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Abstract. Dimensional renormalization is defined in such a way that the
renormalized action principle holds. It is shown that this leads to a minimal,
additive renormalization. The derivation of Ward-Takahashi indentities and
Callan-Symanzik equations from the action principle is exemplified.

I. Introduction

Dimensional regularization [1, 2] has become an almost indispensable tool to
the perturbative treatment of non-abelian gauge theories. Nevertheless the first
complete proof of the so-called Slavnov-Taylor identities, guaranteeing the uni-
tarity of the S-matrix, has been given recently with help of the “Normal Product
Algorithm” (NPA) based on BPHZ renormalization [3]. The reason lies in the
validity of the renormalized action principle in that formalism. The action prin-
ciple specifies the change of the Green’s functions under an infinitesimal variation
of fields or parameters entering the Lagrangian. In our opinion it provides a much
more efficient approach to the proof of Ward-Takahashi or Slavnov-Taylor
identities—or other structural properties—than the algebraic manipulations per-
formed on individual diagrams advocated by the pioneers in that field [4]. The
approach of Ref. [3] suffers, however, from the fact that the subtraction method
in the BPHZ renormalization is not compatible with the identities to be proved.
This is overcome by appropriately chosen asymmetric finite counterterms added
to the Lagrangian. Apart from the difficulty to prove that such counterterms can
really be found in all orders of perturbation theory the method appears much
too clumsy for practical calculation.

Therefore, it is only natural to make an effort to establish the renormalized
action principle in the framework of dimensional renormalization. This is one of
the main objectives of the present work. The second is to show that dimensional
renormalization meets the requirements of a minimal, additive renormalization
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in the sense of Hepp [5]. Although there exists already a proof for that by
E.R. Speer [6], who reduces dimensional renormalization to standard BPH
renormalization (= minimal Taylor series subtractions) performing a suitable
finite renormalization, we have included a direct proof without recourse to BPH
renormalization. In fact our subtractions differ by finite terms from those proposed
by Speer, which proves to be necessary to establish the renormalized action prin-
ciple and only the latter guarantees the validity of Ward identities etc.

Our proof of the renormalized action principle proceeds in two steps:

i) We demonstrate its validity in the regularized theory. The essential prop-
erty to show is that the application of the kinetic differential operator to the
propagator corresponding to some line 7 in a Feynman graph (i.e. Cl4+m? for a
scalar line) is equivalent to the contraction of that line to a point.

ii) We prove that the subtractions corresponding to all renormalization parts
(= superficially divergent 1PI subgraphs) before and after contraction of the line
are identical, although the respective classes of renormalization parts are gen-
erally different.

We have decided to devote some space especially to the latter point, since
there does not seem to exist an adequate discussion of that problem in the litera-
ture?. As far as the treatment of covariants in the dimensionally regularized
theory is concerned, especially the notorious ys, we follow essentially t Hooft and
Veltman [1], with somewhat more emphasis on a consistent formalism. We try
to convince the reader that there is no better choice for the definition of ys.

In Appendix A we have collected all relevant definitions and properties con-
cerning Feynman graphs.

II. Dimensional Regularization

11.1. Feynman Amplitudes

Assigning propagators 4, to lines £ and vertex parts X ; to vertices V; of some
Feynman graph G we may construct Feynman amplitudes 7 as formal expres-
sions of the type > (Definitions are given in Appendix A)

To(Xpssxp)= [1 X; T1 A,( Y eﬁxi), x;€R", n pos. integer 1)

ie¥g tefLa ieYc
with
oo}

h™ L A,(x)=lim Z,(—i 8/ o) | do( —2ic) ™2
0

e—~>0
- exp { — (i/40) (x +u)* —io(m7 — &)}, = - @

Z,(—10/0u) are some constant coefficient diff. operators containing in general
covariant algebraic objects like y-matrices etc. and #X;= X,(—i0/0x;) are again
constant coeff. diff. operators like the Z,.

A related work by Collins [7] has recently appeared

The proof of Y.M.P. Lam Ref. [8] is not complete in our mind

The X, and 4, have to be appropriately ordered, which is understood to be done whenever
necessary
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Taking the nx M-dimensional Fourier transform of Z;(x) and performing the
Gaussian integrations over x; we obtain
T6pys-- -,PM)=(27T)—"M/2 j eipxg—c(x)dx
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This expression is the starting point for the dimensional regularization. It is
achieved in two steps:

i) we interpret the parameter n appearing in (3) as a complex variable,

ii) we give a definition of the algebraic objects (like y-matrices, momentum
4-vectors etc.) appearing in (3) which makes no direct use of the concept of
dimension (see Sect. 11.2).

I11.2. “n-Dimensional” Lorentz Covariants

For the validity of canonical Ward-Takahashi identities etc. for the dimensionally
regularized Feynman amplitudes resp. Green’s functions it is essential to find an
extension of the Lorentz covariants (y,, p, g,, €tc.) which allows one to manip-
ulate these objects like in 4-dimensions. This will be achieved by treating them
as formal objects obeying certain algebraic identities. We shall make no use of the
fact that indices can assume values, but treat objects like y, as just one entity
(i.e. we shall never use y, etc.). The only place where one runs into troubles with
that prescription is where the ¢, ,,-tensor comes into play, since it is a genuine
4-dimensional object (like ¢, is a 3-dimensional one). This is expressed by its
property that in 4 dimensions the value of an arbitrary Lorentz index is equal
to exactly one of the values of the indices of &. Correspondingly there are identities
involving ¢ depending crucially on 4-dimensionality as

4
sul...lmsvl...\m: - z Signn 1_[ gl»"i"n(i) (4)
neSy i=1

and as a consequence

Z Signnsﬂnu)u~un(4)gﬂn(5)v=0 * (5)

TESs

*  Using the relation [p;+ e (—i9/0u,)11,(p, u, #)=0 the vertex factors X (p;) can be included in the

factors Z,(—i0/0u,)
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Two possibilities are to be considered:

i) no use is made of (4), i.e. there is no possibility to reduce a product of
several e-tensors in the formal algebra,

ii) in addition to the “n-dimensional” covariants also “(n-4)-dimensional” ones
(or equivalently 4-dimensional ones) are introduced.

Possibility ii) allows a further simplification of covariants containg a product
of several e-tensors; as a consequence y%z= —1 can be proved.

Equation (5), however, has the disadvantage that it prevents one from finding
easily a unique normal form for the covariants (see below).

We use the usual symbols® g,,, p,, 7, 1, &1, Which can be added, multiplied
etc. as usual, obeying the additional identities ® (all symbols except 7, are assumed
to commute)

9uIva=9ur>  Iuw=9Yvu>

9uwPvy=Pus  IuV=Vw> Pudu=D"q>
JurvEvoor=Eugor >

Dw 1 =v0+00=29,1,  1y,=yd=y,,
Jup=">

Tri=4.

In order to be able to formulate Equation (4) we introduce additional symbols
(as discussed above) §,,, p,, , obeying the identities

©)

a P

gnvévlzguvgvl=gpl’ guv=gw’

. . . . (7)
guvpv=pv’ guvyv=yu;

4
Epropabvr va= Z signz l:Il (gﬂlvn(l)_g/‘i Vn(l')) )

neSy i
where S, denotes the permutation group of 4 objects. From these assumptions
we can prove for example

guv'j}vzguv?v:’j}u ’
{')’,p j}v}= {f)w T)v} =2éuv1 s

8xluvgvg =0 H

o ®)
T Slgnnsunu)u-un(a) ’

Juu=n—4,

Try,=0.

Before we give a definition for ys, we will try to convince the reader, that there
is no better choice. In order to do so, we observe, that y5 can be defined for n=4
by its two properties

D) Tr(ysyu, - Vud =84, Il

5
6

This list may be enlarged if necessary by other covariant objects
There are a lot of obvious rules to be observed, like: no index u can appear more than twice in
one product etc., which we do not specify here
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which will be maintained and

i) {y,75}=0

which has to be given up, because the two are not compatible for n+4. As an
alternative we might try to maintain ii), but this leads immediately to

nn—2)(n—4)Tr(y,y,,...7.)=0

and there is no smooth limit n—4 which reproduces i). Nevertheless, this ap-
proach strongly supports the result that axial anomalies can always be avoided
except in matrix elements where i) becomes essential.

Let us define ys=(4!)""e,, . waVus--Vue With that definition we can prove

Proposition 1. {y,,7s}={}, 75} =29,75 - ©)

Using the abbreviations §,,=g,,— G, 7,=7,—7, etc. we show first

Lemma 1. ) signme, . . 8. .,=0. (10)
mESs
Proof. ) signme
neSs

= _1/6 Z.:S Slgnngﬂn(l)--~un(‘t)gﬂn(ﬁ)vlV2V38aV1V2V3
MESS

. 2 2 2 2
= 48av1vzv3 z Slgn ng#n(l)l‘«n(s)gﬂn(z) wgun(a) Vzg#n(«t) v3 = 0
neSs

ﬂn(x).--unm)gnn(s)d

SINCE §y ,) ums, 1S SYmmetric under the exchange of 1 and 5.

Proof of Proposition 1. Using the above Lemma we get

0=(L/AD) Yy Vs F Vs Vr) 2, SIEOTE, (0 Gy oo

neSs
= (5/4 !)(')A;aym v 7,44 +'Yu4 e ym'}:}a) Z Signﬂsunu)...unm)
) neSy
+(20/3 !)5va(yux te yus + yus e yﬂl) Z Signnsnnamn(z)una)v

nesSs3

=5!{),7s} and hence {y,7s}="{fs7s}

where use is made of the fact that the permutation (54321) is even, whereas (321)
is odd. The second part of Equation (9) is trivial to prove.

From Proposition 1 one can immediately compute

Tr({yw Vs }'yayl))uyv'yg) = 8(” - 4)8}.;tvg

which is important for the derivation of the Adler anomaly.
Similarly one may prove

Proposition 2. yZ=—1. (11)

Remark. All the quantities appearing are treated as real, treating charges by
doubling the number of components.
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The following proposition can be proved:

The identities above can be used as simplification rules for syntactically
correct expressions, leading to a normal form (NF) which is unique insofar as (4)
is neglected—otherwise there remain further linear relations with n-independent
coefficients between expressions in NF derived from Equation (5).

As for the proof we execute the following transformations (simplifications)

leading to the NF:
(i) we eliminate y_ by its definition;

(ii) we eliminate Tr by applying {y,7,}=29,, Try,=0, Trl=4, TrAB=
TrBA;

(ii)) we antisymmetrize products of y’s by {y,, 7,}=20,.;

[(iv) we eliminate e-tensors by (4')];

(v) we eliminate g,,,’s (resp. §,,’s) by g,.p,=p, (tesp. §,,Py =GPy =GP =P
etc.;

(vi) we replace p,g, by p-q (resp. p,4,=p,4,=P,4, by p-g) etc. and use Guu=n
(resp. §,,=n—4)

It is easy to see, that [without (4)] any further application of any of the
identities (6) no longer changes the expression obtained after the application of
(i) to (vi).

Having given a meaning to the Lorentz covariants contained in Equation (3)
we can now come to the definition of the dimensionally regularized Feynman
amplitude corresponding to the formal expression (3):

This is done in two steps.

Step 1: Interprete the covariants contained in the X;’s resp. Z,s (i.e. also u,
and 0/0u,) as elements of the algebra described above. The exponential function
defining I,(p, u, o) is considered as a formal power series. Next execute all deriv-
atives 0/0u, and put u,=0. Reduce the expressions obtained to their NF. This
displays explicitly the n-dependence of the covariants and therefore can be used
for the definition of the counterterms (see Sect. III).

Step 2: Once the counterterms are determined, we interprete the covariants in
the NF as 4-dimensional (specifically we put all @ =0, i.e. §,,=0, p,=0 etc.) and
set all of the M —1 momenta p; to zero which correspond to internal vertices.
After that the Feynman integrand can be considered as a distribution in the
remaining M’ —1 momenta over #(R*M ~1) and depends parametrically on a
and n. Taking Ren<0 all a-integrals converge absolutely. For min {m,}=+0 the
limit e—0 exists in &’ (R*™ ~1) and defines a distribution J4(p, n) over F(R*M)
[9]. Z..(p, n) can be continued analytically to the whole complex n-plane as a
meromorphic function, the singularities of which lie on the manifolds

o) =nhy—2Lg+ Y r,=k, k=0,1,2,..., HCG
L

where r, is the degree of Z, [10]. For values of n not on any of these manifolds
and ¢20 I .(p, n) is continuous in &. Therefore, 7(p, n) is again a meromorphic
function of n with singularities on the same manifolds.
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11.3. The Action Principle

Most of the equations characterizing the structural properties of a Lagrangian
QFT like equations of motion, Ward-Takahashi identities, Callan-Symanzik
equations etc. can be understood as a consequence of the “action principle” [117].
Let us consider a Lagrangian ¥ =.%,=%,;, depending on a set of commuting
or anticommuting quantized fields genericly called ¢(x), unquantized “external”
fields a(x) and space-time independent parameters 4. Then we may ask how the
Green’s functions of the theory change under an infinitesimal variation of these
quantities. The answer, given by the quantum action principle, is most efficiently
expressed in terms of the generating functional Z(a, 2) for the Green’s functions’
given by the Gell-Mann-Low series

Z(@, )=<expih ™" | ZLn(§(x), a(x), Ddx>T, 12

Z(a, 4) is a well defined formal power series in # using dimensionally regu-
larized Feynman amplitudes corresponding to the graphical expansion of
<expih ™' [ Lind% o D3 . designates the connected vacuum expectation value
of the time ordered product, evaluated in the free theory given by Lo=3¢D¢,
i.e. with propagator ihD~!. About D we make the assumption that it is a real,
second order differential operator with constant coefficients, i.e.

D;j=a;;+b!;0,+cli 9,0,  with real coefficients,

a;=+a;, bi=Fb, cf=+cf the £ sign referring

to Bose resp. Fermi components of ¢=(¢;. The constants a,b,c contain in
general algebraic objects like y,,g,, etc. We assume, however, that D™! is the
same algebraic expression as in 4 dimensions, i.e. D(—id/0u,)Z,(—id/du,)=
— (0O, +m¢,) which can easily be proved for the standard representations like
——(l:l+m ), —iy,0,+m etc.,, using the algebraic rules of Section IL.2.

The action pr1n01ple for the respective kinds of variations takes the following
form:

i) variations of the quantized field ¢(x)
0¢(x)= P(¢(x))de(x) with some polynomial P leave Z(g, 4) invariant:

0={0L expih ™! [ Lin(x)dx>Y . 13)

where 0. is the linear part of L(¢p+dp)—F(¢) in de. Neglecting ordering of
factors we may write

0L = [ {0L/5¢(x)) P(d(x))+(0L/00,(x)) 9, P($(x))

= 0,((6L/50,p(x)) P($(x))} Se(x)dx (13a)
resp.
0% = [ P(p(x)) (0L /6¢(x)) — 0,(6L/50,¢(x))) de(x)dx ; (13b)
ii) variations of external fields result in
—ihd Z/0a(x)= (6% [6a(x)) expih ™" [ Li(x)dxDS . ; (14)

7 We assume that %, contains a “source term” j!(x)(_[)(x)dx which allows to express Green’s
functions as functional derivatives of Z
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iii) variations of parameters give
—ihdZ/0A= 0L/ 3A) expih ™" | Li(x)dx)S .. 15)

In the following we try to show that Equations (13)—(15) hold in the sense of formal
power series in # in the dimensionally regularized theory corresponding to %Z.

The only difficulty of the proof lies in the asymmetrical treatment of ¥, and
P in the definition of Z via Feynman graphs: %, determines the lines, %,
the vertices. We have to demonstrate how the variations in both constituents
conspire to give the simple result of Equations (13)—(15). Two kinds of properties
are responsible for this conspiracy:

i) algebraic properties of the Feynman integrands I(p, u, o),

ii) combinatorial properties of the graphical expansion of

<expih“ § gint(x)dx>3,c .

We shall restrict ourselves to the discussion of point i), since ii) is straight-
forward and has nothing to do with dimensional regularization. This immediately
settles Equation (14), because we have assumed that there is no external field
dependence in %, and therefore we may write Equation (14) in the form

—ih8Z/0a(x) = (0L /0a(x)) expih ™ | Ln(x)dx)S (16)

the proof of which is essentially combinatorial.
Equation (13) needs somewhat more work. Splitting . into %, and %, we
may rewrite it as

(P($(x)D(x) expin ™! | Lin(x)dx)S .
= —(P(P(x)) (0Lnt/O(x)) expih ™ | (x)dx)§ (17)
Reducing Equation (17) to Feynman graphs it boils down to the following prop-
erty: replacing Z,(—id/ou,) in Equation (3) by D,(—id/ou,)Z,(—id/0u,)=
—(0,,+m 2) is equlvalent to the contraction of line / to a point, which is achieved
by replacing jdoc, by — jdcx(a/aoc,, ie. 74=7g,, where J; is the Feynman
amplitude for G with an addltlonal factor D,(—i0/du,) included. Therefore, it is

sufficient to show

(0, +m? —ig)L(p, u, @) =i(0/0,)I,(p, u, o) (18)

in the formal algebra of covariants. Up to trivial factors® I,(p, u, @) has the form

(setting [] Xi(pi —i0/0u,) [ Z,(—i0/0u)=Z(—i0/du)),

iete tefc

I(p, u, 0)=Z(—i0/oud(o) ™" exp {iV(p, u, ) —i Y. o,(m} —ie)}

telc

8  Actually it is important that the only dependence of these factors on the number L of lines resp.

M of vertices is through the number of loops h=L— M +1, since the latter does not change by con-
tracting a line



Dimensional Renormalization and the Action Principle 19
with

V(p,u,oc):(p+,u+)M“1(5) M=(__O —2e”

v —ag ),d(a)z det M/(—4)~.

Differentiation with respect to o, gives

—i0l,/0o,=i(2” 'nd ™" 0d/ 00, —i OV/ B, +i(m2 —ig))I, (19)
whereas

—(O,,+m} —ie)l,=i(— 00, V —i(0V/du,)-(0V/bu,) + i(m? —ig)I, . (20)
Using

27 'nd ™1 0d/ 0o, =2"n Tr((OM/bo )M 1) = — 0.,V (21a)

(here g,,,=n comes in !) and
oV/oo,=—(ptu* )M~ (0M/oa, )M 1 (Z) =(0V/0u,)-(0V/ou,) (21b)
we arrive at the desired equality (18).

Now we go over to the corresponding dimensionally regularized Feynman
amplitude of both sides of Equation (18) as described above and obtain J¢(p, n)=
T 6,¢(p> n) for Ren<0. Analytic continuation and combinatorics will complete the
proof of (13).

It remains to prove Equation (15)°. Again reducing it to the language of graphs
it means

—i0Tg/0m,=T (22)

where G’ is obtained from G by insertion of the 2-vertex with vertex part 0D/om,
into line £ of G.
From

23
resp. (O, +mz)0Z,/dm,=2m,Z,+ Z,(0D/om,)Z, . @)

Using Equation (18) and | do,I(p, u, &)= — | do,a,0I5/00, we get'® for suf-
(4] 0
ficiently small n

~i0T/0m,~ —i f ((524;/5"%’)2;_ ! —2io,m )1 5(p, u, W)do|,—o
0

(0, ( 0/ Oty) (OZ4/ Omyp) Z; ' 20,my) gdoyl, o (24)

0 Z,(0D,/om)] gdoy|,—¢ -

Oty 8 Ot=my §

9 The only “nontrivial” case is, when %, depends on 4. We consider only the case where 1 is a mass,

but the other possibilities can be treated in a similar way
10 Correct ordering of the Z-factors is understood here






