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Abstract. The general stationary vacuum gravitational field of cylindrical symmetry
as recently found by Davies and Caplan is even static. The possible Petrov types of the
Riemann tensor are I, D or O. In spacelike infinity the spacetime becomes necessarily flat.

1. Introduction

Levy and Robinson [1] have argued that for axisymmetric stationary
systems and modulo the vacuum field equations

R,,=0 (1.1)

there exists a canonical (cylindrical) coordinate system in which the

line element takes the form
ds? = e?*(dt + adp)® — 2*~(dr? 4- dz?)
(1.2)
— 2 e-—Zud(PZ

a=0 corresponds to Weyl’s canonical coordinates for the static case.
If u, k, a are functions of r only, the line element represents the vacuum
gravitational field within or outside an infinite, axially symmetric
rotating cylindrical mass distribution and the field Eq. (1.1) reduce to

d2u+1 du 1 ,.[da 2__0
P R vy B

d’a 1 da da du

P A S (3

2 dk du\? 1, [da)?
7%‘2(7;) 57 (d—) =0.

Recently Davies and Caplan [2] have found the general solution of (1.3),
from which they deduced, that under the condition u, a, k to be finite
at r=0 the interior of the rotating cylinder is flat.
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In this paper we shall investigate the Davies-Caplan interior and
exterior solution with the following results: it can always be reduced to
the static case, i.e. a=0. By transformation into normal coordinates
with respect to the radial (invariant) distance R we find two special
solutions, which as limiting cases are not included in the canonical form
(1.2) of the metric.

We show that the general canonical solution is nothing else than the
well-known Kasner solution [3]. Therefore the general time-independent
vacuum line element, which is considered to be generated by a stationary
(rotating) cylindrical mass distribution, is static inside and outside the
cylinder, i.e. admits a hypersurface orthogonal timelike Killing field.
Possible Petrov types of the Riemann tensor R*/ ; are I, D and O. In
spacelike infinity R*#, ; vanishes, i.e. the spacetime becomes flat.

2. The Davies-Caplan Solution

The general solution of the canonical vacuum Eq. (1.3) is according
to Davies and Caplan

1 {(1 — Bw?4r24)?
u=—1

78 [Ep
A

a= (1 — Bo?*4r*4) @1)

k=log[D(wr)*“~ V(1 — Bw**r* )] .

Hence, restricting to real values of the metric, the line element is

_ l—BlcoIZAr“ A 2
= ABF oAt {d” [w(l—Blwl“r“) +C]d"’}
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ds?

where |4| = |A|, and the sign of 4 is chosen so that g,, > 0.

In some respect (2.2) resembles the flat-space line element in rotating
coordinates. Therefore we try to simplify its form by a linear ¢, t trans-
formation

t=at+y¢

ot 60 (23)
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Indeed, if we set
A
cx=—CB,y=—5<C+—> 24
0
we get with a suitable choice of «, y the simplified canonical form
ds? =t " 4d1? — @02 4 422 — 2 ld g2 . 2.5

Hence there is no loss in generality in assuming a =0!

3. Comparison with the Kasner Solution

For further discussion it is advantageous to go over to normal co-
ordinates with respect to radial distance R by the transformation

. (A2+3)R(];4+_3)

4

A2+3 3(4-1) A2+3 —3(A+1)

r—( i ) -T,d)—( ) ) ()] (3.1)
A2 +3\F0-42)

z—( 7] ) -Z

Then the line element is
A 2
dSz=—<dR2 +R4(A++13)d¢l +R2(iT+_1§)dz2>

1-4 (3-2)

+ R,

We shall see below (in Chapter 4.) that (3.2) is solution to the vacuum
equations for all real values of A, included the limiting cases A = + oo,
which have to be excluded in the canonical solutions (2.2),(2.5) re-
spectively!

(3.2) is just the general solution found by Kasner ([3] or [4]):

ds? =Fdx} — x2P1dx3 — x?P2dx3 + x?P2dx3

33

if we set x;, =R, x, =@, x3=Z2Z,x,=T. The field is static, i.e. it admits a
timelike hypersurface orthogonal Killing vector field

Er=g%" (34)
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4. Properties of the Rieman Tensor

With (3.2) the Riemann tensor R* ; can easily be calculated. The
non-vanishing components are in normal coordinates R, ¢, Z, T':

41-4% 1

R*,,=R¥ 3=~ (42 +3)2 R?
2(1—-4%)(1—-4) 1

R3,,=R!2,, 137 = 4.1)
20—A4%)(1+4) 1

R¥,3=R", =+ A2+ 3) RZ "

Indeed the vacuum equations R,,=0 are fulfilled for all (real) values
of 4, included 4 = + oo.
All components of R* ; are proportional to ?12— Hence in the
spacelike infinity (R — c0) R*”, ; vanishes and the spacetime becomes flat.
From the diagonal R””"Ws in (4.1) it is easy to derive the possible
Petrov types of the field, which depend on the different values of the
constant 4. The three eigenvalues 4; of the Riemann tensor are

_4-a¥)

RS

L 20-A)(1-4) 1

RET Ty R “2
L 21-ay(+4) 1

Rt Ty R

Under the condition 4, to be finite in the interior case (i.e. R =0 included)
Amustbe + 1 or + oo (notonly A = + 1,as Davies and Caplan postulated),
and hence A;,=0 (Petrov type 0), i.e. spacetime is (at least locally) flat.

In the exterior case (R=0 excluded) A; are finite for all possible
values of 4.

a) General Case A

The three eigenvalues are different from each other and the Petrov
type is the general case I, or more exactly I in the notation of Jordan,
Ehlers and Kundt [5].

b) A=0,A=+3

In this case degenerate type D.
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c) A=11, A=+

The three eigenvalues vanish, i.e. Petrov type 0, spacetime is (locally)
flat.

Wemention, thatthe typeisthesame over the wholeregion Ry SR<R,,
if the region is not separated by matter.

5. Conclusion

It is obvious, that one should try to fit the interior solution to the
outside field. Indeed, in case the matter distribution, which generates
the field, has the structure of a surface density (infinitely thin hollow
cylinder), the fitting procedure is not too complicated. A paper, which
discusses this procedure, the physical properties of the hollow cylinder
and the generated field in full detail, is in preparation.

I thank Dr. W. Graf for drawing my attention to the Kasner solution.
Work supported by the Deutsche Forschungsgemeinschaft.
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