27>0 we obtain k'=0. From Definition 4.2 we obtain
272P—2724>(3/4)27 27 >3d. Hence (4.33) and the hypotheses yield

kKd<d+b—2"2<—-2d+b—-2"%< —2d+s<k'd.
Since k' =0 we conclude 0 <k’ <k”. From (4.14) we obtain
(1/2)(f lu(x, k"d + d)|* p(x, k"d + d)dx)
—(1/2)(J lu(x, K'd)> (x, k'd)dx)
=(1/2) (kak ([ lu(x, kd + d)* p(x, kd + d)dx — | [u(x, kd)|* p(x, kd)dx))

K"

=(1/2) ( , ([ 1 1 (x, kd + d) 2 P(x, kd + d)dx — [ |[u¥(x, kd)|* p(x, kd)dx))

e

k

”

Ma-

’ (] [0+ 2 (x, kd + d) 2(x, kd + d)dx

k

=(1/2)(

k

— [ [u¥(x, kd + d)[2(x, kd + d)dx))
+(1/2) ( kz (] [1(x, kd + d)>p(x, kd + d)dx

— [ JukCx, kd)* P(x, kd)dx)) . (4.34)

Taking the inner product of the relation D,(u*) = 4(u¥) with u*¢ (see Definition 4.1)
and using (4.14), Definition 4.2, and (4.19) we obtain the following whenever
k<k<k":
(1/2)(f [ (x, kd + d)|* p(x, kd + d)dx)
= (1/2)(J 1u¥(x, kd)|* p(x, kd)dx)
kd+d

=— [ [IDuk(x, 0)2¢(x, t)dxdt

kd

+(1/2) <kdj+d 1k, 012D, + 49)(x, t)dxdt)
kd

kd+d

<— | [IDu(x, 02 ¢(x, t)dxdt
kd

kd+d

+C(26")( | [ tulx, t)[zdxdt). (4.35)

kd B(a,2°P)

From (4.34), (4.35), Lemma 4.3, the hypothesis of Lemma 4.4, and (4.33) we
conclude

(1/2)(J lulx, k" d+d)|*p(x, k"d + d)dx)
—(1/2)(J lu(x, K d)f*¢(x, k'd)dx)
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gc( 157  [uCx, )*(x~ +(b-t+2~24)1/2)—5dxdz)

b—2-

b
+CdL|fHCH§(24‘1)( | leu(x,t)lzdxdt)
b—2-2p

k"d+d

— [ [I1Du(x, 0)2¢(x, t)dxdt
k'd

k"d+d
+C(26")< | I fulx, t)lzdxdt). (4.36)
b—2-2? B(a,2"P)

Using (4.33), (4.14), Definition 4.1, and the argument that produced (4.35) we
obtain

(1/2)(J lu(x, 5)1* p(x, s)dx)

—(1/2)([ |u(x, k"d + d)|*P(x, k"d + d)dx)

N

=— [ [IDu(x,t)?(x, t)dxdt

k"d+d

+(1/2)< } [ lu(x, 12D, + AP)(x, t)dxdt)

"d+d
s— [ [IDutx,0l*¢(x, dxdt
k"d+d

N

+C(26”)< | { fulx, t)lzdxdt). (4.37)

k"d+d B(a,2~P)

From Definition 4.2 and (4.33) we obtain S(t)=0 if t <k'd. Hence (4.18) yields
P(x,t)=0 if t<kd. (4.38)

Combining (4.36), (4.15), (4.37), (4.38), (4.33), and the hypothesis s <b we obtain the
conclusion of the lemma.

Lemma 4.5. If feC®(R* R*), acR*, and 0<r< oo then

B(g,r) L1
= 2(B<a§2r) |f]2>3/2 i C(B(agzr) IDf]Z) (B(a!m |f|2>1/2 '

Proof. Let y:R*—[0,1] be a C* function such that yp(x)=1if xe B(a, r), p(x)=0 if
x¢B(a,2r),and Dyl <Cr~'. Applying the argument in Lemma 3.1 to  f we find

B(L) P [lwf P =CID@ N wf 122
gc(llDwilgo( | |f|2)+llwllgo( | |Df[2)><l|1p!|§0< ) |f|2))1’2

B(a,2r) B(a,2r) B(a,2r)

éCr*z( ) Iflz)3’2+C( § IDfI2)< ) |f|2)”2-

B(a,2r) B(a,2r) B(a,2r)
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Definition 4.6. If acR*, 0<b< o0, m is an integer, and 272" <b we set

b

A(a,b,m)= 2’"( I e 0P(x—al+ 2'"’)_5dxdt) ,

b—2-2m
b

B(a,b,m)=25”‘< [ { |u(x,t)|3dxdt).

b—2-2m B(a,2-™)

Theorem 4.7. If ac R*,0<b < 00, and p, q are integers satisfying p<q,2~*? <b, and
(<272 then

B(a,b,q) < C(A(a, b, p) + Cd*2 L3 H,I13(2°9)

q—1
+C(27PA(a,b,p)+ Y 27"B(a,b,m))>?.

m=p

Proof. 1t is easy to see that Definition 4.6 yields

; lu(x, 03 (|x— al +(b—t +2729)H2) ™ 3dx dt
b-2-2p

< C<2“’A(a, b,p)+ qil 27"B(a, b, m)). (4.39)

m=p

From Holder’s inequality and Definition 4.6 we obtain

26”( jlz [ julx, t)lzdxdt)

b-2-2p B(a,2"7)
b 1/3
<2%7(27°PB(a, b, p))2/3< | | (1)3dxdt)

b—2-2P B(a,2"P)

< C(B(a,b, p))*"* = C(A(a, b, p))**. (4.40)

From (4.1), p<gq, and { £27 %% we obtain d<27??~2, Hence a, b, p, q satisfy the
properties required in Definition 4.2. Therefore we can define ¢ as in Definition 4.2
and use {£2729, Lemma 4.4, (4.39), and (4.40) to conclude

(2]l p0e dx)+ | [ 1Du(x, D¢, Hdxdt
b—2-2p
< C(z—PA(a, b, p)+ qil 27"B(a, b, m)) +CdL2 I H,13(2*) + C(A(a, b, p))* (4.41)

ifb—2"2<s<h. We set

Z=2""A(a,b,p)+ (qf 27™B(a, b, m)) +dL*H 32+ (A(a, b, p))*?.  (4.42)

m=p

We consider two cases: ¢>p+1 and g=p+1. Assume that g>p+1 holds.
Definition 4.2 yields

2M<Ch(x,t) if xeB(@279"Y) and b—2"24<t<b. (4.43)
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From (4.41), (4.42), (4.43), and ¢ =0 we obtain

[ Jutx,s)Pdx<CQ2~*9Z if b—2"<s<b, (4.44)

B(a,2-9%1)
b

|Du(x, t)|?dxdt < C(2~*9)Z . (4.45)
b—2-24 B(a,2-49%1)
Since u is C® except at the points (x, kd) for k=0,1,2,..., Lemma 4.5 yields
[ fulx 9)dx

B(a,279)

§C(22‘1)< ) lu(x,S)IZdX)”2

B(a,2-a+1)

+C ( [ IDu(x, S)lzdx) ( [ Julx,s)l de) 12 (4.46)

B(a,2-a%1) B(a,2-49%1)
for almost every se(b—2~24,b). Now Definition 4.6, (4.44), (4.45), and (4.46) yield
27%B(a,b,q) < C(2™ %9232, (4.47)
From (4.42) we obtain

qg—1
Z¥*<C(Q2 " A(a,b,p)+ Y, 27™B(a,b,m))**+ Ca*> L3I H,[3(2°9)

m=p

+C(A(a, b,p)). (4.48)

Then (4.47) and (4.48) imply the conclusion of Theorem 4.7 in the case g>p+1.
Now we assume g=p+ 1. We have

Bl(a,b, q)=Bla,b,p+1) = C(B(a, b, p)) = C(A(a, b, p)).

The proof of Theorem 4.7 is complete.

Theorem 4.8. Let ¢ CT(R* x R, R*) such that div(¢)=0. Let N be a positive real
number such that |D(x,t)— D(x, s)| < N|t—s| for all xeR* and s,teR. Let T be a
positive real number such that ¢(x,t)=0 whenever xe R* and t=T. Then

ljvi(x)zﬁi(x, 0)dx + T [uy(x, 0)(D,p; + A;)(x, t)dxdt

+ }o Jux, thu(x, D (x, t)dxdt
0

SC(T+A)LNd+C(T+d)(d+)V2IDgll  +C@d+Y*L2IDgll .
Proof. We define k' by the properties
k'd<T<k'd+d, k' is an integer. (4.49)

Observe that we have k' =0. Now let ke {0, 1,2, ...,k'}. We use Definition 4.1, the
semigroup property H xH,=H,,, (see [8, Corollary 1.28, p. 16]) and (4.14) to
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write the following whenever kd <t <kd+d:
wi(X) = uf(x, kd + d) = (¥~ 'xH ))(x)
= ((vf ™ '+(H[t — kd]))*(H[kd +d — £]))(x)
=(ulx(H[kd +d—t]))(x, 1) = (ux«(H[kd + d — t]))(x, 1)
From (4.50) and H «H,=H,,, we conclude
(W) () = (ot (H e +d — 1) H) . )
=(upx(H[kd+d—t+{]))(x,1)
if kd<t<kd+d. We set
=Hlkd+d—t+{] if kd<t<kd+d,
=H[kd+d—1t] if kd<t<kd+d.
Using (4.50), (4.51), (4.52), and (4.53) we obtain
J (Whs H ) )wi()D b (x, kd + d)dx
= [ (uH;) (x, ) (uHY) (x, )D ;b (x, kd + d)dx
if kd<t<kd+d. Averaging (4.54) over t we obtain
§Whs H) (x)WE()D ;b (x, kd + d)dx

(kdf df (uH) (x, t) (uH ) (x, )D ;b (x, kd+d)dxdt)

From Definition 4.1, (4.10), (3.5), the assumption div(¢)=

integration by parts, and (4.9) we obtain
[+ x, kd + )b (x, kd + ddx
= [vi(x)p,(x, kd + d)dx
= [ WH(X)p,(x, kd + d)dx — d([ g¥(x) P (x, kd + d)dx)
= [ul(x, kd+ d)p(x, kd + d)dx — d([ fH(x)Px, kd + d)dx)
= [uf(x, kd + d)p(x, kd + d)dx
— d([ (WhH ) (x)D ,wh(x)¢b,(x, kd + d)dx)
= [ub(x, kd + ) (x, kd + d)dx
+d(f (Wi H ) (x)WH(X)D; b (x, kd + d)dx).
From (4.55) and (4.56) we obtain
[t H(x, kd + d)p(x, kd + d)dx
— [ulb(x, kd+ d)p(x, kd + d)dx

kd+d

= | [(upH;)0x 0 (uH])(x, 0D (x, kd +d)dxdt .
kd

V. Scheffer

(4.50)

(4.51)
(4.52)

(4.53)

(4.54)

(4.55)

0, Definition 3.3,

(4.56)

(4.57)
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Taking the inner product of the relation D,(u*)= A(u*) with ¢ and using (4.14) we
obtain

[ Us(x, kd + d),(x, kd +d)dx — [ u(x, kd)ep x, kd)dx
kd+d

= [ [ul(x.)(D,¢;+ 4¢)(x, )dxdt
kd

kd+d

= kfd Jux, 1)(D,; + A (x, )dxdr . (4.58)

Summing (4.57) and (4.58) over all ke {0, 1,2, ..., k'} and using u°(x, 0) = v(x), (4.49),
and the assumption on T we obtain

- f v(x)(x, 0)dx

= ( kZ kdfd f(uj*H;)(x, O)(uxHY)(x, 0)D;¢(x, kd + d)dxdt)
K a

=0 k

+

o 8

Jufx, )(D,; + A4))(x, t)dxdt. (4.59)

The Schwarz inequality, Young's inequality, (4.52), (4.53), and (4.16) yield the
following if kd<t<kd+d:

F I HR) (x, )] (wsHY ) (x, D dx
S (M) (x, 012dx) 2§ 1w H? ) (x, )] 2dx) 2
<(f Jux, 12dx) UH (] ulx, 0 2dx) 2 1H]
= [lu(x,)|*dx< L. (4.60)
From (4.60) and the assumption on N we obtain

kd+d

o § s H)Ox, )+ HY)(x, 0D b (x, kd + d)dxdt
d

kd+d

— [ J(uy e Hx, O HY(x, 0D b (x, )dxdt| < CLNd?. (4.61)
kd

Suppose kd <t<kd+d. The Schwarz inequality, the argument in (4.60), Lemma
3.6, (4.52), (4.53), the estimates kd+d—t<d, kd+d—t+{<d+{, and (4.16) yield

F Iy H)(x, )y % HY)(x, £) = u(x, Du(x, D) dx
< Jluyx Hp)Cx, £)((uy % HY )X, £) = uy(x, 0)]dx
+ J 1% Hy)(x, 1) = u(x, D)u(x, £)]dx
S (J s H)x, )17dx) ([ l(us HY )(x, 1) — u(x, 1) *dx) '
+ ([l Hy)(x, 1) = w(x, 01 2dx) 2§ lu(x, £)[>dx) 2
= CLl/zdl/z(j[Du(x, H)12dx)1? + C(d + C)l/z(ﬂDu(x, 1)2dx) 12 L2
S Cd+OY2LY*(f|Du(x, 1) *dx) !/
=C((d+ )Y Nd+ OV LY*([|Du(x, 1) *dx)*?)
SCA+)V*+Cd+ ()I/ZL(“Du(x, H2dx). (4.62)
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From (4.62) we obtain

kd+d
[ Jlux H)x, 0w HY)x, 0D 1 (x, O)dxdt

kd
ka+d

— | Jux, 0ulx, 0D p(x, )dxdt
ka

SCd+0"Ipgll d+Cd+ )LD (kdf ‘ [1Du(x, t)|2dxdt). (4.63)

Combining (4.61) and (4.63), summing over ke{0,1,2,...,k'}, and using (4.49), the
assumption on T, and (4.15) we obtain

( kz kdf ‘ {aa o HYx, 6)(upx HYYx, D by, kd + d)dxdt)
k=0 kd

— }0 Juj(x, thux, D ;p{x, t)dxdt

<C(k'+1)LNd*+C(k' + 1)(d+ )2 IDgll  d
+Cd+)"*LIDgl (Ojo {1Du(x, t)]zdxdt)
SC(k'd+d)LNd+C(k'd -: dd+0)"2Ipgl  +C@+0) 2 L2 Dl
SC(T+d)LNd+C(T+d)(d+ ) IDgll , +Cd+ )2 L2IDgll . (4.64)
Finally, (4.59) and (4.64) yield the conclusion of Theorem 4.8.

Lemma 4.9. If ¢ C3(R* X R, R) then | [u/x, t)D,¢p(x, t)dxdt=0.
o

Proof. This follows from (4.2), the definition of u*, and (4.14).
Lemma 4.10. If 0<y <00, aecR*, and 0<t' <t" < o0 then
l(uxH,)a,t") = (uxH,)a,t) < Cd+(t"—t)L"*n~ >+ Ln~>?).
Proof. Define k' and k" by
Kdst <k'd+d,k"d<t"<k"d+d, kK and k" are integers. (4.65)
We clearly have 0 <k’ <k”. From (4.14) and Definition 4.1 we obtain
(uxH,)a,k'd)= (" «H,)(a,k'd)=(0"""+H,)a). (4.66)

If k'd<t' then (4.65), (4.14), Definition 4.1, and the semigroup property H, ,
=H «H, yield

(uxH,)a,t)=(u"+H,)a,t')=((" "'« H[t' — k'd])* H,)(a)
=@ U H[E —Kd+q])a) if kd<t. (4.67)
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Now (4.66), (4.67), the Schwarz inequality, (4.2), and (4.65) yield
l(uxH,)a,t') = (uxH,)a,k'd)
=|(v" "'« (H[¢ —K'd+n] — Hn])a)
<=L IH[¢ —k'd+y]—H[n]l,
SCLY?(¢ —kKdm=2<CLM?dn 2. (4.68)
A similar computation yields
lusH, )a,t")—(us H,)a,k"d)| < CL">dn 2. (4.69)
Now we fix an integer k satisfying k =0. The arguments that yielded (4.66), (4.67),
and (4.68) also yield
|(u*+ H,)(a, kd) — (u*+ H, )(a, kd + d)|
=" '« H, @)= (" '« H[d+n])a)| SCL"?dn~?. (4.70)
From Definition 4.1 [in particular (4.10)] we obtain
("' H, )a, kd +d) — (" H,)(a, kd + d)
= (hx H, (@) — (W' H,)a)= — d(g"+ H,)@). (4.71)
We fix ne{l,2,3,4} and define ¢:R*—>R* by ¢,(x)=H,(a—x), ¢,(x)=0 if i+n.

Then approximation of ¢ by functions with compact support, (3.5), Definition 3.3,
(4.7), (4.8), integration by parts, (4.9), (1.5), Young’s inequality, (1.3), and (4.7) yield

(g5 H, )@ —Ijg y(a—x)dx|
=100 (0)dx| = lff"(x i~ (D, div(§)* K))(x)dx]
=|J(w} = H)(x)D wi(x)(¢h; — (D; div () = K))(x)dx|
=[] (w} = H)x)WHx)D b, — (D div () * K))(x)dlx]
<CliwrsH, Iwlp =32 < Clw T H I w2 < cLy =52, (4.72)
Now (4.71) and (4.72) yield
(w1 H, )a, kd +d)— (u*«H,)a, kd +d)| < CLdy~>">. (4.73)
From (4.70), (4.73), and (4.14) we obtain
l(uxH,)a, kd)—(uxH,)a, (k+ 1)d)| < CLY?dy =2+ CLdy~>>. (4.74)
From (4.68), (4.69), and (4.74) we obtain
l(uxH, )a,t")—(uxH,)a,t)
SCLY2dn= 2+ (k"= K)CLY?*dn~ 2+ CLdn~%'%). (4.75)

The conclusion of Lemma 4.10 follows from (4.75) and the inequality (k" —k')d
St —t)+d
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Lemma 4.11. If 0<y< o0, aecR*, 0<t< o0, and 6 >0 then

(.0~ 1/0) § G Yoo

<CA+8)Ly~ 2+ Ly~57?).

Proof. This follows immediately from Lemma 4.10.

Section 5. Passage to the Limit

Definition 5.1. We choose infinite sequences (,,(,,(5,... and d,,d,,d,,... of
positive real numbers satisfying d,<(, d,LIH,|3<1, lim{,=0, and

n— oo

lim d,IH, I3 =0. For each n we define the function (4, n):R* x [0, 00)—R* by (u, n)

=u where u is the function obtained as in Section 4 using {={(, and d=d,
[Definition 4.1 and (4.14)]. From (4.17) we obtain

? (1w, n)(x, ) Pdxdt < CL3? (5.1)
0

Hence, by passing to a subsequence, we may assume that there is a function
ue L3(R* x [0, o), R*) such that

u is the weak limit of (u,n) in L3. (5.2)

Lemma 5.2. Let 0<T < c0. Then

lim f [ n)(x, ) — u(x, t)2dxdt =0.

n=ow 0 B(O,T)

Proof. Suppose £ >0 is given. Let 5 be a positive real number such that n*/2L'2 <e.
Let & be a positive real number such that §(LY?n~ 2+ Ly~ 5/?)T5/* <e. Define
f,:R*x [0, c0)>R* and f:R* x [0, c0)—R* by

t+o
fla, r>=<1/5)( J () H,)a, s)ds>,

£l =0 | (wsta,9s).

Then (5.1) implies that the sequence f, is equicontinuous. From (5.2) we conclude
lim f,(a,t)=f(a,t) for all (a,1). Therefore f, converges to f uniformly on the

n— oo

compact set B(0, T) x [0, T], and hence

1imf [ 1fix, )= f(x, 0)[2dxdt =0. (5.3)

n=00 0 B(0,T)
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If n is a positive integer then Minkowski’s inequality, Lemmas 3.6, 4.11, (4.15), and
the choice of # and ¢ yield

T 1/2
(f § ol m)x, 1) — f,,(x,t)|2dxdz>

0 B(0,T)

=< (T [1u, n)(x, £) — ((u, n) H,)(x, t)lzdxdt>1/2
0

+ (f [ Iy H, )6, 1) — v, t)lzdxdt>l/2

0 B(0,T)

= (T Cn({|D(u, n)(x, I)Izdx)dt)l/z
0

+(f f (C(dn+5)(L”277_2+L17‘5/2))2dxdt>”2

0 B(0,T)
<CylPLY2 4 C(d, + )LV 2y~ 2+ Ly~ 512)T5/2
SCe+Cd (LY~ 2+ Ly~ S/A)T52. (5.4)

Since limd,=0, we can choose a positive integer N such that d,(L'/*y 2

+ Ly 3 T352 <g if n= N. We may assume [using (5.3)] that

T 1/2
(j | If,,(x,t)——fN(x,t)lzdxdt> <e¢ if n=N.

0 B(0,T)

Hence (5.4) implies

T 1/2

(f Il n)(x, 0)— (u, N)(x, t)[zdxdt> <Ce¢ if n=N. (5.5)
0 B(0,T)

From (5.2) we conclude that the restriction of u to B(0, T) x (0,T) is the weak limit

in L? of the restrictions of the (u,n) to B(0, T) x (0, T). Hence (5.5) and the fact that

the unit ball of L? is weakly closed imply

(} [ fulx, )= (u, N)(x, t)]zdxdt>1/2§C£. (5.6)

0 B(0,T)

Now (5.5) and (5.6) imply the conclusion of the lemma.

Theorem 5.3. The function u is a weak solution to the Navier-Stokes equations of
incompressible fluid flow with initial condition v.

Proof. From Definition 5.1 we obtain ue L3(R* x [0, c0), R*). Let ¢ CP(R* x R, R).
Then Lemma 4.9 and (5.2) yield (1.1). Now let ¢pe C¥(R* x R, R*) with div(¢)=0.
Let N be as in Theorem 4.8 and let T be a positive real number such that
spt(¢)N(R* x [0, 00)) C B(0, T) x [0, T]. Then Lemma 5.2, Theorem 4.8, lim d,=0,
and lim {, =0 imply (1.2). e

We can now finish the proof of Theorem 1.1. We set f,=(u,n) and f=u
(Definition 5.1). Then (5.1) and (5.2) imply that there exists a positive real number
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D such that the conditions in the first paragraph of Section 2 are satisfied. From
Definitions 5.1, 4.6, and Theorem 4.7 we conclude that there exists 0 < M < co such
that property P(M) holds (see Definitions 2.2 and 2.1). Let ¢ >0 correspond to M
as in Lemma 2.3. Then Lemma 2.9 implies that there exist sets 4, satisfying 1), 2),
and 3) of Lemma 2.9. From parts 1), 3) of that lemma, the fact f =u, Theorem 5.3,
and the argument at the end of Section 2 in [5], we conclude that the restriction of
u to (R*x (3(27%?), c0))— 4, is equal almost everywhere to a continuous function.
Hence, by modifying u on a set of Lebesgue measure zero and setting

A= [} (4,0(R < 0,327,

we can conclude that the restriction of u to (R* x (0, c0))— A4 is continuous. This
proves part c) of Theorem 1.1. From part 1) of Lemma 2.9 we conclude that part a)
of Theorem 1.1 holds. Let p =0 be an integer and let 6 >0 be given. There exists an
integer g such that p<q and 5'/2279<§. From

AN(R* x (3(2727), 00))
C(4,0(R*x (0,327 *Y])N(R* x (3(27?7), 0)) CA,,
Definition 2.8, and part 2) of Lemma 2.9 we conclude
P5(AN(R* x (3(2777), 0))) S p5(A,) < Ce™ 'D.

Hence Definition 2.8 yields H3(AN(R* x (3(27%7), 00)))<Ce ™ !D. Since H® is a
Borel measure, we can use A CR* x (0, co) to conclude H*(A4) < Ce™1D. This proves
part b) of Theorem 1.1. From Theorem 5.3 and the fact ue L3(R* x [0, o0), R*) (see
Definition 5.1) we obtain the remaining conclusions of Theorem 1.1.
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