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Abstract. For gravitational fields with metrics which admit of groups of motions
multiply — transitive on 2-dimensional space-like invariant varieties, the exact solutions
of the Einstein gravitational equations are given for the case when the sources of the gravita-
tional field are dust-like matter and a magnetic field. A magnetic field is orientated along a
direction orthogonal to transitivity hypersurface. The solutions contain arbitrary functions.
In the case of transitivity hypersurface of positive curvature and in the absence of a magnetic
field, the solution is reduced to the Tolman spherically symmetric solution for dust-like
matter. The conditions are studied under which the solutions with a magnetic field become
asymptotically isotropic and approach the flat and the open Friedmann models. The case
of transitivity hypersurfaces with signature (+ —) is also considered.

1. Introduction

The paper deals with exact solutions of Einstein equations in General
Relativity for metrics which admit of multiply transitive groups of
motions on 2-dimensional transitivity hypersurfaces V,. Exact solutions
are given for the case when the sources of gravitational field are dust
(incoherent matter) and a magnetic field, the direction of which is ortho-
gonal to V,. These solutions contain arbitrary functions. The cases con-
sidered are those in which the signature of V, is (+ +) and (+ —) [1, 2].

In the case of space-like V, with positive curvature and in the absence
of a magnetic field these solutions are reduced to well known Tolman-
Bondi solutions for spherically symmetric gravitational fields [3, 4].

A study of gravitational fields, the sources of which are matter and a
magnetic field, is important in the theory of anisotropic cosmological
models with a primordial magnetic field [5—-10] and also is of interest
for the problem of gravitational collapse in a magnetic field. Considered
solutions include a homogeneous anisotropic model with euclidian
co-moving space and also contain a class of inhomogeneous solutions
which asymptotically become isotropic and approach the Friedmann
solutions in the flat and in the open models.
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The general case of gravitational fields, whose metrics admit of
3-parameter groups of motions G; on V,, is considered. Lie algebras
A, of these groups allow extensions [11]. On the one hand, there exists
a central extension of 45 to A, with a space-like additional Killing vector.
It leads to a group G, which acts on a hypersurface V5, which is the direct
topological product of ¥, and a line of a direction of a magnetic field.
Such metrics have been considered previously [12, 13, 5-9]. They are
consistent with the presence of a magnetic field. On the other hand,
there exists noncentral extension of A5 to 4, which leads to a homo-
geneous anisotropic model with a co-moving 3-space of constant
negative curvature. Also, there exist non-central extensions of 45 to 4,
which lead to the Friedmann models. The non-central extensions,
however, prove to be impossible in the case when a directed magnetic
field serves as a source of gravitational field.

2. Metrics with Groups of Motions on V,

Metrics which admit of 3-parameter groups of motions G5, which
act on space-like transitivity hypersurfaces ¥, with coordinates x?, x3,
can be written in a synchronous system with geodesic lines of time
7(x° = ¢71) in the form [1,2,15]

= (cdr)? —dI?, @.1)
A2 = X2(x', 1) (dx")? + Y2(x!, 1) [(dx?)? + f2(x2) (dx*)?]. (2.1a)

V, is a 2-space of constant curvature, which may be zero, negative and
positive, and the values in (2.1a) respectively are

=1, (2.22)
f(x?) = sinhx?, (2.2b)
£(x?) = sinx?. (2.20)

Generators X, of a group of motions G; are defined by Killing vectors
&y by X, = &{,,0/0x' (Latin indices i, k, ... run from O to 3). For these
operators the commutation relations [X,, X,] = ¢, X, are valid with
structure constants which may be written in the form [14] (Latin indices
a, b, c run from 1 to 3; e, is a skew pseudo-tensor, e;,; = 1)

d
Cp = upan® + S5a, — 85a,,  n%ta, =0, n®®=nb. (2.3)

For (2.2a) the group G5 is of type V11, according to Bianchi-Behr classi-
fication [1, 2, 14, 15] with the values in (2.3)

a, =0, n% =598+ 555", (2.4)
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and with Killing vectors
Ey=x>05—x205, &, =0, &y =0%, X,=&,0/0x". (2.4a)
For (2.2b) the group G; is of type VIII [2] with

a,=0, n =058 +8585 8505, (2.5)
and Killing vectors are
&y = cosx? 8, —sinx? cothx?8y, &, =0¢&,/0x3, &5 =05. (2.59)
For (2.2c) the group G5 belongs to type IX [2] with

a,=0, n®=398+ 9564+ 8495, (2.6)
and Killing vectors are
&) =cosx?dh —sinx® cotx?dh, &, =0&, /x>, &5 =05. (2.6a)

Lie algebras A5 of generators of the groups G5 (2.4), (2.5), (2.6) may be

extended [11, 16, 17]. Central extension is carried out by addition of the
generator X, which commutes with the generators of 45, whereas for
non-central extensions the generators, which are added, do not commute
with the generators of 4;. A central extension is given by addition a
Killing vector (with &%, = &, = 0), space-time character of which may
be arbitrary [11]. A time-like additional Killing vector would lead to
static solutions which contain in particular the Reissner-Nordstrom

metric. We confine ourselves to a central extension given by a space-
like additional Killing vector

Eay=01, X,=0/0x", 2.7)
which leads in (2.1a) to
X =b(tr), Y=al) (2.8)

for all possible values of f(x?) (2.2a), (2.2b), (2.2¢) [5-7,9, 12,13, 18].

For f(x?) =1 this central extension leads to the group G, which in
virtue of (2.4a) and (2.7) contains the abelian subgroup G; of X,, X3, X,.
This subgroup G; is simply transitive on 3-dimensional transitivity
hypersurface x', x?, x* and belongs to Bianchi type I with a* =0, n** =0
in (2.3). Such model is of interest in anisotropic cosmology [1, 19]. Lie
algebra A4, with (2.8) for f(x?) =1 is extended to A4 by addition the
Killing vectors

lsy=x04 —x'85,  &ly=x"05—x7d}.
It leads in (2.1a) to X = Y = a(7) and yields the flat Friedmann model.
For f(x?) = sinhx? the central extension of (2.5a) by (2.7), (2.8) leads

to the group G, which contains subgroup G, (with 2X;, (X, + X5 + X})/2,
(X, + X5 — X,)/2), which is simply transitive on 3-dimensional space
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x!, x?, x> and is of Bianchi type III with a*= —&9, n*® = §%6% — 9455
in (2.3) [20].

In both cases (2.2b) and (2.2c) Lie algebras A4, of the groups G, with
(2.8) do not allow a further extension to algebras A, so (2.1a), (2.8) with
(2.2b) and (2.2¢) can not be reduced by a further specialization to the
metrics of isotropic Friedmann models.

Consider non-central extensions of 4;. For f(x?) =1 there exists the
non-central extension of algebra A, (2.4a) to 4, which is given by addition
the Killing vector

Eay =00 +x205+x78%, X, =&,)0/0x". 29
It leads to the group G, [21] of the type G,V according to Petrov [2],
which contains the subgroup G; of X,, X,, X5. This subgroup is simply

transitive on 3-space x!, x%, x> and is of Bianchi type V with a* = — 6,
n“® = 0 in (2.3). The extension (2.9) gives in (2.1a)

X =b(r), Y(i'h1)=exp(—x')a(r); [f(xH=1. (2.9a)
Algebra A, (2.4a), (2.9) is extended to 44 by addition the Killing vectors
Elsy=2x28% + [(x?)* — (x*)* — exp(2x")] &5 + 2x% x>,
ey =2x20% 4+ 2x*x3 05 + [ — (x?)* + (x*)? —exp(2x)] 6% ,
and it leads to the open Friedmann model in (2.1a) with
X =a(t), Y=exp(—x)a(); [f(xH=1. (2.10)

For f(x?)=sinhx? a non-central extension of A (2.5a) to A4, is
impossible. There exists the non-central extension of (2.5a) to A given
by addition , . ) .

y &lyy = coshx?6} — tanhx' sinhx?d% ,
3

1
&ls) = sin>.c3 sinhx?8] — tanhx' sinx? coshx?d — @%%%5;{- 55,
i _ 9%
é(6) - 6X3 .
It leads to the open Friedmann model in (2.1a) with
X =a(r), Y=coshx'a(r); f(x*)=sinhx?. (2.11)

For f(x?) = sinx? there exist non-central extensions of (2.6a) to A
which yield the Friedmann metrics in the flat, the open and the closed
models in a usual form [3] respectively with the values in (2.1a)

X =a(t), Y=x'a(t), sinhx'a(r), sinx'a(r); f(x?) =sinx?. (2.12)

Formulae (2.12) are well-known while the expressions (2.10) and (2.11)
for the open Friedmann model are more unusual.
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Now consider Einstein’s field equations (without A-term)
Rf—(R/2)6% = (8nk/c*) T} (2.13)
for the metric (2.1), (2.1a) (the notations are those of [3]). In terms of
o/ot="; 0/ox' ="; hy=X/X, h,=Y/Y, L, =X'/X, L, =Y'/Y , (2.14)

the non-zero components of (2.13) become

—(R/2)
! ! , I &S
- 8mk o (2.15a)
0 5
R_1 ! I &f _ suk
Ri= g = Chat 38— By e = o T 21H)

—(R/2)=R3 —(R/2)

= Lz("h +hy+hi+h3+hihy) + 3(1—2(—,1'2“112—)»5)

(2.15¢)
87rk 8k 2.

87'ck

RY = 2 [y —h)~ ] = SEE 10, RE=RI=0. (2.154)

The non-zero components of Rucci 3-tensor in the space (2.1a) are

2 , )
P = Xz [—725+ A(A — 42)],
(2.16)

T
P}=Pj= X7 [—45+ 424 —24,)] — YA
Weyl tensor for the metric (2.1), (2.1a) in a general case is of type D; in
special cases (2.10), (2.11), (2.12) it is reduced to zero.

In the cases when the signature of transitivity hypersurfaces V, is
(+ —), two forms for an interval are possible

ds? =Y?(x?, x%) [(dx°)? — £2(x°) (dx")*]
= X2(x?, x%) (dx?)? = (dx*)?,

ds? = Y2(x*, x%) [f2(x") (dx°)* — (dx')?]
_ XZ(XZ’ x3) (dx2)2 _ (dXS)Z

(2.17a)

(2.17b)

with the functions (2.2a), (2.2b), (2.2¢) of the respective arguments.
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For f =1in(2.17a), (2.17b) the group G5 [2] is of type VI, of Bianchi-
Behr classification with the values in (2.3) and with Killing vectors
given by

a, =0, n*® = 5{85 — 098%; &, =04, &)= 04, &) =x"0h +x%8]. (2.18)

In the case f(y) = sinhy in (2.17a), (2.17b) G5 is of type VIII with (2.5) and
Killing vectors for (2.17a) are given by

&y = coshx! 6 —sinhx! cothx®dy, &y =01, &) =0&,/0x' . (2.19)
For f(y)=siny in (2.17a), (2.17b) G5 is also of type VIII and for (2.17a)
&y, = coshx' ) —sinhx! cotx®di, &, =0], &5 =0&,/0x" .  (2.20)

Killing vectors for (2.17b) are given by (2.19), (2.20) with the permutation
of x° with x' and of &° with &',

The central extension of 45 for (2.17a), (2.17b) is given by addition
the Killing vector &, = 65. It leads in (2.17a), (2.17b) to

X=X(x%), Y=Y(). (2.21)

Weyl tensor C;,,, for the metrics (2.17a), (2.17b) is also of type D
with the equal eigenvalues of Cy,o5 (Conp, =0) in the orthonormal
tetrad in x?, x* directions.

3. Gravitational Fields in a Model with Dust and a Magnetic Field

We shall consider solutions of the Einstein equations under assump-
tion that the energy-momentum tensor in (2.13) is the superposition of
that of dust-like matter and that of electromagnetic field:

T} = (TH +(TH". (3.1)
The energy-momentum tensor for dust (pressure-free matter) is
(TH = ewul*, wu'=1, (3.2)

where u' is the 4-velocity and e = gc¢? is the energy density of matter. The
invariance of the metric leads to the invariance of the 4-velocity in (2.13),
(3.2) under transformations of the groups G5 (2.4), (2.5), (2.6), so the
operator u'0/dx" must commute with the generators of the groups. It
gives for (2.1), (2.1a)

u' = ul(x', 1)6% + ut (x!, 1)1, (3.3)
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and in the case of the extensions with (2.8) and (2.9a)
u =u’(r), u=u(r). (3.4)
The conservation laws are
(T4, =0. (3.9)

We shall assume for the electromagnetic field that the Lorentz 4-force is
reduced to zero i.e.

(T)5=0. (3.5a)
For dust Eqgs. (3.5) in virtue of (3.5a) give the continuity equation
ul(TH), = (eub),, =0, (3.6)
and the equations of momentum
(TH) = e(uy)y =0, (3.7

which mean that the world lines of dust are geodesic.
Eq. (3.7) together with u'u;, =0 lead to the equation for vorticity

g =0, =ty — e,
which is reduced under condition (3.3) to
Wy =0, u;=0p(x° x")/0x".

Thus, in the case under consideration a motion of matter is irrotational.
On account of this the system of coordinates (2.1), (2.1a) can be trans-
formed into the synchronous and comoving system by means of the
transformation

(x% = (x°%x"), wumo(x*)/ox"=0, a=1,273.

In such a system the geodesic lines t are world lines of matter.
In the further consideration with groups G5 we imply that the system
(2.1), (2.1a) is co-moving, so in (3.3), (3.2)

W=us=1, u'=0; (TH =edsk. (3.3a)

Electromagnetic field can be described in terms of space-like
4-vectors h' and e’ which are defined through the electromagnetic field
tensor F;, and the 4-velocity u' by [22, 23]

hk = %E{klmuiFlm, e, = uiFik9 hiui = eiui = 0 .
hih;=—|h]?, ee,=—le|*; Fy=ue,—uce;— Eymu'h™,

(3.8)

where E; . = €iim(—9)"%, €ixim is @ skew pseudo-tensor with ¢%'?> =1.
The energy-momentum tensor of electromagnetic field is written in
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terms of h', ¢ and u' by

(TH" = L [(uiu" - %5{‘) (|h|> + |e]*) — hh* — e, — uv* — utv, |,

e (3.8a)
v, = Ejmehiu™.
Maxwell equations with aid of (3.8) are written
W'h* —u*h' + E*™ye,)., =0, (3.9)
Fi¥ = u'e* —u*e' — E*'"™uh,,)., = —4nji/c. (3.10)

The invariance of the metric (2.1), (2.1a) under the groups of motions
G, leads to the invariance of the vectors h' and e’ in (3.8a) under these
groups. It yields similarly to (3.3)

hi=ho(x!, 1) 0L + k' (x', 1)8%, e = e%(x!, 1)dh + el (x!, 1) 5 .
In the case of the co-moving system (2.1),(2.1a) with (3.3a) the ortho-
gonality conditions (3.8) lead to
hi=h'(x',7)8}, e =e'(x' 1)6. (3.11)
Consideration of F;, with (3.11) in an orthonormal frame yields
|h|? = X2(h')* = H?, |e|* = X?(e")* = E*.

It shows that in the co-moving system (2.1), (2.1a) there exist the collinear
magnetic and electric fields, which are directed along x' and have
intensities H and E.

Maxwell equations (3.10) show that the 4-current j' is equal to zero
in accordance with (3.5a) whereas (3.9) for (3.11) gives

hy K, € K,
Y—H~~Y—2’ u)_{_E_%YZ—, K, = const,
(3.12)
K, =const; é'= X h
2 > K1 .
Non-zero components of (3.8a) in virtue of (3.12) are given by
H2+E2 KZ
TOW — (TYI — (T2 — (T3 — W = _
( 0) ( 1) ( 2) ( 3) 87I 87[Y4 > (312&)

K? = K} + K3 = const .

In the case of the central extension of 45 to A, with (2.8) the Eq.(2.15d)
yields Ry, =0. It shows due to (3.8a), (3.2) that in this case also u' =0,
so (3.3a) and (3.12), (3.12a) with H = H(z), E = E(z) remain valid.
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For the metric (2.1), (2.1a) with (3.3a) one obtains
culy = hy 8161 + hy (3567 +8557)

so a motion of matter is described by expansion with the scalar
® = (h; +2h,)/3 and by shear for h, + h, while rotation is absent.

Now consider the integration of the Einstein gravitational equations
(2.15), (3.1) in the co-moving synchronous system (2.1), (2.1a) for dust with
(3.3a) and electromagnetic field with (3.12), (3.12a). The case when both
a magnetic and an electric field are present and the case when only a
magnetic field is present are distinguished in (3.12a) merely by the value
of a constant K. For the sake of simplicity we shall speak only of the
presence of a magnetic field, which is physically reasonable for many
problems.

The continuity Eq. (3.6) gives

e=Y(xH)/XY2. (3.13)
In the case
A, =0, Y=Y(r), (3.14)

the Eq. (2.15d) (with T? = 0) is satisfied identically. In this case Eqs (2.15a)
and (2.15¢) with (3.12a) lead to the relation X = ¢, (x') X () which can be
written with the aid of possible transformations of x! in the form

X =X(). (3.14a)

Thus, 1, =0 corresponds to the group G, with (2.7). The result of the
integration of the Einstein field equations for dust and a magnetic field
under conditions (3.14), (3.14a) is given in [7] (also [6, 18]). It must be
pointed out that this solution becomes isotropic asymptotically as
|t| >0 only for the value f(x?) =1, this being in agreement with the
possibility in this case of the extension of A, to A¢, which corresponds
to the flat Friedmann model. The solution of the Einstein equations for
(3.14), (3.14a) in the case when only matter is present is considered in
[12,13,24].

The condition 4, % 0 corresponds to a group Gj for (2.1), (2.1a) (and
to the non-central extensions). In this case Eq. (2.15d) gives

X=pHY'. (3.15)

We shall use an arbitrary function ¢(x') defined by
(') = £ + o(x"), (3.15a)
where Fo? =d?f(x?)/ f(dx?*)? (3.16)

with the functions (2.2a), (2.2b), (2.2¢), so & = 0 for (2.2a), o> = 1 with the
lower sign for (2.2b) and «* = 1 with the upper sign for (2.2c). Egs. (3.15a)



Gravitational Fields with Groups of Motions 33

and (3.16) lead to the inequalities

fx?)=1: o(x")>0, (3.17a)
f(x?) =sinhx?*: @o(x")>1, (3.17b)
f(x¥) =sinx?:  o@(x')+1>0. (3.17¢)
Eq. (3.15) by virtue of (3.15a) becomes
X =Y /[p(x")£a’]"2. (3.15b)

The combination R% — R} of the Einstein equations is reduced (for
TP = 0) due to (2.15¢) and (2.15b) to the relation

20,(T} — T2 + 0T} /ox' =0,

which is the component of the conservation laws (3.5) with i =1 and is
satisfied by (3.3a), (3.13) and (3.12a). The combination (R)— Ri)h,
+2(RS — R3)h, of the Einstein equations is reduced (for TP = 0) to the
relation

hy(Tg — T{) +2hy(Tg — T3) + T3 /0t =0,

which is the component of (3.5) with i =0 and is also satisfied by (3.3a),
(3.13) and (3.12a).

The Eq. (2.15b) together with (3.15b), (3.3a) and (3.12a) yields after
the first integration

1 . B kK?
?le(p(xi)_——+—_~, B? = 04 =const, (3.18)

with an arbitrary function F,(x'). The further integration of (3.18)
depends upon the sign of function ¢(x?).

In the cases f(x*) =1 and f(x?) = sinhx? with the conditions (3.17a)
and (3.17b) the result of the integration of (3.18) can be given in a para-
metric form with a parameter # which depends upon t and x!:

et =cto(x) + F(x!) {+ [1+ B*¢(x")]'/? sinhy — 7},
Y =[p()]'? F(x!) { £ [1+ B*x(x")]'? coshn -1}, (3.19)
F(x') = F (x")2[e(xN]*2,  x(x") =1/F*(x") p*(x"),
where 7,(x') is an arbitrary function. Two signs in (3.19) corresponds to
two types of the solutions [7, 13]. Formulae (3.19) give
1 qo’ (pl/ZFBZ,K/ (PF
Y=—-"-Y—-2¢'"?F —
2 o ¢ 20+B%) Y
“{F'[B*y 4 (1 + B*y)"?ysinhy] F (1 + B*y)!? ct,sinhy
+FB*y y[2(1 + B*y)] '} (3.19a)

3 Commun math Phys, Vol 26
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For X the formulae (3.15b) and (3.19a) are valid with the values (3.16),
(3.17a) and (3.17b). The substitution of (3.19), (3.15b) into the equation
RY —(R/2) gives the expression for e (3.13) in the form

C4Fl(p|3/2 (—3_ (,0, F/) c4 Fll

CTanky’y' \2 o T F)T 8nk Y2V

(3.19), (3.15b), (3.19a), (3.20) and (3.12) give the complete solution for the
values (2.2a) and (2.2b) in (2.1), (2.1a). The presence of a magnetic field
manifests itself in a nonzero value of a constant B. The solution contains
arbitrary functions t,(x'), F(x') and also ¢(x') with the conditions
(3.17a), (3.17b).

In the case f(x?) = sinx? a function ¢(x') in (3.18) may be positive,
zero or negative. For ¢(x!)>0 Eqgs.(3.19), (3.19a) and (3.15b), (3.20)
remain valid with (3.16), (3.15b). For values of ¢(x!) in (3.17¢) in the
interval

(3.20)

—1<p(x)<0 (3.21)

the result of the integration of (3.18) is given in a parametric form

¢t =cto(x) + F(x') {n — [1 = By (x")]"*sinn}

Y =F(x") |o(x")'"2{1 = [1 = B*y(x")}"* cosn} , (3.22)

F(xY)=FN2[-ox)]2, 7)) =1/F(x!) ¢*(x}),
with an arbitrary function 74(x'). Formulae (3.22) give

16y gpep UEELoF

AF[B*1+ (1 — B*)"?y sinn] + (1 — B*p)!/? ctjy siny
—~FB*yy[21-B*p]™"}.

X is given by (3.15b) with the values (3.16), (3.21) and with (3.22a). For ein
the case (3.21) the formula (3.20) remains valid. In virtue of (3.22), (3.22a)
an arbitrary function y(x') for (3.21) must satisfy the inequality
x(x') £ 1/B? ie. F?¢p* = B2

Finally, in the case f(x?) = sinx? for

Y' =

(3.22a)

p(x")=0 (3.23)
the result of the integration of (3.18) is given by
1 1 113 1 2
= — F, ——— B?*]
et =cto(x) + B LA+ F o) ,
| (3.24)
Y= F ()2 B2,

4 F (xY
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Eqgs. (3.24) and (3.15b), (3.16), (3.23) give also

X=+Y',

CF 1 [16 , F ,

Y = W(YFl +4B%) — 5y 734 F}’ +AF eto(xh)], (3.24a)
¢ F

T 8ak YY

The energy density of a magnetic field W is given by (3.12a). If a
magnetic field is present (B = 0), then in all possible cases due to (3.19),
(3.22) and (3.24) a value of Y never is reduced to zero. So W remains
finite for all moments of time. The moment t* when X becomes zero,
being obtained from (3.15b), (3.19a), (3.22a) and (3.24a), corresponds due
to (3.20), (3.15b) to a singularity with ¢ = oc. In a general case of a metric
(2.1a) with groups G, a singular state is achieved for various points x' at
various moments t*. Near a singular state n = y*(x'), 7= t*(x!) the
dependence of X and Y upon t has a structure

X=[r—t*(N] R, Y=Y+ (e~ F(x).

For f(x?) = sinx? and (3.21) the dependence of Y upon t due to (3.22)
has an oscillating character with a limited amplitude, while an amplitude
of an oscillating function X of 7 increases with increasing time. In the
cases f(x?)=sinhx? and f(x?)=1 and also in the case f(x?)= sinx?
with ¢ = 0 values of X and Y approach infinity asymptotically as |t| - oo
in the following way

©>0: Y~ [p(x"H]"?cr, X~ Yo Ro(p+a*)?, (3.25)
@=0: Y~ (OF, /47 (c)*, X ~ +YF,/3F,. (3.26)

The non-central extensions of algebras A5 of the groups G5 keep the
condition 4, # 0. The noncentral extension of 45 to A, for f(x*) = 1 with
the metric (2.9a) corresponds to a homogeneous axially symmetric model
with a co-moving 3-space of constant negative curvature in accordance
with (2.16). For such a metric an energy density of a magnetic field in
virtue of (2.15b) would depend only upon t in the contradiction with
(3.12a) and (2.9a). Thus, such a non-central extension becomes impossible
when a magnetic field is present !. If only matter is present (B = 0), such
an extension is possible, and in this case in the system with (2.9a) one
obtains that RY=+0 and u'(r)#0 in (3.4). The integration becomes
possible after a transformation from (2.9a) into a synchronous and
co-moving system with a metric (2.1), (2.1a) [21], and the result is given by

*-l_ﬁ;f:& that homogeneous Bianchi type V space-times cannot admit a magnetic
field is shown in [25].

3%
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(3.19), (3.19a), (3.15b), (3.20) with the values of functions
o(x")=exp(—2x'), F =const, 1o(x') = K,x' + const, K, =const; B=0.

In the case when only matter is present (B = 0) the further extensions
to Gg, which lead to Friedmann models, are possible with a certain
choice of arbitrary functions in the solutions. For (2.2a) one obtains
from (3.19), (3.19a) the open Friedmann model with (2.10) for F = const,
74 = const and

f(x?) =1: p(x') = exp(—2x'). (3.27)

For (2.2b) one obtains in (3.19) the open Friedmann model with (2.11)
for F = const, 7, = const and

f(x?) = sinhx?: p(x!) = cosh?x' . (3.28)

For (2.2c) one comes in (3.19) to the open Friedmann model if F = const,
T, = const and

f(x?) =sinx?: ¢(x') = sinh?x!, (3.29)

obtains the flat Friedmann model in (3.24) if 1, = const and
f(x*) =sinx?: (x")=0, F,(x')=const(x')?, (3.30)
and has in (3.22) the closed Friedmann model if ¢(x!)= —sin®x',

F = const, 1, = const.

In the case when matter and a magnetic field are present for the
groups G5 the choice of arbitrary functions in the solutions with ¢(x') = 0
is possible for which the solutions become asymptotically isotropic as
|| - o0.

For ¢ >0 according to (3.25) such solutions, which approach the
open Friedmann model as |t|— oo, are given by (3.19), (3.19a) with the
functions ¢(x!) which are chosen due to formulae (3.27), (3.28), (3.29) and
with arbitrary functions F, (x') and t4(x?).

For ¢ = 0 according to (3.26) the formulae (3.24), (3.24a) give solutions
which approach with |t|—co the flat Friedmann model for F, (x') being
chosen due to (3.30) and for an arbitrary 7,(x").

In the case when the signature of V, is (+ —) and a metric has a form
(2.17a), (2.17b), the construction of gravitational fields with matter
becomes impossible since the invariance of the 4-velocity with respect
to the transformations with (2.18)—(2.21) would lead to a physically
senseless condition of vanishing of zero component of the 4-velocity.
Nevertheless, in this case gravitational fields may be considered the
sources of which are collinear magnetic and electric fields directed along
x! with the energy-momentum tensor given by (3.12a). Calculations
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similar to the previous give for the metric (2.17a)

X = k[ Fo2 = ()] F0Y/0x%  Fol=d (<) fdx),
and for the metric (2.17b)

X =+[Fa2+o(A)]) 20Y/ox:  Fo? =d () fdx'),

with an arbitrary function ¢(x?), which obeys corresponding inequalities.
In both cases (2.17a) (2.17b) the expressions for Y are given by (4 = const)

@>0: x> =®(x?)+ [(x*)] > [+(4” + B*)"/* sinhn — 4y],
Y = [p(x?)]7 [£(42 + B2@)'/? coshy — 4];
9 <0: x* = () +|p(x?)| [y — (4% — B*9)"/* siny],
Y = |o(x?)| ™' [A— (4> —B*¢)"? cosn];
A(A2/12+3B2)’ g AWAB _AAD(x?)

— 0 3 — 2
¢=0: x d(x)+ ca 54 , F v ,

where ®(x?) is an arbitrary function.
In the case of the group G, with (2.17a), (2.17b), (2.21) the solution

for f =1 is given by [7]
Y = (4292 + BY)24,  x* =y(A2p% +3B2)64, X =consty/Y. (3.31)
For f(x°) = sinhx® in (2.17a), (2.21) and for f(x!) = sinx' in (2.17b), (2.21)
the solution is
Y = +(A2+B*)"?coshy— 4, x> = +(A4%+ B! sinhy — Ay,
X = constsinhy/Y .
For f(x°)=sinx® in (2.17a), (2.21) and for f(x')=sinhx' in (2.17b),
(2.21) the solution is given by
Y=A4— (4>~ B»)"?cosy, x*=An—(A*—B*"*siny,

. (3.32)
X = constsiny/Y .

For the metric (2.17b) one thus obtains the static solutions for
magneto-gravitational configurations. In this case formulae (3.31) and
(3.32) with A = B are reduced to previously studied solutions [26,27].
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