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Abstract. We derive a necessary and sufficient asymptotic condition assuring that a quantum
dynamical system in equilibrium is stable in linear response.

We prove, in particular, that if the Hamiltonian has no singular-continuous spectrum and zero
is the only eigenvalue, the dynamical system is stable. )

Finally we prove that a dynamical system is strongly clustering, if and only if, it is weakly
clustering and stable in linear response.

Introduction

In a previous paper [1] we considered an operator representation in a Hilbert
space, #, for the response, relaxation and correlation functions for any vector
state, w,, of a von Neumann algebra 9, acting on a Hilbert space #, satisfying
the K.M.S. condition, and we proved the existence of the static admittance, and
the relaxation. In this paper we apply that technique to the study of the clustering
properties of a dynamical system, indicating the usefulness of linear response
theory. .

Following the ideas of [2] we introduce (Definitions 1 and 2) the notion of
stability of a dynamical system under a perturbation of the Hamiltonian, H,, by
a potential of the type AV, where V'is any selfadjoint element of 9k, and A, a real
number, is the coupling constant. We derive (Theorem 3) an asymptotic condition
which is necessary and sufficient to have stability in linear response. We prove,
in particular, that if the Hamiltonian has no singular continuous spectrum and
zero is the only eigenvalue, the dynamical system is stable in linear response
(Theorem 4). Finally we give in Theorem 6 a necessary and sufficient condition
for a dynamical system to be strongly clustering, namely: a dynamical system is
strongly clustering if and only if it is weakly clustering, and stable in linear response.

Another relation between temporal cluster-properties and dynamical stability

for pure thermodynamic phases can be found in Ref. [3].

1. Stability in Linear Response Theory

Let us consider an infinite quantum dynamical system in equilibrium, described
by a von Neumann algebra, I, of observables, acting on a Hilbert space, #, and
a vectorial state, wg:

0o(x)=(2,xQ2), xe M,

with Q a cyclic element of .
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We suppose that w, satisfies the K.M.S. condition [4], i.e. it is an equilibrium
state. This implies, in particular, that Q is separating for 9, and that w, is a statio-
nary state:

(e (%)) = wo(x) ,
where

ad(x)=eHoxe o x e M,

is the time evolution automorphism. The selfadjoint operator H, is called the
Hamiltonian.

The strongly continuous map t—o?, is an homomorphism of the additive
group of the real line (IR) into the *automorphism of .

Let us introduce a perturbation of the time evolution automorphism «?, by
a selfadjoint potential, ¥V, belonging to 9, i.e. we consider a new time evolution
automorphism given by

a(x)=e'xe ' xeM;teR,

where the perturbed Hamiltonian, H, is equal to H=H,+ AV, where V=V* e IN,
and 1€ is the coupling constant. It is easily checked that o, can be developed
in a Dyson series,

(20 0 (x)=a0(x0)+ Y,z 2" [ds, ... ds,[0,0) ... [22,(0). o201,

0=s5;=<...Zs,=t,xeIN,
and

(=0 a(x)=0l(x)+ Y s (—0)'A" [ ds; ... ds,
' [O(?l(l)), ceey [OC?N(U), O(to(x)]]a t§5n§ §Sl éo )
xe .

Moreover the series converges absolutely.

We are going to study the evolution given by the Dyson series up to the first
order term, ie. the linear response. In this approximation the perturbed time
evolution is equal to:

ot =af(x)+ A [o ds[ad(v), x)(x)], t=0, x e M,
and

o (x)=02(x)+ A [ ds[od(v), a)(x)], t <0, x e M.

We are interested in the asymptotic behavior of ¥ as t— + co. In particular
we will consider under which conditions the limits w%!(x)= tlir+noO oo (x)),

exist for any x e I, and some V =V* e IN; because the existence of the limits
implies that the dynamical system tends, under the perturbation, to a new equi-
librium state, in first order:

w%', as t—+owo.
Moreover if the w%! exist it is obvious that

lim % (x) = wo(x), x€ M,
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i.e. the new equilibrium state tends to the original one as 1—0, which is in agreement
with the intuitive idea of stability.
So that, we define

Definition 1. A dynamical system (M, «, w,) is said to be stable in linear
response under the perturbation V, V=V* e IR, if the limits

(x)— 11m wo(a*(x)), existforany xeM.

Definition 2. A dynamical system (I, o, w,) is said to be stable in linear
response if it is stable in linear response under any perturbation V, V=1*e M.
In [1] we introduced the Hilbert space A, as the closure M~ of the von Neumann
algebra 9 with respect to the scalar product (x, y).=(TxQ, TyQ); x,ye M,

A—1\*
where T = (Tn—[) , A=exp(— H). It is proved that the operator U, defined by

Ux=TxQ xeM extends to a unitary operator from # into #. Then we denote
H,=U*H,U.

Theorem 3. A dynamical system (I, o0, w,) is stable in linear response under
the perturbation V, V =V*e I, if and only if the sequence of operators e "BV is
weakly convergent in # as t— + oo (the asymptotic condition).

Moreover if the %' exist they are equal to w%(x)=we(x)FAx*,(1—Eg)V).,
where Ej is the projector on the null space of Hj,.

Proof. We give the proof for t— + oo, the case t— — oo is similar. It follows
from the definition of ! that

oo™ (x)) = wo(x) +i4 [o dswo([od (v), 2 (x)]), x € M.
By Theorem II.5 of [1] this is equal to

oo (x)) = wo(x)— A dS — (@2(x*), a2(v))-
= wo(x)— Ax*, (1 - e‘i‘HE)V)A, t=0,xeM.

Now suppose the system is stable. Then (x, e~ "#3)/)_converges when t— + o0,
for every x € M. But as M is dense in H# and e “H5V is uniformly bounded this
implies that the sequence e "#3) is weakly convergent when t— + co.

If e *H3V is weakly convergent for t— + oo, then (1—e "#%)Vis also weakly
convergent, and the system is obviously stable. Finally suppose that the system
is stable, then

0% (X)=wo(x)F it lifp (x*, (1 — e  "HO)Y)_

=wo(X) FAX*, (1—-Eg)V), xe M,
because if w— lim e ™V exist it is equal to EgV by [5]. QED

t—>+ oo
Theorem 4. Suppose that the Hamiltonian, H,, has no singular continuous
spectrum and that zero is the only eigenvalue. Then the dynamical system (I, o, wo)
is stable in linear response.
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Proof. As Hj is unitary equivalent to H, [1], zero is its only eigenvalue and
it has no singular continuous spectrum, then J# =, +#, ., where #, is the
space spanned by the eigenvectors of Hy, and #, . is the subspace of absolutely
continuous vectors. Hence

V=1V,
and
(x*, ™ MY) = (x§, Vo)ot (X, e 7“0V, ).,
so that
tyginm(x*, e 5y =(x¥ V,)., where we applied the well known result that tli{_rnm
(1, e~ *H5p) =0 for any v e . Q.E.D.

I1. Stability and Clustering Properties
Definition 5. A dynamical system (I, o, w,) is said to be weakly clustering if
My 00(x0 () = 0o (x)wo(y), X, y € M,
where I, is the mean over ¢; and is said to be strongly clustering if
tlirinwwo(xa?(y)) =wo(x)wo(y), x, y e M.
In the next Theorem we give a necessary and sufficient condition for a dynamical
system to be strongly clustering.

Theorem 6. A dynamical system (M, ol, w,) is strongly clustering if and only
if it is weakly clustering and stable in linear response.

Proof. Suppose that the system is strongly clustering. Then it is weakly clu-
stering, and as

o(x, o (v) =(x*Q, eV Q),

the sequence eH'VQ is weakly convergent as t— +oco. But this implies that
e "1 is weakly convergent as t— + oo in J. So that the system is stable, by
Theorem 3.

Suppose that the system is stable. Then e~ 50y is weakly convergent as t— =+ 00,
for any y=y* e M. But as before, this implies that e ~"#°yQ is weakly convergent
as t— + co. Hence

tliIP wo(xe(y)) = liELn (x*Q, oy Q)
-t oo t—+ o
= (X*Q’ EOyQ)a y=y* IS iIR .

where E, is the projector on the null space of H,,.
Suppose in addition that the system is weakly clustering. Then by [6] E,, is one
dimensional, hence

EoyQ=(Q, y2)Q2,
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and

Jim w(xo () = wg(x)a(y), x € M y = y* € M.

But as any ye IR, can be decomposed as y=y, +iy,, where y, and y, are
selfadjoint this is true for any x, y € M. Q.E.D.
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