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Abstract. We study the classical statistical mechanics of the plane rotator, and
show that there is a unique translation invariant equilibrium state in zero
external field, if there is no spontaneous magnetization. Moreover, this state is
then extremal in the equilibrium states. In particular there is a unique phase for
the two dimensional rotator, and a unique phase for the three dimensional
rotator above the critical temperature. It is also shown that in a sufficiently large
external field the Lee-Yang theorem implies uniqueness of the equilibrium state.

1. Introduction

Some new results have been obtained recently concerning the classical statistical
mechanics of the plane rotator model, defined by the Hamiltonian

Hz—ﬂzJijo'i'aj J;;=20 (1.1)
where 6, is a two-dimensional vector of unit length. For d = 3, it has been proven [6]
that spontaneous magnetization occurs for large . For d=2, it is well-known that
there is no spontaneous magnetization for sufficiently short range interactions
[17]; moreover Dobrushin and Shlosman have proven that for finite range
interactions all the equilibrium states are invariant under the action of SO(2) on the
configuration space [2]. One may ask: does the absence of spontaneous magneti-
zation imply uniqueness of the equilibrium state, as for example in the Ising model
[16,19]? We show in the present paper that it implies at least uniqueness of the
translation invariant equilibrium state and that the latter cannot be decomposed
into non-invariant equilibrium states. Compared with the similar problem in the
Ising model [ 16, 197, our method looks more complicated ; the reason is that for this
model, we don’t have correlation inequalities comparable to the F.K.G. inequalities
[5] which are valid for all the different boundary conditions. Instead of considering
boundary conditions, we characterize invariant equilibrium states as tangents to the
pressure [9]. We introduce various perturbations to the pressure and control the
derivatives of these perturbed pressures with correlation inequalities.
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In a sufficiently large external field, the correlation inequalities are sufficient to
control all boundary conditions, and together with the Lee-Yang theorem gives
uniqueness of the equilibrium state.

The extension to models where 6, has more than two components seems difficult
because of the lack of the necessary correlation inequalities.

Acknowledgements. It is a pleasure to thank F. Dunlop and J. Slawny for helpful discussions, and A.
Messager, S. Miracle, and Ch. E. Pfister for providing us with Lemma 3.2 [24] which leads to a
simplification of our original proof of the extremality of the unique phase.

2. The Model

At each point i of the lattice Z* is associated a spin variable 6,eIR?. We use two
parametrizations, given by:

6;=(s; t;)=(r;cos,, r;sing,)

where
sp,t.eR, reR,, ¢,e[0,2xa[.

The a priori probability distribution for e; is assumed rotation invariant:
dvo(e;) =dA(r;)de;

and the spin is bounded: |6;| <b with probability 1. In addition the measure v,
satisfies Condition A, which is important for the development of correlation
inequalities:

Condition A.
Vo, B,7,6e N
[+ (s—=8)(t+1)(t —t)dvy(s, )dvo(s’, 1) 20.

Remark. 1) The following measures (suitably normalized) are known to satisfy
Condition A [1,3,12,18,22]:

i) 6(r—b)drd¢ b>0 (fixed length)
i) y(re[0,b])rdrdp b>0 (uniform distribution)
iii) exp(—ar*+cr?)y(re[0,b])rdrdp  a,b>0.

The interaction between spins is given by a translation invariant, ferromagnetic pair
interaction

H=-%J0,70;
where (2.1)
Jij=J(i—f)§0-

We consider the case of finite range interactions:
J;j=0 if [i—j|>L.

However our results are not sensitive to this restriction and carry over to long range
interactions with sufficiently rapid fall-off.
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If A is a finite region, an exterior configuration w is a specification of the spins in
A, the complement of 4, and a boundary condition is a probability measure y, ()
on the exterior configurations. A particularly useful boundary condition is denoted
s—b.c. for which all spins in A, are in the s-direction with maximum value:
for all ied, ;= (s,: maxr, t,.=0>.
supp 4
The boundary condition t-b.c. is obtained by the interchange of s and ¢ variables.
An exterior configuration w induces an effective Hamiltonian for the region 4
given by
Hy,=— Y Jo;:6,— ) J;6,-6/{w)
i, jed ied
Jjede
where g (w) takes the value specified by w.
The joint probability distribution of the spins in the region A is given by the
Boltzmann factor
Ay, 0= Z/I,to exp(—H ) [Tdvole)
ied
where

Z4o={exp(=H, ) [] dvols)).
ied

Expectations with respect to u, ,, will be denoted < ), . For a general boundary
condition

<D= T <D, odipd).
The pressure
Pro=I4""InZ, ,
and for a general boundary condition

pA, be = ij, wdubc(w) .
The pressure

p=lim p,,,
Arzd

and is independent of the boundary condition [20].

An equilibrium state is an infinite volume limit of finite region states < >, ;.
with some boundary condition, or equivalently a probability measure on the
infinite volume configuration space satisfying the DLR equations [9, 13]. We will
generally use the symbol { ) for a finite region state and the symbol ¢ for an infinite
volume equilibrium state. The set of equilibrium states for the Hamiltonian H is
denoted A(H). A phase is an equilibrium state invariant under the lattice
translations, and the set of phases is denoted 4 ,(H).

In an external field hn the Hamiltonian (2.1) is modified to

=—)J;j6;:6;,—y hn-a;

==Y Jilss;+ 1t )— Y (hs;+hty). (2.2)
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Deﬁfzition. The spontaneous magnetization M is defined by
M =limg,(n-s))
h\O

where
0,€4 I(H -

Remark. By translation invariance of the phase g,, M is independent of i ; by rotation
covariance, M is independent of the direction n. Using the fact that the pressure is a
convex function of i and the relation between phases and tangents to the graph of
the pressure [9] it is seen that M is the right-derivative of the pressure with respect
to h at h=0 and is independent of the choice of phase g,e 4 ,(H,,).

Our basic results can now be formulated:

2.1. Theorem. If the spontaneous magnetization M =0 then there is a unique phase in
zero external field. Moreover, this phase is then extremal in the equilibrium states. This
phase is also the unique quasi-periodic state.

2.2. Theorem. Let di(r)=0(r—b)dr. Then for a large enough external field the
equilibrium state is unique.

2.3. Corollary. If the lattice dimension d =2, there is a unique phase in zero external
field. If d =3, there is a unique phase for T> T, where T, is the critical temperature for
Spontaneous magnetization.

We point out that for simplicity of presentation we have not given each theorem
or lemma in its most general form. We discuss extensions in Section 6.

3. Inequalities

Let A be a finite subset of Z¢ with multiplicities, and define
sg=]1s;.
ied
For example sizsj=sA where 4={i,i,j}.
|A| denotes the (finite) cardinality of A. Similarly we define t, and r,. If Nisa

function from Z* to Z which is equal to zero except at a finite number of points, we
define

N¢= Z n;.
Note that if |A] is even, s, +t, may be expressed in terms of cosines.
sa+t,=20"14Dr ¥ cosM¢p (3.1)
M
and similarly for s,—t,: We decompose s,+1t, into a sum of products of r;7;

(cosp;cosp;+sing;sing;)=rr;cos(¢, F¥¢;) and then use the identity
cosN¢ cosM¢p = 3[cos(N + M)p +cos(N — M)¢].
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We denote by suppA the set A without multiplicities:

suppA={icZ?:ic A}.
Also

suppN = {ieZ*:n,+0}.
We define the algebra U as the set of finite linear combinations of the functions s ¢,
and the even and odd subspaces U,, U, as linear combinations of {r,cosN¢},
respectively {r,sinN¢}. Equivalently these subspaces are defined as linear
combinations of {s ¢z} with |B| even, respectively odd. The subspaces may equally
well be defined according to transformation properties under the transformation
t,— —tYi (¢p,— — ¢;Vi). Consider the interaction (2.2) with the external field in the
positive s-direction. The Hamiltonian has the form

H=-Y J;rr;cos(¢;—¢)—h) r,cosd;.

With s-b.c. the effective interaction in the region A has the form
H,,=— Y Jrricos(¢,—¢,)— ) ar;cosg,

i,jed ied
where o;20. Then Ginibre’s inequalities hold [ Appendix, Theorems Al, A4]
{rycosNprgcosMey, ,=<{r,cosN¢), ;{rzcosMe>g ,. (3.2)

Now consider the interaction (2.2) with the external field such that h, b, =0. Then
the generalized Griffiths’ inequalities hold [Theorems A2, A3]
54585, Z 8405, 45875, 4
Ctatprs 4 Z<tas allp)s,a (3.3)
0=sutp)5, 4 =<8, 4{tBDs, 4 -

In addition there are comparison inequalities relating different states [ Theorems
A3, A4].

We derive here some basic results which will be useful in the proofs of Theorems
2.1 and 2.2. The discussion will be given for the interaction (2.1).

3.1. Theorem. ¢, = Alit%d { >, 4 exists by monotonicity and is an extremal equilibrium
I )
state.

Remark. We note a useful property of the state g,. By monotonicity in both h and A
it follows that M =g (s,).

The proof of Theorem 3.1 is based on *.

3.2. Lemma. Let w be any exterior configuration for the region A. Then
{rqcosMey, ,=<r cosMe>,, ,.

Proof. We must show
[ (rycos N~ cos N¢")du({r;, ¢.})du, ({7, $73) Z0.

! Lemma 3.2 is due to A. Messager, S. Miracle, and Ch. E. Pfister. It simplifies our original proof of

Theorem 3.1
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This is proved in the same way as Ginibre’s inequalities [7] once the effective
Hamiltonians are combined as

-H,—H, = Z Jilrr; cos(¢;— ¢,) +rir; cos(¢;— ¢;)]
+ ) o1, cos ¢, + air; cos (i + ;)
where
o] S
This can be written as a sum with positive coefficients of products of (r;+r}),

cos (¢i+(§i+w) cos (¢i_(§i+w> and similar terms with sine instead of cosine.

(rycosM¢p—r',cos M¢') can be written similarly.

Then one expands the exponential in series and, due to the above decom-
positions, each term is a product of integrals over r;, ¥; and over ¢,, ¢;. The integral
over ¢;, ¢; factorizes into a product of two integrals of two identical functions, one
in the variables (¢ + ¢,) and the other in (¢; — ¢,). Being a square, this expression is
positive. The integral over the variables r;, r; reduces to a product of integrals of the
type:

[ r)ir—r)PidA(r)dA(r) .

This integral obviously vanishes if b; is odd and is positive if b; is even. [
Definition. We say the state g is clustering if for all f,geU

o(fr.9)—e(fe(r,g)=0 as |a]—oco
where 7, denotes a translation by the amount a.

Proof of Theorem 3.1. From Lemma 3.2 it follows that® {r,cos M $>,.4(20)
decreases as A4 /' Z*. Thus the limit exists. Since {r, sin M) ,=0thestate g, is well-
defined. Again from Lemma 3.2 it follows that

o(r,cosNg)<g,(r,cosN¢p) forall ged(H),

which shows that g is extremal as a state on the even subspace 2.

The extremality of g, on the even subspace 2, implies that g, is clustering on U,
Indeed, since A(H)is a metrizable Choquet simplex [9], there is a unique probability
measure o, carried by the extremal elements of 4(H) such that

o(fN)=fa(fdwyo), VfeU.

By Lemma 3.2 it follows that o %, =0 U, w-ae. Since ¢ is clustering, g is
clustering on . By correlation inequalities it follows that g, is clustering on the full
algebra : (Theorem AS or [3])

log(s 4tpSctp) — 05(s 4tp)as(Sctp)l
=(04(54585cSp) — 05(S 458)0s(5cSp)) if |B| is even
and

0.(8 4155ctp)? S(0,(5 455cSp)? — 04(5 455)?05(Scsp)?) if |B| is odd.

2 Lemma 3.2 holds for all exterior configurations and hence for any boundary condition b. Take b as

the boundary condition induced by s-b.c. in A, where A'> A
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By construction, the restriction of g, to the odd subspace 2, is identically zero.
Thus the extremality of g, follows from the following lemma.

3.3. Lemma. (a) Let g, 0 be two states on U satisfying
(i) o, 0 are clustering;
(ii) o/, =0/, ;
(iii) ¢/A,=0,

then llirg a(t,(f)=0, VfeU,.

(b) Let w be a translation invariant probability measure on a set E of states o,
satisfying ,132 o(t;(f))=0 w-a.e. for some fe.

Then a(f)=0 w-a.e.

(c) Let o= | adw(c) be a decomposition of the invariant state g into a set of states

E
E, with the measure w translation invariant. Suppose g9 and w-a.e. ¢ satisfy the
hypothesis in (a). Then g=0 w-a.e.

Proof. (a) By (i) and (iii)
lim o(fr(g))=0  Vf,ge¥U,
and by (ii)
lim o(f,(g))=0.
Therefore by (i) o(f) lim o(t{9))=0 Vf, ge N, and the conclusion follows.

(b) Since w is translation invariant, f|a( ldw(o)= jla(t (f)dw(o), VieZ® and
by dominated convergence, (lo(z;(f))| = | f N

lim | o(z,(f)ldeo(o) =0.

1= E

So a(f)=0 w-a.e.
(c) By points(a) and (b) a(f) =0 w-a.e. for each feU,. Since A, is separable, we
conclude o/ ,=0 w-a.c. and o=9 w-ae. [

We now begin the argument leading to the proof of Theorem 2.1.

There is a useful “bootstrap” principle which allows one to conclude that certain
higher order correlation functions are zero if certain lower order ones are zero. In
particular we shall conclude from M =0 and Lemma 3.2 that the equilibrium states
have certain symmetry properties.

3.4. Theorem. Let ¢ be any weak* limit point of the finite volume states { », as
A7 T, where the effective Hamiltonian for the region A has the form

Z Jifss;+ 6+ Y oS+ Bit; (3.4)

i,jed ied
with o; 2 |f.
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Then if o(s;—t;)=0 for all i, it follows that o(s,—t,)=0 for all A.

Proof. Define the random variables x,=2"*(s;,+t,), y;=2"*(s;—t,). The effective
Hamiltonian in terms of the variables x, y is

> Jijx;+y:y) + 273 (o + B)x;+ (0, — B)y; -

Also the a priori measure for (x, y) is the same as for (s, t) by rotation invariance.
Therefore the generalized Griffiths’ inequalities are valid (Theorem A2) and
these extend to the limit point g:

0=o(xpyc)=oalxpayc) - (3.5)

We first show : Given n(odd), if ¢(y ) =0 for all |4|(odd) < n then o(s,) =o(t ) for all
|Al<n.

Indeed?
05—t )=2""3 3 o(xpy)=0 if |4|<n
Belad

by (3.5) and the hypothesis o(y.)=0.

We next show: g(y ) =0 for all | 4] odd. Indeed, by hypothesis g(s;) =o(t;) for all i
and so g(y;) =0 for all i. The proof proceeds by induction. Let n(odd) be given and
suppose g(y,)=0 for all |4|(odd)<n. To show go(y,)=0 if |4|=n we write

e )=2"1 3" o(sptc)(— 1)

BuC=4
=2—%|AI{Q(SA_tA)+ Z Q(SBtc)_Q(sctB)T-
BuC=4
?hmd
|B|<|4]|

But

IQ(SBtc) - Q(sctB)l = |Q(SB tc) - Q,(thc)l
<o(sp)o'(tc) — o' (sp)ealtc)
=0(spa(sc) —ea(tp)a(tc)

by a comparison inequality (A6) where ¢’ denotes the state obtained from g by the
interchange of s and t variables*.
Since g(sg) =0(tp), o(sc)=0(tc) by the induction hypothesis, we have

e()=2"Mlg(s,—1)=2""M 3 0(xzy)=2""Mlo(v,)
BuC=4
|Clodd
which implies ¢(y,)=0. O
3 In the summation over subsets of A we distinguish different occurences of the same lattice point
(multiplicities). Otherwise combinatorial factors should be included in the expression

4 Note that for ¢’ the effective Hamiltonian for the region A has the form

—Hy= ) Jylss;+t6)+ Y as;+Pit;
i,jed ied
where «;=p;, Bi=uw,. Since o;=|B;| the hypotheses of comparison Theorem A3 are satisfied
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4. Uniqueness of the Phase

We consider the plane rotator in zero external field and suppose there is no
spontaneous magnetization. We will show that there is a unique phase. We use the
equivalence between phases and tangents to the graph of the pressure [9]. For fe
we consider the perturbation Af to the Hamiltonian H. That is, we consider

H,=H—-.Y 1,f

where we sum over the lattice translates of f. (Equilibrium states for H, are defined
as in Section 2, via finite volume states with some effective Hamiltonian H, ,, or
directly by the DLR equations appropriate for H,.) If we can show that the pressure
p, is differentiable at 1=0 it follows that all invariant equilibrium states take the
same value on f. This may be formulated as

4.1. Lemma. Let there exist a sequence of positive numbers (A,),.x and another one of

negative numbers (1,),.x, both converging to zero and invariant equilibrium states g,,,

0, of Hy,, H, such that lim g, (f)= lim g, (f).

n—oo

Then all the ge A, (H) take the same value on f (= nlgglo o (f )).

Proof. The equivalence between invariant equilibrium states and tangents to the
graph of the pressure [9], together with the hypothesis and the convexity of P,
shows that P, is differentiable at A=0 and this is equivalent to the conclusion
[9,131. O

We shall apply Lemma 4.1 to various perturbations and first to {s,, ¢ ,}. Once we
have shown uniqueness on these functions (Lemma 4.2) we use this result to get
uniqueness on the even subspace ..

4.2. Lemma. All phases take the same value on s, and on t .

Proof. The proof proceeds in three steps.

a) o,(s,)=0,(t,) for all 4, and g,(s,)=0 if |4|odd:

Since M =0 Lemma 4.1 implies g,(s;)=0. Since g,(t;)=0 by construction, we
have g,(s;—t;)=0. By the “bootstrap” Theorem 3.4, ¢,(s,—t,)=0 for all 4. Since
04(t ) =0 if |4 odd by construction, we may also conclude g(s,)=0 if |4| odd.

b) For all ge 4(H) o(s,)=0(t,) for all A4 and o(s,)=0 if |4|odd:

By Lemma 3.2 o(s,—t,)<o,(s,—t,)=0 if |4| even [expanding in terms of
cosines—Eq. (3.1)]. Thus by the symmetry of interchanging s and ¢ variables, we
conclude

o(s,—t,)=0 forall ged(H), |A] even.

If |4] odd, (s ) <0¢,(s,)=0. By the symmetry s— —s, we conclude
o(s,)=0 forall ped(H), |A] odd.

By the symmetry of interchanging s and ¢ variables we now conclude

o(t)=0 forall ped(H), |A| odd.
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c) All phases take the same value on s, and on ¢,:
Consider the perturbation +A4s,, 1>0.
Let g, , be the (translation invariant) limit (Theorem 3.1) as A/ Z* of ), ., 4

and ¢, = P\IJI(I) 9., (Griffiths’ inequalities). Let §_, be any weak™® limit point as

AT of s.—1.4and let o_, be an average over translations of §_,. Let o_ be a
weak * limit point of g_, as A—0. Since by a comparison inequality [Eq. (A4)]

$88Y5,2,aZ<SB)s,~ a4
it follows that

0+(sp)=0_(sp)

Similarly

0+(tg)=<0_(tp).

Since g, e4,(H), it follows by point (b) that ¢, (sz;—t5)=0 and so g,(s,)
=9_(s,). By Lemma 4.1 all phases agree on s ,. By the symmetry of interchanging s
and ¢ variables all phases agree on t,. [

4.3. Lemma. All phases take the same value on the even subspace .

Proof. a) Consider the perturbation + Ar, cos M¢. From a comparison inequality
(Theorem A4) we have

(rgcosN¢) ; 4=(rgcosN¢», _, , for 1>0.

Taking weak* limit points as in Lemma 4.2 we obtain states ¢, which satisfy
0. (rgcosN@) =g _(rzcosN¢). (4.1)
b) If |B]| is even, inequality (4.1) implies

0_(s4tp)=0_(s,4(sp+1p))—0_(545p)
S0 (s4(spt1tp)—0_(s45p)
and
Q—(SAIB) == Q—(SA(SB - tB)) + Q—(SASB)
2 —0(s4(sp—tp))+0_(s45p).
Since ¢ (s,55)=0_(s,55) by Lemma 4.2 the above inequalities imply
0_(s4tp) =0 (54tp)
and
0_(s4tp) =04 (s41p).
Thus ¢ (s tp)=0.(s4t5). In particular ¢ (r,cosM¢p)=g_(r,cos M¢).
Therefore all phases agree on the even subspace 2, by Lemma 4.1. O

Proof of Theorem 2.1. From Lemma 4.3 o(f)=¢,(f) for all fe,, and by
construction g,(f) =0 for all f in the odd sub-space U,,. If there were a phase g such
that, o(f)#0 for some feU,, then defining ¢’ from ¢ by the transformation
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¢;— —¢;Vi we would have a nontrivial decomposition of g,=3(¢+¢’) which
contradicts the extremality of ¢, (Theorem 3.1). Thus o(f)=0 for all ge4,(H) if
feU,. Thus g, is the unique phase, and by Theorem 3.1 this phase is an extremal
equilibrium state. That g, is also the unique quasi-periodic state follows from the
extremality of the unique phase, as in [21, Appendix C]. [

Proof of Corollary 2.3. If the lattice dimension d =2, we know by the theorem of
Mermin [17] that }lli\{r(l) (G 1)} serioaic =0 With periodic boundary conditions. This

implies that M =0 and the corollary follows from Theorem 2.1. If d =3 we define T,
as the lowest temperature such that M =0 for all T>T,. (T, is finite by the high
temperature cluster expansion and T,#0 by [6]) Theorem 2.1 implies the
uniqueness of the phase for T>T.. [

5. Uniqueness of the Equilibrium State

It will be shown that for sufficiently large external field, the plane rotator with fixed
length (dA=d(r — b)dr) has a unique equilibrium state. We define two phases g,, and
0,, Which suitably bound all equilibrium states. Proving that g,, = g,, then gives the
uniqueness of the equilibrium state. We take the external field interaction

~Y (hysi+ 1)

for the case h,=h, = h. (By rotation covariance the result is true for the external field
in an arbitrary direction.)
The effective Hamiltonian for the region A has the form (3.4) where «;, §; depend

on the exterior configuration. If h2b}) J;; then a;, §;20 for all exterior con-

J
figurations. This allows the use of correlation inequalities for all equilibrium states.
Let

A;=max o, —maxﬁ

wedc wedc
B;= mm o; =min f;
wedc wede

and define the states { »,, , (resp. >, ,) by taking o;=4,, p;=B,; (resp. o;=B,,
Bi=A,).

Notethat{ ), ,isobtained from{ ), ,bytheinterchange ofsandt variables.
Then from comparison inequalities (A4, A5) for any exterior configuration w

0§<SB>m A= <SB>w A=), 4

(5.1)
0={tpdr, 4 =<tpD 0, A =tpdm 4
and
<5480 01,4 — S alY o, Al SCS 001, 4D 0,4 = S 0, 48O 0,4 (5:2)
from (A6).

5.1. Lemma. The following infinite volume limits exist.

QMEAh/'nZld< >M,A9 m—Ah}nZld< >mA
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Proof. 1t follows from Equations (5.1) that®
{s4)m,4 decreases as A increases,
{t >u, 4 increases as A increases.

Thus the limits as A /' Z* exist. From (5.2) it now follows that® (s ;tz> 4 CONVETrges
as A/ Z°. By the interchange of s and ¢ variables the same holds for ¢ >, ,. O

Proof of Theorem 2.2. The Lee-Yang theorem for this model has been deduced by
Dunlop and Newman [4] from a theorem of Suzuki and Fisher [23]. Although it is
not stated in this form in [4], one can deduce from [23] analyticity of the pressure in
hy with h, fixed, real, and non-zero and analyticity in h, with h, fixed, real and non-
zero. Here h (resp. h,) is the field in the s-direction (resp. the ¢-direction). (In our case
we are interested in a neighbourhood of h;=h, =h.) Therefore for all h+0, g(s;) and
o(t;) are independent of ge 4,(H).

In particular g,,(s;) =@,,(t;). The “bootstrap” Theorem 3.5 then implies ¢,,(s,)
=0,,(t,) for all A. By the symmetry of interchanging s and ¢ variables we conclude
that ¢,,(s ) =0,,(s ). Now by Equations (5.1) we conclude that all equilibrium states
take the same value on s 4 ; similarly for ¢,. By Equation (5.2) all equilibrium states
take the same value on s, t;. [

6. Generalizations

In this section we discuss extensions of results derived in preceding sections.
Using a modification of Condition A, Messager et al. [24] have obtained
uniqueness of the phase in any nonzero external field with the Lee-Yang theorem
(e.g. fixed length rotator).
Theorems 2.1, 2.2, and Corollary 2.3 extend to long-range interactions with
sufficiently rapid fall-off.

For d=2, Corollary 2.3 is valid with J;; such that ) J,|j|*<oo ie. for J;

J

cZ
decreasing like |i—j|~* with «>4. Kunz and Pfister [11]] have shown that if J;;
decreases like [i—j|~* with 2<a <4, spontaneous magnetization occurs at low
temperatures. They remark that in the borderline case, =4, there is no
spontaneous magnetization. The conclusion of Corollary 2.3 should hold in this
case too.

Theorem 2.2 is valid for any a priori measure satisfying Condition A and such
that the pressure is differentiable in h, and h, (the s- and t-components of the
external field). In particular a weak version of the Lee-Yang property would be
sufficient.

We will denote by “generalized interaction” a Hamiltonian of the form

—H= Z J(A) (s +1,)
A
where J(A4)=0 and |A4| is even.

5 Inequalities (5.1) and (5.2) hold for any exterior configuration and hence for any boundary
condition b. Take b induced by < »,, 4 where A'>A
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Lemma 3.2 and Theorem 3.1 depend only on Ginibre’s inequalities
[Theorem A1].

Lemma 3.3 is a general result for states on a separable algebra.

Lemma 4.1 is a general statistical mechanical result.

Given that g (s,)=0,(t VA and g (s ) =0 for | 4] odd, then Lemma 4.2b) follows
for any generalized interaction, c) follows for a translation invariant generalized
interaction, as does Lemma 4.3.

Given the correlation inequalities of Dunlop [3], one can extend all the above
results to get results on the Heisenberg model and on 4-component models. The
correlation inequalities are not sufficient to get uniqueness of the translation
invariant equilibrium state on all the correlation functions but only on a subset of
those.

It has already been noticed that Griffiths’ inequality for rotators (Theorem
A2—A3) has some analogy with Lebowitz’ inequality [15] for Ising models [3, 1,
22]. In support of this, one may note that using only Lebowitz’ inequality (in a
similar way to the use of Theorem A3 in this paper), and assuming that the
equilibrium states are invariant under the spin-flip symmetry, at zero external field,
one can show that the equilibrium state is unique. Of course, in this case, the use of
FKG inequalities [5] gives much stronger results [16,19].

Appendix: Correlation Inequalities

We first recall Ginibre’s and (generalized) Griffiths’ inequalities :

Theorem Al. (Ginibre [7], Dunlop-Newman [4].) Let

du=Zz'exp Y (J(4,M)r,cosM¢)[] di(r)do,
v ied

with J(4, M)=0.
A(r;) any measure on R of compact SUpport. Then

{rycosMorpcosNgy = (r,cosMp) (rzcosN> . (Al)
Theorem A2. (Generalized Griffiths’ inequality [1, 3, 12, 18, 227.) Let

du=273" exp( 2 JiA)s, +JZ(A)tA) [T dvi(sit)
AC ie

J1(4)20

J,(4)20.

dv(s;t;) satisfy Condition A and are of compact support. Then

(s a8p) 2540 {sp) (A2)
0=yt S50 <ty (A3)

Proof. Stated in this form, the proofis in [1, 3]. [
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We want to extend these inequalities to some cases where J, or J, are not
necessarily positive. This is an extension of a remark of Griffiths [8] and of a recent
inequality of Lebowitz [14].

Theorem A3. Let

du=23" exp( Z Ji(A)s 4+ JZ(A)tA) ﬂ dvy(s;t;)

suppACA iceAd

dw=2z1 exp( Y J’I(A)SA+J’2(A)IA) [Tdvsit)-

suppACA ied

dv, satisfy Condition A and are of compact support.
V(A= J,(4)
IJ2(A)=J5(4).

Then
(1) [Ks D' 1=<s, (A4)
(i) Kz l=<t) (AS)
(1i1) [<sytp) —<stp) | S8, tp)' — <540 tp - (A6)
Proof. We use the method of duplicate variables [7]. We consider the integral
f (54— 2,5 (tg— e tp)dp({s;t;}dp ({st:}) (*)

where ¢;= +1. Now
J1(A)s .+ T (At 4+ T (A)sy + T5(A)Ey
= [V (A + T A (54 +5) + (T 1(4) — T (A) (4= )
+(Jo(A) + T, (A) (4 + 1)+ (T5(A) = T (A) (£ — )] -
By hypothesis all the coefficients
TA+T(A),  T(A)=Ti(4)
Jy5A)+J,(4), JyA)—J,(A) are positive.

We expand the exponential in series and develop in each term the factors s, + 5/,
s,—s, etc. with the iterated formula:

X1Xo iylyzz%((xl +y1) (X3 £y2)+ (X, —y) (X, F ¥,)).

We get a series with positive coefficients of products of integrals which are all
positive by Condition A.
Thus the integral (x) is =0, which gives

8184t + 6,8 t5> S50ty +618,{5,0(tp) .
This gives
|<SAtB> +8<SAtB>I| < <SA> <tB>, +5<SA>/<tB>

where = +1.
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(i) follows taking B=¢, e==+1
(ii) follows taking A=¢, e==+1
(iii) follows taking e=—1. [

Combining this method with Ginibre’s method of proving his inequalities, we
have:

Theorem A4. Let

du=273" exp( Y J(A,M)r, costj)) [TdA(r)aé;

suppMcCA
suppACA4
dy'=27;" exp( Y J(A,M)r, coquS) [TdA(r)do;.
suppMcCA
suppACA
If for all M, A J(M, A)=|J(M, A)| then
{rgcosNg)={rzcosNg)'.
Proof.

§(rycosMp—r, cosM@)du({r,, ¢:}dul({rip}) =0

by the same method as above. The inequalities used in the proof of Theorem 3.1 are
derived as follows.

Theorem AS. (Generalized Dunlop-Newman inequalities [3].) Let ¢ be a state
satisfying Ginibre’s inequalities ( Theorem A1) and such that o(s ,t5)=0 if |B| is odd.
Then
1) lo(s 4tgSctp) — (s 4tp)a(sctp)l
S 0(s45pScSp) — (s 4splalsctp) i |B| is even;
i) 0(s 4tpSctp)” S 0(s,4555cSp)” — 0(5 458) 0(scSp)?
if |B| isodd.

Proof. We assume that |D| is even in i) and odd in ii) otherwise the Lh.s. vanishes.
i) Let I;= + 1. Using Ginibre’s inequalities and Equation (3.1), we have
0(s4(sp+1itp)sc(sp+Lrtp) Z 0(s (s + [yt p)a(sc(sp + Lrtp))

which gives
=1 15(o(s 4tgSctp) — 0(s 4tp)o(Sctp))
< 0(s48pScSp) — 0(5,45p)0(scSp) + 11 (0(s 4t pScSp)

—0(s42p)0(scSp)) + 1y((s 45 pSctp) — 0(s 4Spa(sctp)) -
Take the case [; =1, [,=1, add it to the case [, = —1, [,= —1 and divide by 2:

—(0(s 4tpSctp) — (s 4tp)Q(Sct p)) = (5 4SpScSp) — 08 45p)0(ScSp) -



296

Wi

J. Bricmont et al.

thl;=+4+1,l,=—1addedto!l, = — 1,1, = + 1, we get the same result with the sign

instead of — in front of the Lh.s. So i) is proved.

ii) We use duplicate variables and apply i). Then

IQ(SA"‘BSctD)2 - Q(SAtB)zQ(SCtD)ZI

= Q(SASBSCSD)2 - Q(SASB)ZQ(SCSD)2

but o(s 4t5) =0(sctp) =0 since |B|, |D| are odd. [J
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