Commun. math. Phys. 26, 205—221 (1972)
© by Springer-Verlag 1972

Gauge Independent Gravitationally-Coupled
Electromagnetic Field

C. ARAGONE*

International Atomic Energy Agency and United Nations Educational Scientific
and Cultural Organization, International Centre for Theoretical Physics

Received October 8, 1971

Abstract. We give a totally 3-covariant formulation of the gravitationally coupled
electromagnetic field (with a source) in terms of physical 3-covariant variables, keeping
the correspondence with the A.D.M. formulation of the problem. We introduce a 3-
covariant time derivation which allows us to discuss the spreading of the transverse
and longitudinal components of the electromagnetic field.

Then we present the second-order propagation equation and the Hamiltonian 3-
covariant equations in a complete electromagnetic gauge independent fashion using the
well-known elliptic operator 4(g;) and we also discuss the dynamical impossibility of
disentangling the transverse and longitudinal modes.

Thereafter we extend the 3-covariant formulation to the gravitational field and
consider the problems of the initial conditions for the full system, as done by York for
the vacuum case.

Finally, we apply the formalism to the merostatic sourceless problem, showing the
connection between the merostatic and the static cases.

I. Introduction

Recently [1] it has been shown in a 4-convariant formalism that one
cannot have both a simple propagator and a simple auxiliary condition
to determine the gauge.

On the other hand, from a dynamical point of view, it seems very
natural to analyse this point, following the lines applied by Arnowitt,
Deser and Misner [2] to study the interaction of the electromagnetic
field with the tensorial gravitational one; emphasising the role of the
physical variables (47, &) of the Maxwell field and the gauge covariance
(or invariance) at the different levels of the reduction process.

Thus, in the next sections we shall carry out the process of reduction
of the 4-covariant action in a totally 3-covariant way in order to obtain
the equation of propagation of the electromagnetic transverse waves in
terms of the 3-metric g;;. Moreover, we shall study the dynamics and the

* On leave of absence from Instituto de Fisica, Facultad de Ingenieria, Universidad
de la Republica, Herrera y Reissig 565, Montevideo, Uruguay.
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initial value problem of the full interacting system emphasising conformal
techniques. Arguments supporting the introduction of 3-covariant
decomposition (C-covariant) against the physically satisfactory non-
covariant (N-covariant) have been given by Deser [3], where the under-
lying 3-metric has been pushed down throughout the formulation of
the dynamics of general relativity. In the last two sections we give al-
ternative fully covariant formulations of the “canonical” field equations
and we apply them to the merostatic problem of the coupled system,
discussing the connection between merostaticity and staticity.

II. Lagrangian Formulation, C-Variables, C-Decomposition,
and C-Time Derivation

We start from the first-order action for the electromagnetic field
given in [2]

Iy = j{Au,vgﬂ“*‘ %fﬂv?zﬂguag»vﬁ(—g)—%+Auf”}d4x (1)

where A, is the vector potential, #*” the contravariant skew symmetric
field strength density, #* the conserved current density.

We shall consider the 3+ 1 decomposition induced on the hyper-
surfaces X ={x*= const} which have the unit normal vector n,= nég,
n=(—g°) "% These hypersurfaces have the induced metric g;;= 49,
and the evolution of the co-ordinates outside X2 is determined by the
Lagrangian multipliers N;=g,; [2]. Whenever necessary we shall use
the prefix 4 to indicate every four-dimensional quantity, so that all
unmarked quantities are understood as being three-dimensional.

Then, for the full metric ,g,,, 49"° (N'=g""N,, ¢""g,;=9")

sJoo=N:N'—n?;  ,g%°=—n"2, (2a)
4g®'=n"2N" 497 =g¢"—n"2N'N/. (2b)

The description of the electromagnetic field will be given in terms
of the Z-intrinsic quantities?

A, =,4,, A’=n,A"=n-,A°, (3a)

/ijsn’lg'fij, (o@iEgij.%o, (3b)

s=n"1 g, o= 4°, (3¢c)
¥f{gjv}?s the signature (=1, +1, + 1, +1), R,,=8,I%, —0,I, + 3T, —TI?,.

2 By Z-intrinsic quantities we mean geometrical objects under the group of trans-
formations Gy = {x® = ¢°(x°), x" = ¢'(x’, x°)} which leave X invariant

(x® = const — x* = const’).
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which are, respectively, in (3a) a vector and a scalar, in (3b) an anti-
symmetric tensor and a contravariant vector density; while in (3¢) the
current is a covariant vector density and the charge o is a density.

Any 3-vector can be decomposed uniquely in a covariant way into
its transverse part and its longitudinal part by means of two projection
operators 27, 2 (V, is the covariant derivative with respect to the
metric g;;):

A=Al + Ay =P A"+ Phg) A, (4a)

where
Pilg A=V, a7 A, PlgA' =g, —Phg]A, (4b)
A9 f=97%0;-9" g% 0uf . (4c)

It is worth while mentioning that there exists a “parametrization” of
both functional spaces. Every transverse vector can be written as the
rotational of some other vector (not in a unique way) and, as is evident
in (4b), any longitudinal vector is a gradient of some function. So it is
possible to write the decomposition in the form (¢'* is the sign of (ijk)
with respect to (123):

Ahzg_%ghigijkck,j“"aah:AhT"‘AII?« (4d)

Variation of a over a certain space of functions describes the full
space of longitudinal vectors, and free variations of C, give the full
space of transverse vectors.

Just as in the action principle there enters a 4-differential d*x, so
the invariant 4-element of volume |/ — ,gd*x splits into the product of
the 3-element of volume ]/§d3x times the invariant element of line
dx°=ndx® =n,dx", ie.,

(—49)Fd*x=d3° Ag*dx . %)

In order to achieve a Z-covariant formulation of the action principle
one needs the X-covariant extension of the non-covariant operator 0,
which allow us to study the whole dynamical system without specifying
(n, N,) as one usually must do (4). First we define the new time derivative
(which we denote by J,) for a scalar function ¢:

dop=n""000—N'n"'0,0p=—n"0,0. (6a)

The last expression in (6a) shows that J,¢ is certainly a new scalar
under Gy. For a covariant vector V,, employing the standard [2]
momenta for the gravitational field {r;;= |/g [K,;— g;; K]; K;;=n-

jse
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we extend the above definition thus:

GoVi=—n"V,V,—KiV,—on-V°

=n"'0,V;—n"'N/3,V;—n"1(;N’)- V; (60)

The definition shows explicitly that 60 V, is a covariant vector because

it is the sum of three covariant vectors®. The second expression of d, ¥,

depends only upon the vector V, itself (through its spatial and time

derivatives) and on the 4 Lagrange multipliers (n, N); there is no reference

to the metric g;;. At this stage, by application of the Leibniz rule to

@ = W'V, we obtain d, W' (which again does not depend on the induced
metric g, J)

SoW =n"10,W' —n INIO, Wi+ n~1(0,NYW . (6¢)
(Actually we define d, W' by means of f(6¢) and then we verify the validity
of the Leibniz rule because either d, W', d,V;, do¢ have been defined
independently).

Following this procedure one can obtain the value of J, Tii:im for
any m and n. In the case of a symmetric tensor of rank two:

Botiy=n"1apt;;—n IN'Ot;—n " O;N'ty—n"'0,N't;;.  (6d)
When ¢;;=g,; Eq. (6d) gives for dog;;, 0pg” and 00]/5:

aog,J—n_laog,j—n_l(VN +V;N)=2K;;, (7a)
dogi=—2K", 3,)/9=K)/g, (7b)
50[91‘1'9_%] = [2751','“%”9”] ‘g_l = Zﬁijff1 . (7¢)

The last Eq. (7b) permits us to extend 59 to a 3-density ¢. In fact, from
the Leibniz rule, we get for the value of d,0:

Joo=0K+g*do[c-g *1=n"10,6 —n"13,(N'c). (7d)

As 00 d%° Ad®x =[040 — 0;(N'6)] d*x is an exact co-ordinate divergence
times d*x, we are able to discard terms of this type in the action in
order to obtain the field equations.

Because of Eqs. (7a-b) which say that ,g; ;¥ 0, the “time” derivative
of a covariant vector ¥; does not coincide with the “time” derivative of

3 The first two terms are obviously covariant vector. The last term,
(0,1 VO = [8,logn] (nV°) = [8,logn] V° = [d,logn] (n, V"),

can be regarded as a scalar (n,V*) times the covariant vector J,logn since logn is an
intrinsic scalar.
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the contravariant component V' of the same vector, i.e.,
8o Vi=gd,V,=0d0g" . V}. (Te)

Applying the definitions given throughout this section we can write
the first-order action in the explicit C-form, showing the pg — H structure:

I(A’ éi/: ANO’ gij’ n, Nl) = j { - édié()“‘i —//ijaiAj - %[(’gﬂgx ‘lﬂﬂj/ij] g-% (8)
+ A°[0,6"— 0] + A/} dX° A dPx .
In this form we already recognize A° as the Lagrangian multiplier
associated with the Maxwell differential constraint d,&” = ¢. The standard
method to “solve” this differential constraint is the T — L decomposition.
As the metric g;; with which we are dealing will not, in general, be
flat, and as the @, operator does not commute with the covariant
derivatives V,, there will be some modifications in the usual properties
which involve [J,logn] and dyg;;. Moreover, in the following section,
we shall estimate the non-vanishing commutators [27, 0,] = — [2%, 0,]
which tell us that under 50 — time evolution a transverse (longitudinal)
vector generally acquires longitudinal (transverse) parts.

111. Kinematics of the 71 L Decomposition

In Ref. 3 the orthogonality between a longitudinal vector and a
transverse density has been pointed out, i.e.,

[VEW T d3x=0. 9)

Now we shall calculate the value of the same products, but integrating
over the full 4-space. In this case we have for V=V + d,v;
W= g Th oyl

[ VEWTHARO AdPx = — [0(0;logn) W T dX° nd>x (10a)
or equivalently:
[n o, [nm] WAz AdPx =0 (10b)
because for a contravariant density %
[VEW Ao AdPx=— [on'0,[nW " ]dX° A d*x (10¢)

holds.

Better results are obtained when considering the product
[ #0,V,dX° Ad’x; in this case orthogonality holds for some mixed
inner products. The full set of inner products, with a 4-dimensional
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integration, is:
f e Vitdz® and®x =0, (11a)
[, [gt Vg 2d3 A d?x =0, (11b)
[WEVTAROAdPx =2 [ Wiz, VTig 2dx° nd>x (11c)
[ Wi ViEdZOAdPx = — [0, 9" OovdX° A dPx (11d)

The relations (10) can be applied to simplify the last term in the action
(8), taking into account the current conservation which holds as a
consequence of the 4-covariant field equations 0, #" =0.

The 3 + 1 version of the current conservation is:

n~19,[n"1+ dpe =0, (12)
and then, by means of (7d), (10c) and (12), the last term in (8) becomes:
J(AT /' + AF/)dZO A dPx = [ (AT /' — 000a)dX° A d®x. (13)

Now we come to the problem of transverse and longitudinal mixing
modes of propagation which, as we shall see, stems from the lack of
commutation between the spatial derivation operator J; and the time
evolution operator d,.

There are two relations which provide the clue to the mixing problem
of a vector. The first concerns the time evolution of a longitudinal
vector

[0, 8,1 f = (84logn) - 0o f, (142)

which can also be written

0 =n""04(n0o ) (142")

showing that the time evolution of a longitudinal vector ¢, f differs by
(8,logn)d, f from being longitudinal®. The second gives the connection
between the evolution of the divergence of a contravariant vector density
and the divergence of the time (50) derivative of the same object,

[0, 019 =(0,logn) 3y W (15a)

or, ~ . ~ R
aoaiwl:n_l'ai'n'ao'aﬂ/‘l (15a')

which is the same.

In particular, Egs. (15) show that the time evolution of a transverse
vector density #7' has a non- vanishing source for its longitudinal
component 0. [0oW T =—(8,logn)- 6, W',

4 The source of the T-component of the time evolution of a longitudinal vector V;*
is S'=e"t 2,00 Vi =% - 0, V) - [0, logn].
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More precisely, we can exhibit the spreading of the transverse and
longitudinal components of a vector Vi =(g)"*7" "'+ ¢g¥0,v calculation
the “mixed” projections ie.,

POV T =~ g0, A1 - g7 (0;logn) - 8,7, (16a)
PTIoVE= 9"“(6 logn)dyv

1 1 i I~y (16b)
=(0,logn)dov — 0;4, ' g™+ 0;[g* ¢’ (D4logn) - dov],
while the L-projection of 6, ;" is:
PLIGGVE=0,00v+ 0,47 g7 0,g% gt 8, logn - Cyv. (16¢)

It is interesting to point out the different role played by n with
respect to the remaining three Lagrangian multipliers N'. It is sufficient
to choose co-ordinates so that n=1 (not necessarily gaussian) to regain
formally all the flat properties, as one can easily check by going through
this whole section, even if this assumption does not make dJ, coincide
with 0.

IV. Dynamics of the Electromagnetic Field
By introducing §7%; 6% = g*g'/e,;; A] and AF = a,, into the action (8),
using (13) and substituting 7, = g*(0,4; — 0;4,), we obtain:
Ie.m.(gij’ n, Ni,(g)Ti, éaLi,AiT’ A,L, A’O)
= [{= (" + oAl +(A° + 00a) [0:67 — o] + 7' A] — gy~ (17)
UETTH EMN(ET + M)+ B B(AT)]} AR A d P x
(where %' =3¢7%,,(9)~*).
In terms of these variables, gauge electromagnetic invariance of (17)

means invariance of (17) under the transformation (y is an arbitrary
function)

gLi__)éwLiszi , gTi_)éa/Ti:éoTi , (183)
AT, AT =AT, a—d=a+y, (18b)
A5 4Y = A°— oy (18¢)

and is then trivial to check. The choice of a gauge means determining
in a specific way the value of the longitudinal component of 4;. Con-
sequently, as the gauge scalar a =(A4° + dya) is determined by the field
equations, once one chooses a, A° is fixed. In fact, performing independent
variations of ag’'=g"/d,e in the action (17) we obtain the equation
for (A° + dpa) =

01/6e=0=2n""'3,[nA" AT +n""'0,[n&] +n""0,[g*g"0;(no)] =0. (19)
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Variations of either a or A° only contribute to vary the Lagrange
multiplier «, so both give the same equation, which is the differential
constraint of the system

0;8'=0,6"=0,9"g%0,e=0. (20)
The dynamics is contained in the two sets of equations obtained after

independent variations of (4;, &’) in (8) (which is equivalent to varying
AF, #T1if (19) and (20) are taken into account),

81/66 =02 0A,= —g & —n"10,[nA°], (21a)
81/64;,=020,6'=— ;' —n~10,[n-A']. (21b)

Splitting A; as (AT + 0,a) and using (14a’), we find the evolution of the
transverse electromagnetic potential:

GoAT=—g *&—n"1-9,[na]. (21a)

Introducing &, into Eq.(21b), taking the value it has in Eq. (21a’),
we arrive at the second-order propagation equation for the transverse
electromagnetic potential AT

n1 0, = dolgtgU00 AT 1= — ;' + do[n " g* g 0,(n)] . (22)

The first term on the left-hand side can be transformed by intro-
ducing the value of /' =g*g/"g"*[9,A{ — 0, A ] and using the law of
interchange of covariant derivatives, i.e.,

[D;,D]A"™ =R;A™. (23a)
In doing this, the first term becomes
n=10,[n"] = g*(0,logn) [D' AT — D' AT ] + g* A1ATI,  (23b)

where A~j~ is the De-Rham operator acting on a 3-vector which has been
considered extensively by Lichnerowicz [5].
ALAT =D DIAT — Ri ATV (23¢)
Substitution of the first term in Eq. (22) by its value (23b) gives for the
propagation of AT
g*07(9)A] = g* 454 — do[g*g" - o A]] (24)
= — 7'+ g% (9;logn) [D'A™ — DIAT] + do[n ™" g ¢ 0,(ne)] ,

where the Lagrange electromagnetic multiplier o= (A° +5Oa) is de-
termined by the constraint Eq. (19), which can be put in the more ex-
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plicit form:

20710, [n”7 AT + 0 — g2 g"(8,logn) 5o AT — g* g"(8;lognyn 18, no] 19)

+n7'9,[g*g"0,(n)] =0.

It should be noted that ;' has to be understood in Eq.(24) as
FT+ 7547, 0) where ;4 =g%*¢"0,p is determined by Eq. (12), ie.,

n~10;ng*g"0;p +(8;logn) ;7 + do0 =0. (129

Conversely to what happens in the flat case where the transverse
modes decouple from the scalar mode (— ;{ + d,0;0 = 0), the existence
of a gravitational field avoids the disentangling of both modes and this
is reflected in the non-vanishing of — ;%' + dog%gn~10,na.

Actually, these problems already exist at the level of the first-order
formalism and can be traced in the spreading over the space of longitudinal
vectors of the variations in time of a pure transverse covariant vector A7.
The system (21), together with the constraint (19), can still be read:

0oAT =—g 3&T — 0,0 —n"'0;na, (25a)
goéaTi - __/.Ti _/.Li _ 5Og%gijaje _ n-—lajn/ji , (25b)

2n 1oAY AT +(0,logn) T +n" 0ngt gV o;e 55
+n"1dng*gIn "1 0na=0. (29
We assert that the contribution of the 2 longitudinal vectors in (25a)
0;[e + «] as well as the contribution of the 2 longitudinal pieces in (25b)
—(;""+4g%¢"8,05€) do not vanish just because of the coupling to the
gravitational field and are not merely due to the kinematic distorsion
caused by n =% const.
To see this, let us assume n=1. In this case [e+o] and [dye + ]
(which are determined by the constraints of the system) turn out to be,
respectively, the non-null quantities

e+ta=—-24,"g7%9,7 47, (26a)
B+doe=24,"g 0 i0e. (26b)

V. Gauge Independent Field Equations for the Transverse Modes

In order to achieve the explicit time evolution of the transverse mode
of the electromagnetic field, we shall often use the existence of the
inverse 47 (g) of the curved 3-laplacian elliptic operator acting on a
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scalar f, [6]
A(g)qu‘%ﬁig%g“@jf, (27a)
A7 Hg)A(g) f= 1. (27b)

Then the value of the coulombian mode of the electric vector, in view
of Eq. (20), is given by
e=4""(g)g %e. (28a)

while from (12') we obtain, for the potential of the longitudinal part of
the current density, ;*". To express f§ as a function of the transverse
current ;7 and the charge density, we have to make use of the technique
of the conformal mappings of space-like three-geometries [6] to get rid
of the dependence upon n. It is found that (n*g means the tensor

(nzg)ijsnzgij):

n’g*A(n*g) f=n""0:g*ng"0,f, (29a)
and consequently f is:
p=—A4""1n*g)[n"2g o0+ /" 0;logn)]. (28b)

By dealing with Eq. (25¢) in a similar way, we obtain the value of the
scalar mode

a=—n"tA; (WA, A4, [gF0] +9 6T O+ 29" 0nRY AT}, (28¢)

Another useful relation is the explicit value of Jye, which can be found
by taking the time derivative of Eq. (20) and introducing, where necessary,
the value of e (282a):

ndpe=A,"{g *[ndoo +20,n170,4, g *0]} . (28d)

We note that (28d) does not depend upon either A7, & or a. The
same property holds for f3, as is shown by Eq. (28b), while, conversely,
the scalar mode « is a functional of the 4 electromagnetic dynamical
variables (A7, &T).

At this point we can reformulate the dynamics of the transverse
modes (25) by introducing the values of e, ,a and dye defined through
Egs. (28a)—(28d), respectively. Thus, the final equations for the physical
electromagnetic fields a) in the presence of a source, b) in a complete
3-covariant fashion and c) gauge independent, are

dodl = —g 167 — die(g. ) —n~'0;[na(n, g, m, 0, 67, A”)],
06" = — 411 —g*g"0,B(n, g, 0. ;") — g*¢'n"" 0;[ndoe(n, g, m, )] (29b)
+2290,[4, g7 el = n " 0;[ngt g™ [0 Ay — 0,411 (290)
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Gravitationally coupled electromagnetic waves can be seen as excitation
of the canonical variables (A7, &T). Because of the linearity of Egs. (29)
with respect to these variables, it is equivalent to considering the sourceless
equations which, due to this, look simpler than the above set. In such
a case they are:

0oAT = —g &7 +n710,- A7 g7 [T 0+ 20nAT AT], (30a)
Go6Ti=—n"10;ngg’'g'*[0,AT — 0, AT]. (30b)

It is interesting to point out the choice of a specific gauge does not
contribute to the structure of either set (29) or the set (30).

VI. Covariant Formulation of the Full Interacting System

We can also formulate the gravitational action in a full covariant
way by means of the covariant time derivative operator d,. Starting
from the reduced 6 + 6 form of the action given by Arnowitt, Deser and
Misner [2], discarding a total time derivative and a 3-divergence and
introducing 0,, one obtains for the gravitational field:

16(g;;, 7, n,NY) = [{n'10g;;+ g [*R(g;) + g~ (3n? —nim, )]} dXOAdx (31)

(where the action depends upon n through the square bracket times dx°
and upon N’ through 0d,g,;dX°).

The total action for the gravitationally coupled electromagnetic field
is the sum of (31) and the reduced electromagnetic action (17). Varying
the gravitational variables (7, g;,) in the total action I=I¢+1°", we
regain the Einstein equations for the gravitational field in a canonical
and fully covariant fashion®

31/0m" =0=g*Cog,;=2m, — ngy; (32a)

81/8g;,=0edon = —g*GU(g)+ ¢~ F [nn' — 2nin —Lg'(hn? — ¥ )]
+g* g9’ —g7g"In" ' D,Dyn (32b)
—LgTHET N ET + V) + BB — LG (&6 + BB

The gravitational constraints arise from independent variations of
(n, N*). Variations of n yield the 0-constraint:

@ R+gGn? —nn) + AT =39 HEE + B RB),  (33a)
while variations of N' give the vectorial constraint:
2Dyl =A] — 60 AL = 0AT — £, ' B"= ;. (33b)

S Although variations of g,; include in principle variations of — &% =g*g"¢ e and
ATi as functionals of g,, those do not contribute by virtue of the Maxwell Field equations.
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Of course, the remaining equations are (20) and (25). Notice that .%; does
not contain g;;. Eq. (33) are not concerned with the time derivatives and
so they have to be the same that appear in A.D.M. paper although (30)
looks like very different.

In view of the simple form taken by the constraints (33) and the
p= f(p,q) Eq.(32b), Deser gave [3] an alternative formulation for the
system assuming, as principal variables, the two symmetric tensors (n”, R; )
instead of the natural choice (n”, g;;). As we are working in a full-covariant
way using the “covariant” time derivative J,, we need only evaluate
0oR;; to obtain the new set of equations. This can be done by means
of the Palatini identity for the Ricci tensor. This identity yields the change
OR;; of the Ricci tensor when the metric g;; changes 591; In the present
81tuat10n wetake dg;; = aog” d%°,and consequently §R; j1SOR;; = =3R, ;dx°
without any sort of restriction on the co-ordinates we are dealmg w1th

For arbitrary variations dg,;, the Palatini identity reads:

20R;;= — A4dg;;+ Dy;04" + D, ;09 — D;;0 g5 . (34a)

Substituting OR,; by d,R,;dX°; dg,; by dog;;dx°, and introducing (32a)
to eliminate these last time derivatives we obtain for the time evolution
of R,

l_}’

g¥doR;;= — Amy;+3(g;;4 — Dyj)m + Dyymh + Dyt . (34b)

As the constraints (33b) give the value of the divergence of n;; and
as we cannot introduce this value directly into Eq. (34b) because co-
variant differential operators acting on a symmetric tensor do not
commute, it is convenient to give another expression by interchanging
the differential operators in the last term. Taking into account the
specific relation which exists between the Riemann tensor and the Ricci
tensor in a three-dimensional space, i.e.,

Rijkl =guRjx—guRi+ g Ri — gikle - %R(gilgjk - gjlgik) ., (34¢)

and the two relations which arise from contracting Egs. (32a) and (34b)
with the metric tensor

gij0on =39 HE 6+ B B) -1, AT, (34d)
g 0,R;;=2D'D;nl =2D' S, =D' - g AT — &' 4,;A™ (34¢)
+D'§'[D;AT — D,AT],
one obtains for the evolution of the three-Einstein tensor:
9¥0,GV = — A7 +4(g" 4, ~ Dy + 'S+ DS — gD, ! (341

+(@' Gl +1'G) — 261V + ¢¥ (G —77Gy) .
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In a recent letter York [6] introduced the conformal part of the
spatial metric tensor R;;, to study the gravitational degrees of freedom
and the initial value problem in the case of a sourceless gravitational
field. Finding attractive the idea of splitting the spatial metric into its
conformal part g; and a conformal factor ¢* which determines it
g;;=¢* " gi;, we shall evaluate the evolution of the conformal part. (As
we shall see, the factor ¢* is fixed by the O-contraint (33a).)

The 3-dimensional conformal tensor R;;, is defined by:

R"kEDkR“_D'Rik+L(gikD'—qijDk)R- (35)

Variations of the metric tensor glj—oog”dx entail corresponding
variations of the conformal tensor 6R;j, = 0oR;; ,dx° which can be
evaluated by means of Egs. (32a), (34b), (35) and the knowledge of
0T} =3(D;dg} + D;6g; — D'dg;)). Thus, one obtains for SR,

OR;j, =D dR;;—D;6R;, +21i(9iij_gijDk)5R
+%(5giij - 5gijDk)R + arij‘le"" 5FilkR1j »

which shows that the time evolution is given by

(36a)

00 ”k—‘Dkao D80R¢k+(gka guDk)aoR"‘ (aogw anuDk)R

+§Rk(Diaogjl+Djaogil_Dlaogij) (36b)
_%Rj'(Diaogkl_"DkaOgil_Dlaogik)-
Inserting 0,R,, = — 4,m; + (g4, — D;)n + 3(myR, + ;R

+R(g;m—m,;) — 29,7 R™ —2nR i+ D%+ D; 9’- and aog” into this
formula we get for the evolution of the 3-conformal tensor

g%goRijk:DjAgnkz D A,m }l+%[Dj7 Dk:lDin"I"%[gijDk_giij]Agn
+Rk1[Dinjl—2Djni1_ 1Y ij]—Rj[Dinkz“sznil‘Dznik]
+ 3R5’[Dknjl - Djnkl] - R[Dknij - DjTCik] +%[gi,’Ri¢ - gikRi']Dch (37)
“i‘37Ti1[DhG§_Dijc]+3[7T‘1Dk““7szD']Rl'+%[gikD"“Jij T R
—3[G;D— Gy Ddn—2n[ DGy — D;Gy ] + 3[9uD; — 9;;D D',
+[Dki5§~Dji5£+ij5€—Djk5,-]Z.
Also in this case the requirement that ' be traceless [7] (n =0)

allows us to solve the problem of the initial conditions, assuming the

conformal law of transformation: g;;— ¢*g;; = g,;, T/ > ¢~ *TY = n" given
by York. To do this, one gives an arbitrary metric g;; and constructs
a symmetric density 7/ so that, besides being traceless (7 = 0), verifies

the vectorial constraint (33b) with respect to the given metric, namely

Djw}=D,[g. @] = . (38)
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Then we must determine ¢ in order to have a complete set of initial
conditions {g;;= ¢*g;;, 1= *7’} which still verify the traceless
character of n* (r = 0).

In fact, under the conformal transformation C, ﬁj is a scalar quantity,

Toni=7, -~ (39a)
and, moreover, the transformed nj solves the vectorial constraint
{because n =7 =0}

ﬁjﬁ{ = Djnlf =9. (39b)

Then, if one introduces g;; = 0*7; ; into the scalar constraint (33a), one
obtains an elliptic equation which fixes ¢. In the present case it turns
out to be:

—1

Ap=§Ro+307" g F j AT — {50 % ' [6'¢7 + B #]7,;

1
1
—50 g ' mEl(S).

(40)

VII. Applications

We shall apply the present formalism to prove that a sourceless
(#*=0), merostatic, asymptotically flat-null electromagnetic-gravita-
tional interacting system consists of a Lorentz flat 4-space and a null
maxwellian field. By merostatic system we mean an electromagnetic
gravitational system such that there exists some family of hypersurfaces
where it is verified that d,47 =0=4J,g;; in the whole 4-space.

It will be sufficient to see.that the electromagnetic field vanishes
because, if this is so, the problem has been reduced to the pure gravita-
tional and sourceless case, and then we can follow essentially the same
argument given by Arnowitt and Deser [8], although ours will differ
slightly.

The key to this result is a theorem given by Lichnerowicz [9] for
elliptic operators on a riemannian space which says that a harmonic
function u(4,(u)=0) which converges uniformly to a constant k in the
infinity of an elliptic riemannian manifold, coincides identically with this
constant (u=k).

In the assumed merostatic conditions there is no & (e = 0) because
we can apply to Eq. (20) (¢ =0) the above-mentioned theorem. As it
follows from Eq.(32a) that m;;=0, the Maxwell system (25) becomes:

0=8""+g*¢g"n""0na, (41a)
80T = —n"1o,npi(47), (41b)
&0 dogn+n"tong*gn"" ;e =0. (41c)
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Introducing 7', given by (41a), into (41c), we find for the scalar mode o,
0:9%g"n" " 0;na =0, (42a)

which, by making the conformal transformation g;;—g;;=n" g ;achieves
the final equivalent form:

Ag[na] =0, (42b)

where g;; keeps the elliptic structure of g;;. Then, again applying Lichnero-
wicz’s theorem, we obtain the vanishing of na and, consequently, of .
Now, Eq. (41a) says that ¢7*=0. We have still to consider A7, which
now obeys

0;[ng*g"g"(0:; 4y — 0, A7) =0. (43a)
This equation can be recast in the form:
ALATI 4+ [(D"logn) & — ¢"'D,logn] D,A™ =0, (43b)

which, by extension from the scalar case, we shall assume (together with
the corresponding asymptotic conditions) gives uniquely 47 =0. Then,
as the electromagnetic field vanishes, we are in the condition of a pure
merostatic gravitational field which, as can easily be seen, is a flat 4-space.
In fact, m;; implies, (33a), that the 3-space curvature R(g;;) =0.
Contracting the field Eq. (32b) we obtain for the last variable n:

A4,n=0, (44)
and here again Lichnerowicz’s theorem allows us to assert that n=1.
Finally, instead of finding the hidden Lagrange multipliers N* we can go
to the full Riemann tensor and prove its vanishing. As we have K;;=m;;
=R;;=0=n-1, we can see that all its different components have
already vanished. In fact, the Gauss-Codazzi equations give the vanishing
of “Rijus» *Ryj” (because K;j=0=3R,;)

4Riju=3Ryj+97 " (KyK; — KK ;) =0, (45a)
4Ri;;;°=D;K;;—D,K; =0 (45b)

and because the last set of components of the 4-Riemann tensor are
4R1.6j.6]k,]=0=3Rij: n_lDijn > (45¢)

the value n=1 implies their vanishing and consequently the flatness of
the 4-spaces with which we are dealing.

16*
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Throughout all the sections we have seen the very different role
played by n compared with the other 3-multipliers N'. There is still
another interesting property in connection with this point and this
concerns the intrinsic definition of a static space. If one calculates the
Killing tensor of the normal to x° = const. (n,=ndy), one finds that
®,,=D,n, + D,n, has the 3 +1 decomposition:

0. =

ii=—2K 0°°=0, (45a)

ijs
60 =d,logn . (46b)

Thus, n;;= 0 =lognis equivalent to saying that n, (which by definition
is hypersurface orthogonal) is a Killing vector, and then this coincides
with the static case. However, 7;;=0= K;; alone does not imply the
vanishing of the Killing tensor of n, (or the Killing tensor of any collinear
vector) and the assumption of merostaticity is weaker than the assumption
of staticity.

VIII. Discussion

We have obtained a C-formulation of the gravitationally coupled
electromagnetic field by means of a C-time derivation generalizing
previous results. This has allowed us to characterize the dynamical
properties of the different variables involved in a total gauge independent
way. We have seen the reasons for the mixing of transverse and lon-
gitudinal components of the fields, which are essentially dynamical as
Egs. (26) have shown and are not of merely kinematical origin (“bad”
choice of co-ordinates). Then we have given the explicit formulation of
the Maxwell field equations in terms of the 2 + 2 canonical variables by
means of the well-known inverse of the elliptic operator 4(g) and con-
formal transformations. We have applied the full C-formulation of the
interacting system to study the initial value problem where we determined
the 3-conformal factor on the assumption of maximal embedding (= = 0).
Finally, we have studied the sourceless-merostatic interacting system
and the relation between merostatic and static fields. All results are
given without any reference to the spatial Lagrange multipliers N’, while
the role played by n is emphasised.
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