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Abstract. A new method of constructing the superpropagators, i.e. the Fourier trans-
0

forms of the expressions of the form Y ¢, 4%(x) is suggested. The method makes it possible
n=1

to derive by use of the same technique explicit analytic expressions for the superpropa-
gators for a wide class of field theories — from strictly local up to essentially non-local.
The essence of the method is the construction of a differential equation for the superpropa-
gator which in general is of an infinite order. By use of the boundary condition at p?=0
we find the solution of this equation depending on one arbitrary real parameter. Simple
examples are given to illustrate the method.

I. Introduction

In the theories with the essentially nonlinear (non-polynomial)
Lagrangians (for example, in the chiral field theories) one encounters
the necessity of calculating the superpropagators, i.e. the Fourier trans-

forms of the expressions of the form* | ¢,[g*4x(x)]". The same prob-

n=1
lem holds for the polynomial nonrenormalizable field theories treated
by use of equivalence theorems. In the present paper a rather general
method of constructing the superpropagators is suggested. This method
makes it possible to derive explicit analytic expressions for the super-
propagators for a wide class of field theories — from strictly local up to
essentially non-local — by use of the same technique.

The idea of the method originates in the earlier investigations of the
approximate linear integral equations for the Green’s functions in non-
renormalizable theories [1-6]. In particular, the Edwards equations, the
Bethe-Salpeter equations and the integral equation for the simplest
superpropagator which corresponds to the expression

Ap(x) [1—g* 4p(x)]7"

! The notations are introduced below.
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have been extensively studied. To construct the superpropagators of a
more general form there have been proposed other methods than those
connected with solving the equations for the Green’s functions [7—11].
However, as was shown in papers [5, 6], the superpropagator corre-
sponding to Sp(x) e’ PF™ obeys some linear integral equation which was
solved in the Euclidean momentum space by reducing it to the dif-
ferential equation.

At this point it is important to note the following. The integral equa-
tion has a solution only if its kernel is made quadratically integrable
by suitable regularizations (e.g., a cut-off on high virtual momenta). This
regularization can be removed only after that the exact solution is de-
rived and renormalized. In the differential equation, to which we reduce
the integral one, the regularization can be eliminated from the very
beginning and in solving the differential equation there is no more
necessity to use any divergent expressions and ill-defined limiting pro-
cedures. The solutions derived in such a way are exactly the same as
those obtained in [8—11] and depend on one arbitrary constant?.

A generalization of the method of Refs. [5, 6] applied earlier to the
investigation of the simplest superpropagators makes it possible to derive
the linear differential equation for the superpropagator of a general form.
This method seems to us to be simpler and more general than that of
[8—11] because it allows to find the analytic expressions for the super-
propagators for a wider class of field theories.

2. Superpropagator and S-matrix

We will study the neutral scalar field with the Lagrangian?

L=+ L1 =—3[0,00)1+ f:Ulgo(x)]:, 2.1
where

o8]

u" n i
Ulp)= Y, A

n=1

Pt x?=x?—x2. 2.2)

u
We meet the problems of this kind in the theories with a partial sym-
metry. Consider for example the theory with the Lagrangian

2
m
C=Ls+ Ly, L= =1 @00F, Lu=— 0?23

2 This ambiguity will be discussed in detail in what follows.

3 Our analysis can be applied to the fields with spin and isospin without difficulties
of principle encountered.
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Here ¢(x)=¢[p(x)] and p(x) is chosen in such a way that
d 2
o) =1
Y

(so, we may assume that y = | f(¢) d¢). The Lagrangian Zs= — 3 (0,v)
is obviously invariant under the group of one-parameter transformations
of the field ¢ generated by the replacement -y + C but %, is non-
invariant. This can be illustrated by a simple example

flo)=(1-g*¢*7%, gy=arcsin(ge), ge=sin(gy). (24
The replacement w— 1y + C defines the nonlinear transformation of ¢:
gp—gpcosCyg+ /1 —g>¢*sinCy.

The Lagrangian .%,, apparently is not invariant under this transfor-

mation:

m2

L= — 2 sin?(gy)

2
Zm—gz [sin?(gy) cos2Cyg + 4 sin2(gy) sin2Cg + sin?>Cg] .

—_—
pop+C

Note, that the Lagrangian U(¢p) deduced above is not normal ordered
and in general : U(¢): is not simply connected with U(¢p) [10]. However,
the normal-ordered Lagrangian is more convenient for practical calcu-
lations. As we do not consider the problems of equivalence of theories

described in various field variables so we use this simplification.
2
. m .. .
Sometimes (see, for example, [8]) the term — T(p2 is inserted in

the Lagrangian %,. As a result, the superpropagator is expressed in
terms of Ax(x) (instead of Dy(x)). A generalization of our method to this
case will be considered in the next paper. In what follows a general case
m? '
2
all the subsequent formulae being valid only for the case m=0.
The S-matrix in the interaction representation has the form

with %, containing the term — ¢? will be investigated up to Eq. (3.6),

S=1+ Y S, 2.5)

S, = in! [d*x; ...d*x, T(:U[go(x,)]: ... :Ulgp(x,)]:}. (2.6

n
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Let us consider the term of second order in f

.2 "1
Szz%jcﬁxl d*x, Z gmtm F@ (x —Xz)- (x) @™ (x,) | .27

ninz

ni,ny=0 ny ! I’lz!
It is not hard to check that
F2,(x)= 3 et (g2 A, 00]", 28)
n=0 .
where u, =0 by definition and
d4p e~ ipx
Ap(x)= | Cn'i M0 s Dp(¥)=4pXw=0-  (29)
It appears that the calculation of F\?) for arbitrary n, and n, is reduced
to that of F$) ,

F§3(x)= 2Ap(x)]". (2.10)

n=1

To prove this we use the recipe which will be systematically applied
hereafter. We put*

At —p—1), =12, ... (2.11)
and continue the function v(z) from the integer z=n to the whole com-
plex z-plane. This continuation is unique for the class of functions which
satisfy the Carlson’s conditions (see e.g. [12]): 1) v(z) is a regular func-
tion in the halfplane Re z = 0; 2) |v(z)] < M exp(4]z]) for Rez=0, 4> 0;
3) [v(y)| <M exp{(r—2e)|y|}, —oo<y< + o0, ¢>0. These conditions
on v(z) (not on u,!) are not very restrictive because the ratio u,,/u,
depends on n more smoothly than u,. For example, if u,~ (n!)* then

Uy 11

~ (n+ 1)* and continuation of the v-function, v(z) = (z + 2)%, satis-
n

fies the Carlson’s conditions for all a; but, generally speaking, it is not
so for that of the function (n!)*. It is clear that

m—1
== [Jon=1+0=0,0-1, m=12.., =1, 212
n k=0

and the functions v,(z) are uniquely defined and regular at least for
Rez=0. Thus,

© 2
F2,(0 =ty + 3, 0, (1= 1)0,,(1= 1) >[4, (0], (213)
n=1 .

4 Itis assumed here that u,+0 (n=1,2 ...). However, if for example u,,=0, u,,,,; +0
then it is possible to use the same recipe for &, = u,, ;.
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Let us now introduce the operator which will hereafter by system-
atically used

P
dp.=g° g7 0y g*m=ng*", 8,.{9*"f(g*)} =g*"(0,2+n) f(g?)

. . (2.14)
and construct the functions of this operator

m—1

OB —1)= Y v, —1+k) (2.15)

which is possible due to the regularity of the function v(z). Using the
properties (2.14) of the operator J,. it is easy to show that

Um(592 - 1) 9211 = vm(n - 1) QZn
1e.,
FyDa(X) =ty thy, + 0, (0,2 — 1) 0,,(3,2 — 1) FE3(x) - (2.16)
The latter relation is derived in x-representation, nevertheless it may be
used in momentum representation in that domain of the parameter g*
where F§%) (p?) is an analytic function of g* 3
To clarify the practical use of Eq. (2.16) we would like to mention
the following. In the most general case the function F{%(p?) can be
expanded in a series of powers of (g?)*"In*g* and it is necessary to
calculate an action of v,,(5,- — 1) on such terms. To do this it is more

d*
convenient to represent them as lim T (g®*"*¢ Then
€

e~0
dk
Um(égz - 1) gZan lnk = llm — {vm(an +e— 1) 92(an+e)}

=¥ (an—1)g**"+ - + vm(an —1)g**"In*g?

This trick makes it possible to find the expression of the function
Ff,f},z(pz) if F(p?) is known .

We would like to stress that if the singularity in g? at g> =0 (non-
integer a or k+0) is taken into account then at once there arises the
actual necessity to know the value of the interpolating function v(z) in
the noninteger points. The necessity of imposing the Carlson’s conditions
follows from the considerations of the simple case u,=1. Indeed, it is
obvious that F(?) =F{%, but a continuation of v(n) from the integer

points is, in general, not unique. In fact, we have v(z)=1+ f(z)sinnz
5 It is known [1, 6, 8] that momentum representations of the superpropagators have
a singularity in g? at g2 = 0. So the relations written above are not applicable to this point.

® In the simplest cases it is possible to obtain an analytic form of F(2), (p?) using (2.14)
without expanding F{3(p®) in powers of g and Ing? (see examples considered below).
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where f(z) is an arbitrary function regular in the right halfplane. Smce
in this case the superpropagator F) contains the terms ~ g2 Ing? (see
[1]) then, for example, the expans1on of the function F{3) has the terms
of the form

vin—1)g*"Ing*+v'(n—1)g*>"=g*"Ing> + (— 1" nf(n— 1) g*"

and we get additional (extra) terms (— 1)" nf(n— 1) g>". The Carlson’s
conditions make it possible to eliminate such terms and thus it is natural
to employ them in a more general case as well.

3. Equation for the Superpropagator

In this Section we will construct the equation for the superpropagator
F (2 in the momentum representation. To simplify the notations we put
u*=n!c, ie., we write down F$3) in the form

F3(x)= ). c,[g?4p(¥)]", (3.1)
n=1
and pass to the Euclidean metric by substituting x,—iXy, po—ipo -
Assuming the theory to be somehow regularized we find in the momentum
representation
d4p —ipx I d4p —ipx -

FG0I= ] G € T EO) s 4= [ G e Mot 10 ()
where x2 =x? + x2, p?>=p*> + p2. Itis convenient to substitute the dimen-
sionless variable g2?p? for the variable p2. The functlon F{3)(x) depends

only on the dimensionless combinations g*/x* and g*m?. From this and
Eq. (3.2) it follows that F(p?) can be represented in the form
F(p*)=g*F(g*p* g*m?). (3.3)

To construct the equation for F(p?) we use the recipe considered in
detail in the previous Section. Putting

Cpr1/c,=R(n—1), n=12, ... 3.4

and assuming the existence of the unique analytic continuation of®
R(n) to the complex z-plane it is easy to show that F{%) obeys the equation

F§3(x)=¢1g* 4p(x) + g 45(x) R(3,2 — 1) FE(x). (3.5

7 More detailed considerations how to use the Euclidean metric in solving linear
equations in nonrenormalizable theories can be found in the papers [2—6].

8 We recall that R(z) is assumed to satisfy the Carlson’s conditions (see Section 2).
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In the momentum representation this equation is of the form
dq  F¢Y
Q@ny* m*+(p—q?*

2
&g
Y +¢?RG,.—1)

ﬁ(pz) - _m2 e

Using the relation

0 0 0
g FrE F(g*p*, g*m?) = <P2 s +m? 5711—2) F(g*p* g°m?)

0 0
and setting d,. = p* 6—p2’ Oz = m?* T we derive the equation for F:
c d*q g°F(g*q* g*m®)
F(g? 2, 2m?) = L +R(6,.+0 . .
G P g7m) g*(m* + p?) Oy +00e) | @rny*  m*+(p—q)?

(3.6)

The integro-differential Eq. (3.6) is rather complicated, so hereafter
we suppose m=0. Then Eq. (3.6) reduces to the more simple integro-
differential equation

C
F(gzpza 0)= gzlljz +R(P2)§

d*(gq9) F(g*4>0)
en' fo-a0 0 7
Using the relation
¢ d*q F(g*q%0) 1 ¢
9 j 7 7 T
@2rn)*  (p—q) ¢ o

dnnE@)+ [dnFe)  (38)
4

2,2

where F(&)=F(g?p%,0), é = ?2754

Eq. (3.7) by 0.(d; + 1) we derive the differential equation for the function
F(¢)?

and acting on the both members of

{0:(0:+1)+E,R(O:+ 1D} F(E) =0, 6.=¢ o (39

o0&

In general, this differential equation is of infinite order. Nevertheless,

it can be easily solved by use of the Frobenius method [13]. To this end

we note that the characteristic values of Eq. (3.9) which determine the

behaviour of solutions for small ¢ coincide with zeros of a(x + 1) and

poles of the function R(x+ 1) °. Thus, we can choose the linear inde-

pendent solutions which behave for small ¢ as follows: £°, ¢! and &%,

9 To derive this equation more rigorously it is necessary to introduce a regulariza-

tion in (3.6)—(3.8). This does not influence the considerations and the results obtained, so
we omit the discussion of this problem (for the details see [6]).

10 AJl the subsequent considerations are valid only if the solutions are determined by
the convergent series of positive powers of &.
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where o; is defined by the condition [R(x;+1)] ' =0. Since R(z) is
regular for Rez=0, then o; < —1 and the solutions corresponding to
the characteristic values «; are more singular for small ¢ than the free
propagator ¢!, Choosing the behaviour which is not more singular for
small ¢ than that of the free propagator we conclude that the super-
propagator is a linear combination of two solutions corresponding to

=0 and o= — 1. To construct these solutions we use the Frobenius
method [13]. To the characteristic value o =0 there corresponds the
power series solution

-1y - k
: CUIRO i,

— n. _ _ k=1 _
Fl(é)—zané’ao_l’an_ n'(n+1)' —Cz-n!(n—l-l)!’ (310)

n=0

which is normalized by the condition F,(0)=1. For & <0 this solution

is proportional to the difference between the imaginary part of the
superpropagator

Im F(p?) = ¢, 7% 5%) + % — 0/~

167

and the imaginary part of the free propagator ¢, ng?5(p?) (Eq. (3.11) can

be directly calculated by the Cutkosky rule [14]). The solutions cor-

responding to other characteristic values are also searched in the form

0

F, &)=} a,@&**;

=0 (3.12)
(—'Rn+a)R(n+a—1)... Re+1) )
ol@).

m+at+)(n+a)?... (@+2)2@+1)

P?)0(po) e, F1(§) (311

a,(2) =

For o =0 the solution is exactly the same as written above, but for o = — 1
the solution (3.12) does not make sense as the denominator in the recur-
rent formula (3.12) vanishes for « = — 1. To construct the solution cor-
responding to o = — 1 we employ the Frobenius method as developed
for the finite order equations. To this end we put aq(x)=(x+1) and
differentiate (3.12) with respect to o:

6F(cx &) i da (oc)

As oo— —1 this expression determines the solution which is linearly
independent with (3.10):

oF (oc, <)

&r+ing Z ay () & (3.13)

F,Q)=—F—
a=-t . (3.14)

= —R(0)In¢-F, () - Zob,,(— &t

6 Commun. math. Phys., Vol. 24
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where
_ [ d "  Rk+a)
bo=1, b,,—{—da [(n+oc+1)H ktatl)

k=1

} , n=1,2....
#=t (3.15)

The solutions corresponding to other o; can be constructed by an
analogous procedure. However, we neglect these solutions because they
are more singular for £ —0 than the free propagator. The solution (3.14)
is real for &£ >0 and is defined in the entire complex é-plane (i.e., p>-plane)
with a cut — 00 <& < 0. A discontinuity across the cut is — 2zi R(0) F; (£)
and being properly normalized it coincides with the imaginary part of
the superpropagator. So we arrive at the final expression for the super-

propagator
F(&)= AF,(¢) + BF, () (3.16)
where 4 = E%)T and B is an arbitrary real constant **.

Now the problem of determining the asymptotic behaviour of the
solution (3.16) as £— oo arises. In general this problem is rather com-
plicated. However, if R(z) has a simple form the asymptotic behaviour
can be derived by use of standard methods. For instance, for many
theories of the physical importance R(z) is a rational function

R(2)="P,(2)/Q,-,(2)

where P, and Q,_, are polynomials of degree p and g — 2, respectively.
Then Eq. (3.9) takes the form

[6:(0:+ 1) Q58+ EP,(6:+ )] F(&)=0. (3.17)

Factorizing the polynomials P, and Q,_,

)4
P,0:+1)=[](0:—a;+1);
j=1

J
q—2

Qy-2(0) = 1_[(5:—17;); b,.,=-1, b,=0;
i=1

we easily find that the solutions of Eq. (3.17) are linear combinations of
the Meijer G-functions [16]

G';; ((_ 1)p+1—m—n£

N a"), where 0<m=<q, 0<n<p.
b ... b,

1 One can try to fix this constant by requiring the minimal singularity for [¢]— co
(or on the light cone) [6, 11]. This requirement is reduced to the condition ReF (p?)/Im F(p?)
—0 as p>— — oo (see [6]) which is very suitable for calculations. However, it is possible
that, in calculating higher orders in the constant f, B in (3.16) will appear to be fixed by
the unitarity condition (cf,, e.g. [15]), so the final choice of B can be made only after the
detailed investigation of higher orders.
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The asymptotic behaviour of these functions has been completely inves-
tigated by Meijer [ 16] and by using his results we can solve the boundary
value problem for Eq. (3.17). The Meijer G-function can have an essential
singularity at £ — co or be polynomially bounded. Thus, even within this
simplest class of theories all types of asymptotics (localizable, non-
localizable and essentially nonlocal) can be obtained [17].

So far in constructing the superpropagator we used only the boundary
conditions at £—0 and derived the solution depending on one arbitrary
constant. However, the differential Eq. (3.9) is equivalent to the integro-
differential Eq. (3.6) only if F(&) vanishes at infinity. As it can be seen
from the examples considered in the next section, in localizable theories
the superpropagator does not vanish at infinity (in fact, it grows expo-
nentially) and therefore in this case we will treat the differential Eq. (3.9)
with the boundary condition at £—0 as an extension of the integral
Eq. (3.6) which has a solution even when the integral Eq. (3.6) has no
solution (cf. the theory of extensions of the symmetric operators [18]).
Any choice of the parameter B (see Eq. (3.16)) is equivalent to some
boundary condition at infinity, the most natural one being given in
footnote 11. The same results can be obtained by introducing some
regularization removed at the end of calculations or by the analytic con-
tinuation in the coupling constant g (see for the detailed discussion Ref.
[6]). So we may say that the transition to the differential equation is the
convenient method for regularizing nonrenormalizable theories in mo-
mentum space without any reference to co-ordinate space. This approach
makes it possible to avoid the problems connected with the regulariza-
tion of the nontempered distributions.

4. Examples and Discussion

1. Consider the superpropagator (3.1) with ¢, = 1. In this case R(z) =1
and Eq. (3.9) for F(¢) reduces to the Bessel equation. Normalizing the
2

solution in such a way that F(p?)~ %ﬁ’ as p?—0, we find
4
Foy=——9 (N Q1O +CI,C1E), 4.1
(r? 167!‘/3{ QYO+ Y%} (4.1)

where N, is the Neumann function, J; is the Bessel function and C is
an arbitrary constant. The function F has a logarithmic branch point in
g* at g>=0 and an essential singularity at p*—o0. As p>— + oo the
superpropagator (4.1) vanishes, but when p*— — oo + i0 it grows for any
choice of C. Nevertheless, the parameter C can be chosen so that

6*
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ReF(p? +i0)/Im F(p? + i0)—5—30 (in accordance with the remarks of

the previous section).

If g% is changed in sign the integro-differential Eq. (3.6) has the unique
solution satisfying the boundary condition at £ =0 and vanishing for
-4 oo:

Fp?) = A 21/%) where ¢= l9°1 2 4.2)
gn?)/€ ! 16n* '

This solution exponentially vanishes as |¢]— co in any direction in the
complex &-plane except for the cut — o0 <& <0 where it falls off with
oscillations (the imaginary part oscillates too). Note that the super-
propagator (4.2) has been originally derived by Okubo [1], who however
has not found the physically acceptable expression (4.1).

2. Consider now the exponential superpropagator: c,=1/n!, R(z)
=(z+2)" L It is not difficult to show that in this case

g4

FpY)= - 55—
+ G%g(ée_inlo’ - 1’ ——2)+CG3(3)(€|0’ - 19 _2)} .

(G33ee™10, ~ 1, ~2) w3

The superpropagator (4.3) grows as p?>— oo in all directions in the com-
plex p?-plane and its imaginary part is positive for p> <0. (The condition
Re F(p? +i0)/Im F(p* + i0)—=—30 is fulfilled for C=0.) Reversing the

sign of g we get the following solution

4
Fo?) = 12712

lg?| p*
91675’2 4.4)

Ggg(£|0’ - 13 '—2) where é:

vanishing as £ — + co. On the cut this solution exponentially grows and
its asymptotics is of the localizable type. The same expression has been
previously derived by the present authors and Arbuzov (see [5, 6]). In
a different way the superpropagator (4.3) has been obtained by Volkov [8].
3. The next one is the case of C,=n!, R(z)=z+2. Here Eq. (3.9)
reduces to the confluent hypergeometric equation. The solution is

4
Fo?)= - (45 (0. 266+ 9 (3. 2:6e7) + CH(3, 25— O} (45
where
0 2 n
$(3,2;2)= ) % —;—, (4.6)

n=0
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is the confluent hypergeometric function, and

1 e’ Z n+2
V3.2 5o+ Nz 0,29+ 5 - 3 v+ 2 @)
The branch of logarithm is so chosen in Eq. (4.7) that Inz is real for
z>0. The asymptotic behaviour of ¢(3, 2; z) and y(3, 2; z) is well known
[19]. The solution (4.5) for any C vanishes like ¢ 3 as £ — oo in the right
halfplane, but it grows exponentially in the left halfplane. For the
reversed sign of g* we get the unique solution y(3, 2; ¢) which vanishes

2 2
l9"1 p ) Thus, in

1672
the case of nonlocalizable theories for negative g one can construct
solutions vanishing as p*> — oo which makes it possible to define the super-
propagator in x-space as well.

4. As a matter of fact, one can investigate as many examples as one
wishes choosing growing or vanishing coefficients ¢,. For Cpys2 00 the

like ¢73 as ¢ — oo in the whole complex &é-plane (é =

series (3.1) is obviously divergent, however our approach requires no
preliminary summation of this series which produces the well-known
ambiguity (one can add any arbitrary function with zero asymptotic
expansion). If ¢, grows more slowly than (n!)? it is possible to obtain the
unique (up to the parameter B) solution determined by the series (3.14).
If ¢, grows faster than (n!)*> the series (3.14) diverge, the differential
equation having an essential singularity at £=0 and a regular singu-
larity at £ = co. In this case the solution cannot be represented as a power
series (3.14) and expansions of another type are required to solve the
equation. The corresponding solutions are essentially non-local [17]. If
c,~(n!)* then both ¢=0 and = oo are regular singularities but, in
addition, there arises a singularity on the circle |¢| = const (i.e., on the
“unitary limit”). The method described above seems to be useful tool in
investigating all such superpropagators and we hope to do this later.

We are indebted to N. Bogoliubov, D. Blokhintsev, A. Tavkhelidze, A. Efremov,
V. Ogievetsky and M. Volkov for helpful discussions and the interest in the work.
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