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Abstract. It is shown that the discrete spectrum of the n-particle Schrddinger
operators in the center-of-mass frame is finite for short-range potentials.

Section 1

1. The general structure of the spectrum of Schrodinger operators of multi-
particle systems, namely the location of the essential spectrum, was determined
in [1, 2] (see also [3]). These results were subsequently improved by many authors
(see [4-7] and References in these articles). Further and exhaustive information
on the essential spectrum of the Schrodinger operator of a multiparticle system
has been obtained in scattering theory [8]. Thus, the fundamental problem in this
field is now to investigate the point spectrum and, in particular, the discrete
spectrum?,

2. It was shown in [1, 2] that the discrete spectrum of a Schrodinger operator
is at most countable a set whose unique point of accumulation (if any) is the
infimum of the continuous spectrum (for determination of this point, see below).
The Schrédinger operators of atom-type systems have infinite discrete spectra
[1]. Thus, the basic problem in a qualitative description of the discrete spectrum
of the Schrodinger operator is to find classes of potentials for which the discrete
spectrum is finite or infinite?. A solution to this problem is also important for
scattering theory (see [9—11]), stability and spectra theory of quantum systems.

3. Familiar examples in physics indicate that one such class is apparently
that of the so-called short-range potentials, i.e., potentials which decrease suf-
ficiently rapidly at infinity.

There is already a considerable literature devoted to the proof that the discrete
spectrum of the Schrédinger operator for short-range potentials is finite. The
most complete results in this area may be found in [12—14]. These papers establish

! The set of isolated eigenvalues of finite multiplicity is called here the discrete spectrum. The point
spectrum is the set of all eigenvalues of finite multiplicity.
2 A useful discussion of these questions can be found in [16].
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that the discrete spectrum is finite for systems with short-range interaction, on
the assumption that the subsystems defined by the infimum of the limit spectrum
are stable. The results of [12, 14] take the symmetry of the system into account.

4. This paper contains a result concerning the finiteness of the discrete spectrum
of the Schrédinger operator of a multiparticle system with rapidly decreasing
potentials; this result seems to be close to the best possible. The class of potentials
for which the proof is given is described by inequality (1.2) and Condition A. We
have made no attempt to carry out the proof for the broadest possible assumptions
on the potentials. Condition (1.2) may be somewhat weakened as to the restrictions
on the smoothness of the potentials, without serious modifications in our proof.
The restriction on the rate of decrease in this condition cannot be relaxed: the
potentials which fall at infinity as |x| ™% *Ve>0 satisfy the condition and if the
potentials in atom-type system decrease at infinity as |x| % with certain coefficients
(obeying Condition A), the corresponding Schrédinger operator has an infinite
discrete spectrum (see [16]).

It was proved in [15] that if Condition A fails to hold the Schrédinger operator
of a three-particle system may have an infinite discrete spectrum, even if the
potentials are infinitely differentiable and have compact support.

5. A few words about the method proposed in this paper to study the discrete
spectrum of Schrédinger operators. As usual, o (A), o (4) and D(A) will denote
the discrete spectrum, continuous spectrum and domain of definition of an
operator A.

Instead of a single Schrodinger operator H we shall consider a family of
operators H(g), geR!, such that H(0)= H. The family H(g) will be associated with
a family of operators L(z, g)= Ly(z, g), ze C\ o (H), with the following properties:

(i) L(z, g) are compact operators in some Banach space B;

(ii) (H(g)—zE)p=0, pe D(H)~(E + L(z. 9)@ =0, peB.

It turns out that the total multiplicity of the discrete spectrum of H is intimately
related to the behavior of the operator-valued function L(y, g) (where u is the
infimum of the continuous spectrum of H) in the neighborhood of g=0.

6. The Schrodinger operator of an n-particle system in the coordinate re-
presentation, in atomic units (m,; =1, e=1, h=1), has the form

H,f=HYf+V"f

= 3 (<12 S+ T Vil - ), L)

iFj

where m; >0, 4, is the Laplacian with respect to x;, and the functions V;(x) (in
this paper) satisfy the conditions

[log(R)me(d + [kf)Pemedk < C, (1.2)
Mo=3+ &, £>0, 0, >3(1 —2/m),

where v, (k)= [V, (x)e**dx. A sufficient condition for (1.2) to be valid for V;{(x)
in the x-representation is that

JIVi(x+ )= Vi (x)|"Sdx < Clh|%"™, 1/mf+1/mg=1.
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When condition (1.2) is satisfied, the operator H, is defined on S(R*") and the
subordination inequality holds [17]:
VO fII=e* IHY f+e~ "2 f ], «>0, (1.3)

where ¢>0 is arbitrary. It follows from (1.3) (see [17]) that H, has a unique
selfadjoint extension.

7. We now define certain subspaces of the configuration space R*" (see [7]):
the subspace R© of relative movement of the system

RO={x:x=(xy,...,x,)eR*" m;x, +... +m,x, =0},
and the subspace R© of center-of-mass movement of the system:
RY={x:x=(x,...,x)eR¥ x,=...=x,} .

Defining a scalar product in R*" by

(%)= 3 m(x %), (1.4)

i=1
where (x, %,) is the usual scalar product in R?, one readily shows ([7]) that the

spaces R© and R are mutually orthogonal in the sense of this scalar product,
and moreover

RO@PREO=R3", (1.5)
It follows from (1.5) that
Ly(R*") = Ly(R”)® Ly(R")

(see, e.g., [20]). This decomposition of L,(IR*") induces a representation of the
operator H,:

H,=HQEO+EOQTY,
where E(© and E are the identity operators in L,(R'”) and L,(R'?), respectively,
the operator H is defined in L,(R'?) by

Hf=—3Af+3 z Vixi=x)f(X)=Hof +V f,

i¥j

where 4 is the Laplacian in L,(R‘”) [in the sense of the scalar product (1.4)], the
operator T is defined in L,(R") by

T = —%A(C) ,

where 4 is the Laplacian in L,(R") in the sense of the scalar product (1.4). The
subordination inequality (1.3) for H, implies (see [7]) a subordination inequality
for the operator H:

WVl IHof I +e7 2| f1l, >0, (1.6)

where g is an arbitrary positive number. By virtue of this inequality, H has a unique
selfadjoint extension [17], for which we retain the same notation H.



140 L. M. Sigal

8. We now proceed to describe the compound systems, that is to say, the
systems derived from the original system by neglecting the interaction between
certain of its subsystems.

A partition of the set {1, ...,n} is defined as a collection of disjoint nonempty
subsets ¢; such that uc;={1,...,n}. We shall sometimes use the term “system”
for the whole set {1, ..., n} and the terms “subsystems” (clusters) for the subsets c;.
Partitions will be denoted by lower case roman letters: a, b, ¢, ... . The number of
subsets in a partition a is denoted by k(a), and the set of all partitions by «/; in
addition, we set .o/ = {ae o/ :k(a)=s}. We partially order the partitions as follows.
If b is obtained from a by breaking up certain subsystems in a, we write bCa
(“b is contained in @”). The smallest partition containing a and b is denoted by
aub:aub=sup(a, b), and the largest partition contained in a and b by anb:anb=
inf(a, b).

9. Let H{” denote the operator obtained from H, by deleting the operators V'{?
for which i and j belong to different subsets in the partition a. Set

u= min infH"
a,k(a)y>1

The fundamental theorem on the spectrum of Schrodinger operators is:

Theorem ([ 1, 3])3. (i) The essential spectrum of the operator H coincides with the
half-line [u, + o).

(i) The discrete spectrum of H (if it exists) lies to the left of the point u and
its only point of accumulation (if any) is p.

10. All the analytical manipulations in this paper will be carried out in the
so-called momentum space, in which they are somewhat more easily described.
This representation is obtained from the more familiar coordinate representation
by the Fourier transformation F of the basic space L,(R*") and the corresponding
transformation FH,F~' of the operator H,. We shall therefore translate some
of our definitions into the language of the momentum representation and add
some new definitions. The old notation will be retained for the operators H,, H,
H,, V, H" in the new representation; this will involve no confusion, since all our
deliberations will be in the momentum language.

The Schrodinger operator H, in the momentum representation is

H,=HP+V® ymW=3% VY

Y 1)p)= 3. GF2m) ),

(Vfﬁ”f)(p) =jvij(pi—'qi)5(pi+pj—Qi_qj) H opx—aq1 f(@)d"q .

k¥i,j

11. We define a scalar product in the momentum space IR*" (see [11]) which

is dual (in the sense of the Fourier transform) to the scalar product (1.4) in the
configuration (coordinate) space:

(p.p) = '21 m; (py ) - (1.7)

3 Seealso [2,7].
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To each partition a there corresponds a pair of spaces R* and R, (the space of
relative movement of particles in subsystems of a and the space of CM movement
of these subsystems), defined by

Ra={P:P=(p1, ...,p,,)e]R“,keZC: =0, c,»ea},
R=R" k(a)=1, '

and
R,={p:p=(py, .. pJER m; 'pi=m; 'p;

if there exists ¢ ea such that i, jec,}NR.
With these definitions, we have [in the sense of the scalar product (1.7)]

R°1R,R*®R,=R. (1.8)

If k(a)= 1, the spaces R* and R, are the Fourier-duals of R*” and R", respectively.
It follows from (1.8) that

L,(R)=Ly(R)® Ly(R,). (1.9)
In accordance with (1.5), the operator H admits the decomposition
H"=H'QE"+E'Q T,

where E* and E™ are the identity operators in L,(R% and L,(R,), respectively;
H* is the internal movement operator of the subsystems c;e q, each relative to its
center of mass, defined in the space L,(R%); T is the relative movement operator
of the centers of mass of subsystems c;ea, defined in L,(R,) by

(T f) (pa)—ikiZa)( ,Z )‘1<J;lp,-)2f(pa).

The operators H* satisfy subordination inequalities similar to (1.6) and so possess
unique selfadjoint extensions. For ae.«Z,, we set H=H* E=E“. The operator H
has the same structure as H™:

H=H0+%Z Vij'

i*j

Let of = {ac o, o (H% > utusf, Let p** be the eigenfunctions of the operator
H*, ae .o/, k(a)<n, belonging to the eigenvalue u.
We shall use the notation

©(p)=3(p, p), peR.

12. We can now proceed to the main topic of this paper — the discrete spectrum
of the operator H. We associate with H a one-parameter family of Berezin’s

4 Henceforth the index k of the eigenfunctions will be omitted.
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operators L(z)=Lg(z) ([18], see also [19]), defined by induction on partitions a
in the space D(H ):

L) =Ro(2)V. u=ua={<a) I (k)}ew,,_l ,

k¢a
E+L= I T1I (E+L,,(z))‘1(E+ Y Lb(z)), (1.10)
s=k(a)+1 beds,bCa besly - 1,bCa
L(z)=L,(z)(ac ). 1=kla)<n—1,

The symbol [] denotes a product of the appropriate operator factors in some
be s
arbitrary but fixed order. Note that if z lies outside the continuous spectrum of H,

then L (z) is a bounded operator in D(H ) and E+ L,(z), z ¢ o(H®), has a bounded
inverse. We set

n—1

Fi)=]] [] (E+LJ(2) 'Re(2). (1.11)
s=1 aed

It is evident from (1.10) and (1.11) that the operators L(z) and H — zE are related by

E+ L(z)=F(z)(H—zE) . (1.12)

13. If z lies in the continuous spectrum of H, the operator L(z) is no longer
bounded on D(H,). We shall farther be interested in the limit of the family of
operators L(1) as A—u—0. This limit will be studied in specially chosen scales of
Banach spaces, to whose construction we now proceed.

Let

(NdO) [)pas 0)=Nupa; 0)f (0o
where N (p,; 0), ae o/ \ o/, are the estimating functions introduced in [10]. We
recall one property of these functions:

JINpa; 0)14dp,<C, k>3
The Banach spaces in question are defined as follows:

By o R)=NO)Ly(R), |/ I8, or0)=1Na " (O)f 1,05

and

A

Bo=Y @B, R f50= 2 fallsmower f ={fop) aco/}.

aed aesd

We define a linear mapping of ém’g by

2 V) Sdpd) ~
nf= ————" f={fp.),acH}.
f a;:i T(pa) _:uék(a),n f {f (p ) }
Denote the image of E‘m,g under the homomorphism 7 by B,, ,:

Bm’a = TcBm’e .
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B,, » becomes a Banach space if we define the norm by
1 Ugpo= 10F 17 15,0
nf=f

14. In the sequel we shall need a certain relationship which holds in the above
spaces. Let feB,, 4, peB,, o(R). Then

I(f> =1 f(0)@0)dp| = C| f |15, o€l 5, ai) » (1.13)
m>6,0>3(1—-2/m).

Throughout this section we shall assume that the following condition is
fulfilled by the potentials>. Let

of ={ae o, k(a)> 1, there exists b$a such that ueo(H®) and be ;41 1} -

Let L%(z) denote the restriction of the operator L,(z) to D(H?).
Condition A. The potentials V,(x) have the property that the equation
@+ Lu)p =0 has no nontrivial solutions of the form

b b
v(p°) ful(p3)
0N — 1., GN“QLmR AR, 6<m=2m,,
117’;;? ©(D5) — Uk py, JoeNYOL,(R, ) 0

6>3(1—2/m), for any a in o, (See the note added in proof.)

15. Lemma 1.1. The operator L(A), A=<y, is uniformly bounded, continuous in
the operator topology with respect to 4, and compact in B,, o, m> 6, 6>3(1—2/m).

Lemma 1.2. The operator F(4), A<y, are bounded from B, (R) to B, ,; for
A=y the operator has an inverse which maps B,, 4 continuously into B,, ((R), m>6,
0>%(1—2/m).

Lemma 1.3. The operator H— uE is continuous from B, 4 to B, ¢R), m>6,
0>3(1—2/m).

The proofs of these lemmas will be given in the next section.

16. Let # denote the class of operators in L,(R) satisfying the conditions:
() the operators of #~ are nonpositive, (ii) the operators of #~ are continuous
from L,(R)+ L,(R) to S(R).

Consider the family of operators

H(g)=H+gW,WeWw,0<g<1.

With the family H(g) we associate a two-parameter family of operators L(z, g),
defined by®

L(z, 9)=L(z)+gF(z)W. (1.14)
It follows from (1.13), (1.14) that
E+L(z,9)=F(2)(H(g)—zE) . (1.15)

17. Using Equation (1.15) and Lemma 1.1, one obtains the following

For the definition of the estimating functions Ng(ps; 6), see [19]. We note here only that
[(Ni(p3; 0))dpy < C, k0> 3.
6  The operators L(z,g) are obtained from H(g) according to the same principle as L(z) from H.
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Lemma 1.4. If Mg) is a point of the discrete spectrum of H(g) and y(g) is a
corresponding eigenfunction, then y(g)eB,, , and y(g) is an eigenfunction of the
operator L(A(g), g) belonging to the eigenvalue — 1.

18. Assume that the operator L(u) has an eigenvalue — 1. We wish to evaluate
the first derivatives with respect to g, at the point g=0, of the eigenvalues of
L(u, g) which equal —1 at g=0.

Let % be the eigensubspace of the operator L(u, 0)= L(u) that corresponds
to the point —1 of the spectrum, and y an arbitrary function in % for which
there exists an eigenfunction w(g) of L(u, g) corresponding to a real eigenvalue
such that y(0)=y. Let 4,(g) be the eigenvalue corresponding to y(g), 4,(0)= — 1.
The defining equation for y(g) is

Lw, gyy(g)=4,(9)w(9) - (1.16)

By Lemmas 1.1 and 1.2, the vector-valued functions y(g) in B,, 4 and the function
A,(g) are analytic for ge[0, ], where ¢ is some positive number. Let

d d
w(1)= U’(g) EBm,eg /1(1) — w(g) . (117)
dg ly=o
Differentiating the Equation (1.16) with respect to g and setting g=0, we obtain
FyWy+ Ly =AMy +9p=0. (1.18)

In view of Equation (1.13) for z=p and Lemmas 1.2, 1.3, we transform Equation
(1.18) to the form

F(u)(Wyp —2F Ny +(H — pE)yp' V) =0. (1.19)
By Lemma 1.2 and the assumptions on W, we deduce from (1.19) the equation
Wy +(H— pEyp™) — AVF~ Y wyyp=0. (1.20)

We now take the scalar product [in the sense of L,(R)] of Equation (1.20) with
p; this is legitimate in view of (1.13) and Lemmas 1.2, 1.3. The result is
_ (1)
W Wy, y) +_(5H _EYW', ) (1.21)
(F~ (ww, p)

Consider the second term in the numerator of Equation (1.21). Using (1.13) and
the fact that S(R) is everywhere dense in B,, , one readily shows that the operator
H — uE may be transferred to the second factor in the scalar product:

(H—pEy®, p) =", (H—uE)y) . (1.22)

The term on the right of this equality vanishes. Indeed, it follows from (1.13) and
Lemmas 1.1-1.3 that

(¢, (H~pEyp)= (e, F~(u)(E+ L(p)y)=0 (1.23)

for all g€ B,, 5. (Recall that y is an eigenfunction of the operator L(u)in B belonging
to the eigenvalue —1.) Using (1.17), (1.22), and (1.23), we obtain from (1.21)

dg |, (F Xuw, ) (124)



Schrédinger Operators of Multiparticle Systems 145

19. Having prepared all the necessary material for the proof of our main
theorem, we now proceed to state and prove it.

Theorem 2. Let the potentials V;; in the operator H satisfy inequality (1.2) and
Condition A. Then the discrete spectrum of H is finite.

Proof. Suppose, on the contrary, that H has an infinite discrete spectrum. By
Theorem 1, its only point of accumulation is u. Define H(g), L(z, g), & and 4,(9),
we ¥, as before.

Since W is a compact operator in L,(R), it follows that the operator H(g) has
the same limit spectrum as H, for any finite g. Since W is a nonpositive operator,
it thus follows that for any positive g the operator H(g) also has an infinite discrete
spectrum, whose point of accumulation is precisely the infimum p of the continuous
spectrum of H. Let 1,(g), n=1,2,..., denote the eigenvalues of H(g), 0=g=1,
belonging to the discrete spectrum. It was shown previously that

ilg)—u as n—oo,gel0,1]. (1.25)
It follows from Lemma 1.4 that
L(4,(9), 9)> —1,g€[0,1]. (1.26)

By (1.25), (1.26), Lemma 1.1 and the theorem stating that the set of singular points
of a compact operator is closed (see Appendix), it follows that

o(L(n,g)> —1,0=g=1, (1.27)

for any operator W in # .

We now prove a contradiction to (1.27): there exist operators W in #” for each
of which there is a positive ¢ such that o(L(u, g))2 —1 for 0<g<e. To this end,
we assume that, in addition to (i), (ii), the operator W satisfies the condition:
W is strictly negative on %, i.e., there exists C> 0 such that

Wy, p)<—-C,pe . (1.28)
But by Lemma 1.2

'(F_ 1(.“)lpr lp)| <00, U)EBm,e >
and so it follows from (1.24) and (1.28) that for any function
d,(9)
dg g=0

This is the desired contradition, and the proof is complete.

+0.

Section 2

In this section we shall prove Lemmas 1.1 and 1.2 of Section 1. The integral
equations for multiparticle systems outside the continuous spectrum of the
Schrodinger operator have been studied by many authors ([2, 3, 11, 21, 227). There
are also results on the behavior of the Faddeev-Yakubovskii equation at the
end-point of the continuous spectrum and the Berezin equation on the continuous
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spectrum. Our investigation differs from all these in the conditions imposed on
the potentials and the estimates that the various integral operators in the equation
are desired to satisfy.

It follows readily from Equation (1.10) that the operator L(1) admits a re-
presentation as a linear combination of monomials of the type II[R,(4)V, ]; an
analogous representation holds for F(A). Thus, in order to establish estimates
for L(2) we must first study the operators R (A). The operators R,(4) will be studied
with the help of equations involving the operators L, (1), F (4),and so on. According
to this approach, the natural way of investigating the operators L(4), F(4) is to
proceed by induction on partitions.

Furthermore, it is clear that the induction hypothesis may be phrased either
in terms of L,(A) or in terms of R,(z). Both methods of proof are equivalent; we
shall use the second.

In order to avoid cumbersome estimates with complicated estimating functions
(see [11]) we shall use stronger assumptions on the potentials than adopted
previously. The assumptions are stronger only as regards smoothness in the
coordinate representation of the potential functions. The new restrictions on the
potentials are as follows:

[ 1o (oL + [kl)Pedk < C, mo <3, 00 >3(n— 1)(1 —1/my), (2.1mg) .

To apply the induction method, we shall need some additional definitions and
propositions concerning compound systems. Let

R¢=R9AR,, bCa. 22)

We cite a few relations for these spaces, analogous to those presented in
Section 1. For Rj, bCa, we have decompositions

#=Ry@®R{, bCdCa,
whence it follows that
Ly(R§)=L,(R)® L,(R}), bSdCa. 2.3)

Let V¢, u,Ca, be the restriction of the operator V, to L,(R?. We recall that
u=1{1)...0=1)(+1)...G-DG+1)...(n)} .
We now define
(T3.)ws)=h) f (pp), T*=T; (be ,),
and
p=T+5 ) Vi, bCa.
i*j
uijCh
These operators admit a decomposition following from (2.3):

= Hi{@E{+E‘® T4, bCdCa, 24)
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where Ej is the identity operator in L,(Rj). Let R, ,(z) be the resolvent of the
operator Hj. It follows from (2.4) that

R, (2)=R; [z —(p7) ® E};
this relation should be understood as follows:

R, (2)f =R, fz—t(0D) S pg»  SELy(R), (2.4)
where f,, denotes f'e L,(R"), treated as a vector-valued function from R¢ to L,(R?).
For be.«,, we set

Hl‘: = HS’ Rb,a(Z) = RO,a(Z)’ bE "Q{n .

Define
u*=min infHj .
bCa
Let L, ,(z) be the restriction of the operator L,(z) to L,(R"), which is defined

by induction along the lines of (1.10):
Lu,a(j') = RO,a(/I)Vgﬁ u= uoze ﬂn —-1>

n—1

2.5)

|

E+L, M= T[] 11l (E“+Lc,a(/1))_1(E"+ > Lu,a(l))-
s=k(b)+1 ceds uedy -1
cCh uCb
Here, as in (1.10), the symbol IT denotes the product of the operator factors
indicated, in some arbitrary but fixed order. We set
LA)=L, [(A).

It follows from (2.5) that

E°+ L%(2) = Fo()(H — LE7) , 2.6)
where
Fo(i)= kﬁ) T E 4L, 0) 7 Ro ). 2.7)
s=k(a)+ eds
bCa

We now introduce the Banach spaces in which the operators L) will be
considered:

By, R3) = (t +7(p5))""* L,(R3), 0> 3(k(b) — k(a))(m—2)/2m.,

and
B 0.0 = Z~@Bm,0,t(Rg) )
besd
bCa

where the norms are defined in the usual way. We define a linear mapping on
B;, 0.0 by
b(. b a
= Z~ lPa(p ) f+(P5)
vesd TD5) = Uiy,
bCa
where y*=1 for be.«Z,. Denote
Ba

_ apa
m,0,t =T Bm,G,t .

> f= {fb}eéfn,e,: >
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If By, 4., is provided with the norm
I/ sz, o .= inf [flsg,.
naf=f

it becomes a Banach space. In this new situation, we use a strengthened version
of condition A:

Condition A,. The potentials V;; have the property that the equation
o+ LY(wep=0 has no nontrivial solutlons in Bm o, for any ae.s/.

Let P* denote the projection onto the eigen-subspace of the operator H*
corresponding to the point x4 of the discrete spectrum, where ae.2/(g,(H®) 3 u);
if these last conditions do not hold, we put P*=0. It follows from standard theorems
of functional analysis that the operator R%1), ae ./, admits a representation

RY(A)=(u—24)"*P*+R5(%), (2.8)
where R{(4) is a continuous operator from L,(R? to D(H®), analytic in 4 for A< .

Proposition 2.1. For A<y, the operator R{(1), ac o/ \ &/, satisfies the relations:

IR (l)HBmgt(R“)ﬁBm 0 < C, A=sps, (2.9a)

I R4 = RY) | g erpp0n =0 85 Ay 2, AS 40 (2.10a)

Proof. We shall prove the relations by induction. Assuming them to be true
for all b,bCa, we shall prove them for the partition a. This will complete the
proof for partitions in .«7,_;, since then it follows from bCa that be.<Z, and
Rb()=41"1

To study the operator R{(4), we shall use an equation that follows from (2.5),
(2.8):

R{(A)+ LYA)R (L) =Fi(4), (2.11)
where
F{(2)=F“4)—(E* + L(A) P(4)
= F%(1)— FYA)(H*— AE*)P*(4)
= FYL)E*—P?). (2.12)
Lemma 2.1. For A<y, the operator L(A), ac </, k(a)<n, satisfies the relations
IL(A) | g, 6,0~ Bgr 0, < C (2.13)
LYY~ LD gg, o omg 0 =0 as A (2.14)

Proof. 1t follows readily from (2.5)7 with b=a that the operator L%) may be
expressed as a linear combination of monomials

ﬁ [R,, (A)Ve] 2.15)

7 In [11] formula (2.5) is transformed to a form from which these conditions are easily deduced.
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where b, o;, i=1, ..., k, satisfy the conditions:
k

b.Ca,u,Ca, | Ju,=a,
1

U 1, Sby—biS | uppi>jiisj=1, ...k, (2.16)
Jjt1 Jjt1
i k
b.c) uy, | u, £b;.
1

jt1

We begin our study of the operator L%A) by establishing estimates for the
operators R, ,(4), bCa.

Lemma 2.2. Let the operator B(A) satisfy the estimates (2.9b) and (2.10b). Then
the operator

B'(A)f =B(A—(py)f (p5)
will satisfy estimates (2.9a), (2.10a).
Proof. We have

IB(D)f Il g, 5, = Il 1BA—T(05) S gl 82, 6. 0+ 2o | Lt
é CH ”fpg“Bm‘e,:Jrz(pg)(Rb)”Lm(R%)
=C”f”Bm,e,:(Ra)'

The proof of the second estimate is similar. This completes the proof of Lemma 2.2.

It follows from Lemma 2.2, the induction hypothesis and Equations (2.4)
that the operators R, (A)—(u+1(pf)—4) "(P°®E]), bCa, satisfy estimates
(2.9a), (2.10a).

To derive estimates for the operator (t(pf)+u—2)~ {(P°® E%) we must first
estimate the eigenfunctions of the discrete spectrum of H?, b Ca. We observe from
(2.6) that the eigenfunctions of H% ae./, belonging to a point A of the discrete
spectrum satisfy the equation

v+ L(Ap=0. (2.17)

Lemma 2.3. If A<y, the operator L*(A) maps Ry (i)B,, ¢ (R%), m=2, 0>3(n—
k(@)1 —2/m) (=0, m=2), continuously into R, ,(i)B, ¢ (R, m'>m, §'>3(n—
k(@)1 —2/m').

Proof. The assertion of the lemma follows from the representation of L%/4)
k

in terms of monomials (2.15) satisfying the condition | ) u, =a and the following
1

easily verified relations:
ViRo.o()): By o {R")® B,y 0, (R§) =B,y g0 (R**) @ B,y 5 (R}.,) » (2.18)
Ry, A): By g (R)Y® B,y 5 {R) =R f(D)(Byy ¢, {R)® B, 0,(R.)) » (2.19)
where c2b, A<p®, and nt, 0, m, 0 are the same as in the statement of the lemma.
This completes the proof.

Lemma 2.3 and the Equation (2.17) for the eigenfunctions of the discrete
spectrum imply
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Lemma 2.4. The eigenfunctions of the discrete spectrum of the operator H*
(if it exists) belong to the space Rq ,(i)B,, ¢, (R%).

It follows from Lemma 2.4 that the operator (t(pf) + pu— 4)~ (P’ ® EJ) satisfies
estimates (2.9a), (2.10a).

For the application of Equations (2.15)+2.16) to establish estimates for L%(4),
it remains only to study the operators V§ and R, ,(4)V§. We first observe that

” Vzwb”Bm,e,g(Rb) < C, MaC b, beﬂ . (2.20)
Now let Ry4(z) denote the resolvent of the operator Tj.

Lemma 2.5. If s=0 and u,{b, the operator VR4 —s) satisfies the following
estimates in L,(R®) x L,(R$)®:

I VZRT;;( ~s)p f ”Bm,e,t(Ra) =Cleo ”Bm,g, 1(Rb)“ S ”B,,.,Q,L(R“,,) >
| VZ(RTﬁ( —s)— RTg( =)o f HBm, 0,c(R9) <Cls'—sf o HB,,,,Q, 1(RP) If ”Bm, o(R$) >
where m>6, 6 <(3/2)(1/3 —1/m).

Proof. To simplify the notation, we shall assume that ae.o/,, bes/,. This
involves no loss of generality. Indeed, let (b, @), bCa, be any pair. Consider the
pair (b, a), where a’=bhuu, The estimates for this pair follow directly from
estimates for the special case under consideration [for the whole system ae .o/,
one can take the union of two subsystems of the partition b containing the indices i
and j, (ij))=u, and the partition be &/, may be chosen as the combination of these
two subsystems]. Estimates for the pair (b, @) may be derived from estimates for
(b, d'), using exactly the same arguments as in the proof of Lemma 2.2.

Let b={cy,c,}, iecy, jecy, M=) m, We go over from the sequence p® to

rec

independent variables p®=(p,, p,p’, k=1, j). Since ac .o/, we shall now omit the
index a in the notation for operators and variables. The function V,Ry (—s)¢ f
admits an integral representation:

(VR (=)0 /)ps 5)= ("
Using the inequalities
K*[2M, +(p., +Pe, —k)?/2M,, > Cq?, C>0,
and
s+a) ' —(s+a) < Cls—s%a™179%,5,5=20,a>0,
one readily finds the estimates
VaRn(—s)fl<C [ ldla— T
and

VAR, (=5) =Ry, (=) f1<Cls' =]’

) [ Vo(Pe, —K).f (K)dk
kz/zMn +(pc1 +pcz —k)z/ZMcz +s ’

[vp., — k) f (k)ldk
‘k|2(1 +9)

We must thus estimate the integral

—k) f(k)dk
Qa@)=5%‘

8 LX) xLy(Y)={f =09, o Ly(X), ge Ly(Y)}.
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To do this, we use Holder’s inequality and the inequality
(L+Ip—Kk)~*(s+ k)< Cls+[p) ~*[(1 +Ip—k)™*+ (1 + k)]
We obtain

O m} _Om)
L+lp—k?) 2 (t+k*) 2 1/m}
o) <[ [ O it an e

X [§ (14 p— k)20 2(p— k)t + K2)° f (k)" dk] "™
SCe+p?) " LI+ p— k)P0 2 (p — k)t + k2)°2 f (k)| "dk] '™,
where 1/m) +2/m=1,2(1+ §)m’, <3. Hence:
1|(t+P2)9’295HLm<R3) =Cj +P2)9/ZU“L,/2,,,UR3)I|(t+p2)9/2f”Lm(m3) s

where 6 <(3/2)(1/3 —2/m), m> 6. This completes the proof of Lemma 2.5.
We now consider the operator R, (A)V5. Let ©’e L,(R?), f,eL,(RY), bCa,
be.o/. We have

RO,a()')Vg Z RTg(:uak(b),n)quf b

bCa
besd
= RO,a(’l) Z (Z’bfb + Z RT%(O)(ﬁbfb + Z VaRTg(/J'ak(b),n)q)bfb s (2'21)
11775‘1;; bDuy bDuy
where
(") =P — )" (Vie®)P®), bOu, be o, (2.22)
1P°N Ro o180 180 S CUO® IRo 0B o, 2(RE) - (2.23)

Applying the estimates for R, ,(4), bCa, Lemma 2.5 and Equations (2.20)+2.23)
to formulas (2.15) and (2.16), we finally obtain the estimates required in Lemma 2.1.
This completes the proof of Lemma 2.1.

The operator F4(7) also admits a representation of type (2.15), (2.16). Applying
the same results as before, we obtain

Lemma 2.6. The operator F*(A), ac o/ \ o, satisfies the estimates (2.9a), (2.10a)
Sfor A= .

Lemma 2.7. For A< p, the operator L(}), ae o4\ A, is compact in B, 4, m>3,
0>3(n—k(a))(1 —2/m).

Proof. We first observe that it will suffice to prove the lemma for A< u. It will
then follow from (2.14) for the case A=p.
Employing the same reasoning as in the proof of Lemma 2.5, one proves that

VaRpg(=5):B,y g (R")® B,y g (R})— B,y o (R*V*)®@B,, 4 (R} ,) . 5>0, (224)

for u,Zc, 6>3/2, where m'>m, 0 >3(n—k(a))(1 —2/m’). It follows from the re-
presentation of L) in terms of monomials (2.15) with the conditions

k i
U uatt=a’ blC U uat’
1 1
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and from Equations (2.18)—(2.20), (2.24), that the operator L%A), A<u“, maps
¢ 0.0 m>3, 0>3(n—k(a))(1—2/m), continuously into B%, 4 ,, mo=m'2m, 0=
0 >3(n—k(a))(1 —2/m’), and moreover m, 0 may be chosen in such a way that
m<m', 0<0' —3(n—k(a))(1/m—1/m’). Under these assumptions, the space Bj, 4 ,
is compactly embedded in By, 5, Thus L%4), A<u‘ is a compact operator in
.0, for such values of m, 0. This proves Lemma 2.7.
Consider the equation

[+ LA =Fi(Ap, 9B, 4, (R") (2.25)

in the space By, 4 .. Lemmas 2.5 and 2.6 show that the Fredholm alternative applies
to this equation. The following proposition for the corresponding homogeneous
equation

J+LAAf=0. (2.26)
is valid:
Lemma 2.8. Let the function f, satisfy Equation (2.26) for some A, A<u® or

J=p a:{b:bCa, be sty A }=0. Then f, is an eigenfunction of the operator
H* with eigenvalue A.

Proof. In view of the equation

n—1
~

Ho—pE'= [] T (E+Ly ) "E+LW),
s=k(a)+1 beds
bCa

where 1" denotes the product in the order opposite to II, it will suffice to prove
that f,e D(H®). For a such that u*= u for all bCa, k(b)= k(a)+ 2, this follows from
the embedding B, o, C D(H?). For arbitrary a and A <y, it follows from Lemma 2.7
and the Equation (2.26) for f,. This completes the proof of Lemma 2.8.

Lemma 2.8 shows that Equation (2.26) with A<y has solutions in B,, 4, only
for A=u. For a such that p®=y, this is impossible by virtue of Condition A. In
all other cases, the solution is an eigenfunction of the discrete spectrum of H®
with eigenvalue p.

It follows from Lemmas 2.1, 2.6, 2.7, and the relation

(B+ L)™' — (E*+ LYA) ™' = (E*+ LYA) ™ (LX) — LANE® + L*(A) !

that if condition 4,, holds then Equation (2.25) has a unique solution for 1 <v9,
where v*=y—¢ (¢ being some small number) if ueo(H?), and v'=p if u¢ o (H°).
This solution defines an operator satisfying estimates (2.9a), (2.10a). It is readily
seen that if A ¢ g(H?) this operator is continuous from L,(R%) to D(H). Hence, by
the uniqueness of the solution of Equation (2.11) for 4 ¢ o(H) in the class #(L,(R?),
D(HY)), it follows that the solution is precisely R{(4).

In order to establish estimates for R{(4) when u—e=<Ai<pu for a such that
ueao,(H®, we must use the fact that u*>p and R{(4), A<y is continuous from
L,(R) to D(H®), and apply Lemma 2.3 to the equation obtained by iteration of
Equation (2.11). This completes the proof of Proposition 2.1.

If ae o/, Lemmas 2.1 and 2.7 yield the desired assertion for the operator L(4),
subject to suitable assumptions on the potentials. We formulate this as a separate
proposition:
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Proposition 2.2. Let B, ,=B;, 4 1, ac.o/,. Suppose that the potentials v;; satisfy
inequality (2.1m,) and condition A,,, m> 6. Then the operator L(4), A=< u, is bounded
and continuous in the uniform operator topology with respect to A, and is compact in
B0 00>0>3(n—1)(1—2/m).

We can now prove Lemma 1.3. Let H,=H}, T,=T% des/,, I,= Y V;;

2 ~ uija
f=1{f.€B, . We have
(H—puEnf =3 (H,—pE+I)Ry (161, 0" f
aesf
= Z~wafa+ Z~ Z VaRTa(:uék(a),n)wafa* (227)
ae s aesd ugla

Applying Lemma 2.5 to the second term on the right of (2.27), we obtain the
estimate

\(H —HEYf (15, o0y < CIl f 114,00 m>6, 0 >3 (0 — 1)(1 —2/m),

and this implies the assertion of Lemma 1.3 when (2.1m,) and condition A4,, are
satisfied.

To establish estimates for F(1), 1 <y, we put ae o/, in Lemma 2.6. To estimate
F~1(u), we first observe that formula (2.11) implies readily that F~!(x)— R~ (u)
admits a representation as a linear combination of monomials

Ro (WL (W)... Ly (W), (2.28)
where f, ..., f, satisfy the conditions:
fred i, k(fIZk(for 1) K(f)Z k(@) +1,

in;.q_fs+1,3=1,...,t. (229)

The fact that monomials of type (2.28) are bounded operators from B,, 4 to B,, 4(R)
is proved in the same way as the boundedness of L(4), A<y, in B,, 4, except that in
addition one uses conditions (2.29).
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cerning this article.

Appendix

We prove here a lemma stated in [8] for a certain specific operator.

Recall that a singular point of a family of compact operators A(4) in a Banach
space B is defined as a parameter value A such that the operator A(1) has the
eigenvalue —1 (or any other number).

Lemma. Let A(4) be a family of compact operators in a Banach space B, defined
in some closed region of the complex A-plane and continuous there with respect to A
in the uniform operator topology. Then the set of singular points of the family A(4)
(in the region of interest) is closed.

Proof. Let {1,} be a sequence of singular points of the family 4(4) converging
to a point 4, at which A(4) is defined. We claim that 4, is also a singular point
of the family A(4). Let ¢, be an eigenfunction of the operator A(4,) belonging to
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the eigenvalue —1,n=1,2, ... Since the operator A(4,) is compact, the sequence
{p,=A(Lo)p,} contains a subsequence {y,} which is convergent in B. Let
w= lim y,. v is an eigenfunction of the operator A(4,), belonging to the eigen-

H =0

value — 1. Indeed, this follows from the estimates

[4Ao)w + il < AL )Ww — W + Wy —wll + [ A ) + |
S A lpw =+ lww = + A ww + @l s
[Yw +@wll=1AA)py + @l
= (AR o) = A D@ | + [ AAn )@ + @l

= A(4o) = AC lpwl -
This completes the proof.
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Note Added in Proof. Fortunately Condition A which cannot be effectively controlled turns
out to be not so important. It can be proved (I. M. Sigal, unpublished) that for any potential V=XV,
satisfying (I, 2) there exists a number >0 such that Condition A is satisfied for Hamiltonians
Hy+(1+¢V,0<[e|<0.





