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Abstract. We investigate the properties of ground states of thermodynamical systems
as limits of temperature states; we enlarge the algebra of observables in order to define a
x-automorphism relevant to the study of K.M.S.-states and derive an usefull theorem of
transitivity of x-automorphisms within the locally normal pure states of a quasilocal algebra.

§ 1. Introduction

In contrast to the situation encountered in statistical mechanics,
states of field theory are generally pure states. This fact is usually ex-
plained by saying that states of field theory correspond to zero tempera-
ture and zero density.

It is our goal in this note to make this statement a little more precise
and to study the behaviour of temperature states when the temperature
goes to zero.

If we assume that the limits of temperature states exist in the appropri-
ate sense, then one can derive some properties of these limits and recognize
the well-known properties of a ground state; roughly speaking type I
von Neumann algebras with positive hamiltonian.

We shall describe the behaviour of the states with respect to the
temperature by a family of s-automorphisms; of course, these cannot
be automorphisms of the algebra itself but merely of one of its natural
enlargements. This can be achieved by extending the K.M.S. states we
consider to pure states of the enlarged algebra, and by proving a theorem
of transitivity of =-automorphisms within the locally normal pure states
of a quasi-local algebra.

In general, we only have an existence theorem for these x-auto-
morphisms and it is not sufficient to give precise results about the
existence of K.M.S. states. Nevertheless, we give an example where we
can construct this automorphism explicitly.

* Chargé de Recherches au C.N.R.S.
** Maitre-Assistant — Université d’Aix-Marseille II — Centre de Luminy.

16*



224 M. Sirugue and D. Testard:

In order to proceed, we shall briefly describe some structure we shall
need in the sequel and some basic properties of the K.M.S. states.

Some results we shall give are independent of the nature of the algebra
we shall choose; nevertheless in view of physical applications and due
to the main theorem of Section 4; we shall be mainly interested in the
quasi-local algebra or in algebras having essentially the same features;
more precisely:

Definition 1.1. 4 C*-algebra o/ has a quasi-local structure if

i— o has a type 1, sequential funnel, i.e.: there exists an increasing
sequence {M,}p=1.. ... Of type I, factors with at least one faithful re-
presentation &, in a separable Hilbert space.

ii— for every n there exists n' >n such that the commutant of M,
in M, is infinite.

Il

ii—- =),

n

we refer to [1] and [2] for the physical motivations of this choice and
for more details.

Definition 1.2. A state (resp. a representation) of </ is locally normal
whenever it is normal in restriction to each M,,.

Notice that a locally normal state induces a locally normal cyclic
representation of o/ (and conversely) ([2], prop. 6) and that these re-
presentations act within separable Hilbert space ([2], prop. 8); moreover
the algebra is simple ([2], prop. 10).

Let us remark that if R is a locally normal representation of &/ in
H,, R, its restriction to .#, then (up to unitary equivalence), one has:

H =H®H
where H is the standard separable Hilbert space, and
R,(A)=2,(A)®] Ae,.

— We shall need in the sequel the opposite algebra /¥ of a normed
x-algebra o ; by definition there exists a linear isometric bijection i from
o/ onto /¥ such that

i(A)i(B)=i(BA) VA,Be«
i(A)* = i(4%)
so that if o/ is a C*-algebra, /" is a C*-algebra too.
— If S is an antirepresentation of ./ it can be turned into a repre-
sentation S*=S-i" ! of .«/*.
— If now H is an Hilbert space we can define the Hilbert space H®
as follows: by definition there exists an antiunitary operator ¥~ from
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H onto H" so that if z is a representation of .« in the Hilbert space H, *

defined through:
n*(i(A)=7¥"r(A*)y !

is a representation of .&/” in H"; this correspondence preserves ir-
reducibility, factoriality and faithfulness.

— If o/ has a quasi-local structure given by the funnel {.#,} then
obviously «/” has a quasi-local structure given by the funnel { %}
(®F is a faithful representation of .Z} in a separable Hilbert space).

— Analogously .o/ ® .«/” (as defined e.g. in [3], chap. III, def. 2.1)
has a quasi-local structure if we define its funnel to be {4, ® .#'}.

Finally let us quote the essential features of the K.M.S. states (see
definition below) of a quasi-local algebra. We refer to [1, 4] for a complete
derivation of these results and for further details.

Definition 1.3. Let t—o, a weakly continuous homomorphism of the
additive group of reals into the s-automorphism group of a C*-algebra
</ (an evolution of /). A state w, of o is said to be a K.M.S. state with
respect to a, at the inverse temperature B if for any function f with Fourier
transform in 9, one has:

§ ft—ip)wy(Ao,B)dt = | f(t) wy(e,B.A)dt
for any A and B in .
— We list now the salient features of a K.M.S. state w; (see e.g.
[1,4,5]).

i— w; is o-invariant; so that o, is unitarily implemented by a
strongly continuous unitary group

such that: t—Ug(t)
where Q; is the cyclic vector associated to w.

iii— The spectrum of the infinitesimal generator of Uj(t) is a subset
of the real line symmetric with respect to the origin.

iv— U@ ¢Ry()  Uplt)¢ Ry(ss)

where Ry is the representation of &/ constructed from w;.

v— If has a quasi-local structure, then R, acts within a separable
Hilbert space.

vi— Associated with R, there exists an antirepresentation S, of o/
such that

{Ry ()} = {Sp(A)}

(in [5] one considers an antilinear representation of .o7).

vii— € is cyclic and separating for R; (and consequently for Sp).
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§ 2. The Limiting Case = oo ; Properties of the Ground State

We uncritically adopt here the point of view that the K.M.S. boundary
condition defines the temperature state of the system. This may exclude
phase transitions (cf. [5]) at least of certain type. Nevertheless this con-
dition is meaningless for T =0. If there exists no phase transition at
this point, we can only expect to obtain the corresponding state through
a limiting process.

In such a general situation we are not able to ensure the existence of
a ground state i.e. a limit for f—co of a family of K.M.S. states w;, so
we shall assume this limit exists pointwise viz in the w*-topology sense.

Furthermore the previous formulation of the K.M.S. condition is
not appropriate for this limiting process and we shall derive another
equivalent formulation.

Lemma 2.1. With the same notation as previously, the following are
equivalent

i— w;is a K.M.S. state at the inverse temperature f3

ii— for every function f, with Fourier transform f in 9 and for any
pair of elements A, B in of

+§mdtf(t)wp(Aa,B—a,B.A)
B + oo —— (22)
= [ dt fthnp(t) ws(Ae,B+o,B.A)

where [ thn ()= f(()th(npé) fe2.

Proof. Notice that e; +1:&—e?>™¢+1 is a regular factor (cf. e.g. [6])
so that ii — is equivalent to

If(ep+1) (1) wy([A, 0, B] ) df = If ey—1) (1) wy([4,0,B],)dt. (2.3)
A direct calculation shows that (2.3) is equivalent to:

J_rfwﬁ;(t) wp(Aa,B)dt = +fmfﬁ(t) wy(0,B.A)dt

which completes the proof.

The previous lemma gives a straightforward proof of the pointwise
invariance of the center of 7;(/)" if one notices that the K.M.S. boundary
condition extends to the continuous extension of w, to my(2/)".

Now we shall study the properties of a special type of states which
will be relevant in the sequel:
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Definition 2.4. Let t—«, be an evolution of </ a state g, of < is
said to be of the Fock type with respect to a, iff

jf 0u(A0,B)dt=0

for any A and B in o/ and every f with Fourier transform f in @ and
supp. f C)— o0, 0[.

Such states have very interesting properties, quite different of those
of the K.M.S. state. Most of them are well known from usual field theory
and for sake of completeness we shall rederive them in order to compare
the situation here to the one encountered for temperature states.

Lemma 2.5. Let ¢, be a Fock type state; then it is an invariant state.

Proof. From the very definition of Fock type state one has equivalently

+fmf(t)ew(0<tA-B)dt=0

for f with Fourier transform f in & and Supp f C )0+ oo( and for any A4
and B in the algebra; consider now

telR—o (¢ A)

it is a continuous and bounded function; hence it is the Fourier transform
of a distribution.

Let now f be a function the Fourier transform f of which is in @
and such that Supp /" {0} =@; then f = f* + f~ with supp f 7 C)0, oo

and supp f~ C)— o0, 0(.
From the previous remark,

0= f@ oA dt= | dtf* O e A+ [ def O 0uo0d

hence ¢.(x, A) is the Fourier transform of a distribution with support
on {0} consequently, by standard boundedness arguments, it is a con-
stant.

Lemma 2.6. Let ¢ be a state of a C*-algebra </, let m, be the represen-
tation in #, with cyclic vector Q, defined by go. Assume there exists a
group of unitaries U,(t) which implement the evolution o, of </ and let
H, the corresponding infinitesimal generator; the following are equivalent

i— 0 is of Fock type with respect to o,

ii—- H,=20 and H,Q,=0.

Proof. For every p in #,

—(|U, (0 v)
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is a function of positive type; let u,, be the corresponding positive mea-
sure. Consider now the set of vectors defined by the Bochner integral:

wAf':ifwdtf(t)Ug(l‘)AQQ Aem,(f).
One has (V fe 92)

(WA/|H91PAf)=HAf(w|fIZ) (wg) (0) = wg(w)

the equivalence follows if one notices that the y,,’s are dense in J#,.
In contrast to the non-zero temperature states case, the spectrum of
the Hamiltonian H, is completely unsymmetrical.

Lemma 2.7. (¢f. [7]) Let n,(f) the commutant of =, (), m,(L)
C{U,(t); te R} or equivalently H, is affiliated to m,(sf)".

Proof. Let us consider the continuous and bounded function

t—(Q,14*U,() BR,) A*emn, () (2.8)

and B in &, (o)’ ; one shows by an argument quite similar to the one used
in Lemma 2.5 that it is the Fourier transform of a distribution with
support on {0}, hence a constant; using the cyclicity of 2, with respect
to m,(«/)" and its separating character with respect to m,(/)" one gets
the result. In order to proceed we need some assumption on the evolution
since essentially one has to exclude the trivial case where the evolution
is trivial on a subalgebra and consequently the K.M.S. state over this
subalgebra is a central state whatever be the temperature.

Lemma 2.9. (cf. [7]). Let &/ be o, abelian in the sense of [8], then
n (/) is abelian and consequently m,(s/)" is of type I.

The proof is immediate.

In contrast to the case of temperature states, the commutant 7, (/)
is no longer isomorphic to 7,(2/)" in fact Q, is not a separating vector
for m, (/)"

We come now to the main result of this section in order to show
the interest of the previously defined states (cf. [9, 10, 16]).

Proposition 2.10. Let o, be an evolution of the C*-algebra of. Assume
that there exists a solution g of the K.M.S. boundary condition (def. 1.3)
for every B> f, and that:

Qs - Quw

where the convergence is in w*-topology; then g, is of Fock type.
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Proof. (cf. [9]). Consider fe @ Supp f C)— oo, 0( then by (2.3)
{4t TP oy(T4. 2, B1.)~ | dt (0 0.(4,2,1.)
= T ae TP 0,04, 2B1.)+{ dt (0 (0~ ) ([4,,B1,)

Moreover both terms go to zero as f— o0, the second one due to the
assumed convergence of g,’s. For the first one |thnf—1] <1 for {>0
so that one can twice exchange the limit f—oco with the integration;
moreover pointwise

I}Lm th(np&)—1=0 for &¢>0

and g4([4, o, B],)is bounded independently of .

§ 3. The Purification Process

In this section, we shall generalize a construction due to Powers
and Stegrmer in the special case of quasi-free states of Clifford algebra
[11]. Indeed quasi-free states with cyclic and separating vectors are
K.M.S. states with respect to a suitable evolution (see e.g. [9]). They
show that, given a quasi-free state w, there exists an extension of w which
is a pure quasi-free state of an enlarged Clifford algebra. It is then natural
to ask whether this is generally true.

For the sake of clarity, we shall perform this construction for a
temperature state of a system of particles enclosed within a finite volume V.

The algebra is % () where #, is the Fock space associated with V;
the equilibrium state at the inverse temperature f is given by the density
matrix.

op=exp(—BH)=3 e "|p) (o) (.1

Hy is the hamiltonian of the system (including the chemical potential
see [S5]).

The standart realization of the associated representation can be
described as follows:

ko= ]/Q‘,, is a Hilbert Schmidt (H.S.) operator hence the representation
space can be considered as the Hilbert space of (H.S.) operators. k;, is
a cyclic vector and

Ry(A) ko =Akyc HS. AeB(H) (3.2)
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furthermore one has within the same space with the same cyclic vector
a representation of .27”

Sp(i(A)=koA. (3.3)

On the other hand using the natural isomorphism between the (H.S.)
operator space and the tensor product J,® ;7

Z’lnmlq)n)(qoml—’ Z;anqon@y‘(pm (pn’ (pmeyfV

we get for the representation R,

Ry(A)=AQRI. (3.4
Analogously
Spi(A)=1I®A (3.9

which exhibits explicitly the commutation theorem.
If we now consider the algebra &/ ® &/ in #,® 4 then

R;(A®i(B))=R,(4) S,(i(B)) (3.6)

which is the identity representation is irreducible and reduces to the
previous one for elements of the form A® 1.
Consider now the two vector states of this representation defined
by the vectors:
QF = QF@ UQF
(3.7

There exists an isomorphism «, (actually a spatial isomorphism of
AR A’ =B ()R B () such that

Wg, = Wg,° g . (3.8)

Another example of this situation is given by quasi-free states of the
CCR algebra 4(H, o) defined in [12]. Suppose that the one-particle
space is o-complete (cf. [13], p.295); a representation m given by a

quasi-free state corresponding to the operator A, can be written:

n(é(p) = nJ(5T+¢)®7T—J(i(5T—¢))

where n; (resp. m_;) is the representation of A(H, o) (resp. 4(H, o)
=A(H, —o)) associated to the complex structure J, the polar part of

Agand T, = %(IASI + 1)%. Within the same Hilbert space there is an

7
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antirepresentation 7’ given by
7[’(50,) = TCJ((ST—(/)) ® T_g (l (5T+<o)) .
Consider now the representation 7 of

AH,0)®4(H,0)’=A4(H,0)Q@A(H, —0)=A(H®H,c®(—0))

given by
7t (5(p ® i(éw)) = Tc(é(p) n/(aw) =ny (6T+<p+ T-— w) ® U (i(éT—(p+ T+ w))

It is obtained from the representation n;®n_, by the Bogoliubov
transformation of A(H@®H, o ®(—0))

T=

T, T.
T T.

Consider now the physically interesting case where .« is a quasi-local
algebra. Let w; be a factor K.IM.S. (hence locally normal) state. Let
be R, and S, the representations previously defined. Their restriction
to .#, can be written as:

Ry(A)=9,(A)RI®I A,Be.d,
Sy(i(B)=IQP¥B)®I
hence
ft: A®i(B) > Ry(A) Sy(B) = D,(A) QP (B)®1

defines a representation of ./, ® .#;. It extends to the norm closure
of | ) M, ® ;. Moreover # is irreducible since R, is a factor representa-
n

tion and {Ry(</)}" = {S;(#)}".

Let us remark that this representation is locally normal by con-
struction.

Let us consider now a locally normal irreducible representation
np of of (for instance associated to the ground state of the system if it
exists) then 7y = n;®n} defines another irreducible representation of
&/ ® o/”; the question is now whether there exists a x-automorphism of
o ®.o/” which connects this representation to the previous one; an
affirmative answer is given in the next section.

§ 4. A Theorem of Transitivity

Above discussion has shown the interest of the transitivity of auto-
morphisms within a particular class of pure states of the algebra of
observables. This transitivity exists at least in the two examples of
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previous section, and we shall obtain a similar result for locally normal
pure states of the quasi-local algebra of observables.
Let us give first some preliminary results:

Lemma 4.1. Let o/ be a Cx-algebra with unit acting on a separable
Hilbert space H, let F = {,} be a net in o (cf.[2]); let U be a unitary
operator of the von Neumann algebra /" generated by o then:

for any >0 and finite set {f;} ;- ..., of vectors in H there exists an
o and a unitary operator V, element of M, such that

IU-V)fil<e Vj=1..n
Proof. Let A be self-adjoint in =" chosen such that
4l =1 (1)
U =exp(in A) )

then by strong continuity of 4—exp(inA) on the unit ball of #(H) and
Kaplansky density theorem (cf. [14], p. 43, th.3), there exists a self-
adjoint B of norm less or than equal to one in | ) .#; such that

[(exp(ind) —exp(inB)) f;| <& Vj=1...n.

Moreover V =exp(inB) is in U My; indeed each #; is norm closed,
hence the result.

Lemma 4.2. Let #, #, and R, be factors of type I, on a separable
Hilbert space, such that R, and R, are contained in R in which they have
an infinite relative commutant. Then there exists an unitary operator U in
R such that

U, U '=4,.

Proof. There exists an isomorphism of # onto 4(H)® 1y where H
is a separable Hilbert space (cf. [14], p. 124, corr. 3), consequently we can
assume £ to be #(H). Now let U, (i = 1, 2) be an isomorphism of H onto
H ® H such that the corresponding spatial isomorphism sends £, onto
AH)®1 and #; onto 1® %(H); now we can choose U = U, ' U,.

Up to now all the algebras we consider have a quasi-local structure
in the sense of Definition 1.1.

Lemma 4.3, Let of =\ ) M, and B = | ) N,, be Cx-algebras with a

quasi-local structure acting on a separable Hilbert space H and generating
the same type I, factor R. Let Q be a strong neighbourhood of the
identity in &. For any n, there exists m = n, a factor A" of type I, con-
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tained in N, and a unitary operator U in Q such that:
UM,U =N,

Proof. By Lemma 4.2, there exists a unitary operator U, in £ such

that:
Ulﬂ"Ul_l = '/‘/.n .

Choosing, by Lemma 4.1, U, in ./, such that
Ul * Uz_l € Q
we can put m = sup(n, n’) and U = U, U, then

N =Uy N, Uy L C A,

Lemma 4.4, Let of = U M, B =) N, be Cx-algebras with a quasi-

n m
local structure acting on a separable Hilbert space H and generating the
same factor X of type I,. Let A be a type I, factor in N,,; assume there
exists an unitary operator of & such that

Ut WU =M,

then for every strong neighbourhood Q of I in &, there exists am' >m, a
unitary operator U, in # and M C M, with the following properties:

i - Ul—lq/‘/‘mUl =:ﬂ

ii— UAU™' = U, AU VAed,
i~ U,U e
Proof. Let us define o/; = U/ U~ ! and

dy =N\ UMy, U™!
By=N' N,

One can see without difficulty that o/, and £, have quasi-local structure
and moreover that they both generate the same von Neumann algebra
NN (cf. [2], Lemma 3) hence we can apply Lemma 4.3:

for every strong neighbourhood Q of I in /"N, there exists a
m’ >m, a unitary operator U;, € /' NnZ and a factor of type I,

My CN' UM, U™ C oA,
such that
U1—11(/V/n=/Vm)U11 =,
and U;; € Q.
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Let .# be the von Neumann algebra generated by /" and .#,, ; then

Ul = Ull U
satisfies i).
Moreover Uy, = U, U™ € Q, so iii).
On the other hand
M=U" N, UCM,, .

Finally if A € 4, then
UAU ten
since U;{ € A", hence
U AU ' =U,, UAU U ' =UAU!
which completes the proof.

Lemma 4.5. Let o/ =\ )M, and B =) N, be Cx-algebras with

quasi-local structure acting on separable Hilbert spaces H and generating
the same factor R of type I ; then there exists a unitary operator U € #
such that

UdU ' =4.

Proof. Let f; be a countable set of vectors of the unit ball of H; then
we construct by induction
i— a strictly increasing sequence £; of factors of type I, in «;
ii— a strictly increasing sequence % of factors of type I, in %;
iii— a sequence of unitaries U, of £ such that
iv— U U ™' =%,
v— U AUZ Y =U AU if Ae %,
vi— [(Ui+1 — U) fil <27 VjZi
vii— if i is odd, there exists n; such that

R; = My,
viii — if j is even, there exists m; such that
=Ny,

Indeed, let #, = ., ; assume %, is given for alli < 2k + 1 with #,, , ; = A,
& and U, for i <2k +1; by Lemma 4.4, there exists m>n, U, (, Por+1

such that .
U2k+1'@2k+1 U2k+1 = y2k+1

Upis1 AUl = Uy AU YA€ Ry,
moreover one can choose the strong neighbourhood

Q={Uyfi;i<2k; =274
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hence by Lemma 4.4:

IUsk1Usid = DUy fill <27%% i <2k
and
=y}k+1 ; '/Vm .
Let %p10 =N
Using again Lemma 4.4, there exists m' >m, U, , ,, Ry, , such that

U2k+2'%2k+2 Uz_k1+2 = '%k+2
Upir2 AU, 5 = U AUy VAE Ry
I(Upis2 = Uppan) fil <27CFD i <2k +1

’%2k+2 g ‘ﬂm’ .
One can choose
Rokss = My
which completes the construction.
By vi) the sequence of U, converges (cf. [15], p. 155). f U =S - }Lrg U,
then U e £ and U is an isometric mapping from H to H.
Moreover the mapping

B(A) = U*AU

is an isomorphism of & into 7.
Indeed for any r=2n UFAU,=U¥AU, Ae ¥, and

W‘rli_'n;U,*AU,= U*AU
so that
U*AU=UFAU, VAe¥,
and
U*SU=4,.

Consequently @ is an isomorphism of | ) %, onto | ) £, which are both

dense respectively in 4 and o7 ; @ is clearly continuous hence it extends
to an isomorphism of % onto .«/.

Moreover an argument quite similar to that of Powers ([15], p. 156)
shows that U is unitary.

Theorem 4.6. Let o/ be a Cx-algebra with a quasi-local structure; the
group of x-automorphisms of </ acts transitively within the pure locally
normal states of of.

Proof. Let w; and w, be two pure locally normal states of «. H;, 7;, ©;
(i=1,2) the representation space, the representation and the cyclic
vector defined by w;; since H; (i =1, 2) are separable Hilbert spaces, we
can identify them.
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It is clear that z;(«/) fulfils conditions of Lemma 4.5 so that there
exists a spatial -isomorphism @ of 7,(%/) onto ©,(=); the representa-
tions 7; are injective, hence there exists a s-automorphism o of & such
that

Doty =m,00 .

The states w; and w, - o’ define unitarily equivalent irreducible represen-
tations of ./ and consequently there exists an automorphism «” of &/
such that

Wy =wy00 o0 =w,oa.

We are indebted to Professor H. Borchers for the following remark:
Lemma 4.2 can be generalized to the case where Z is an arbitrary von
Neumann algebra.

Let us sketch the proof of this fact: with the same notations as
previously, take E, (resp. F,) a sequence of orthogonal minimal pro-
jections of sum 1 in %, (resp. in &#,). E, and F, are properly infinite
projections, with central carrier 1 with respect to £, so that they are
equivalent ([14], chap. I11, § 8, cor. 5 and Chap. III, § 1, prop. 1). Let V
isometric in £ be such that

VV*=E, V*V=F,.

Defining the sequence of partially isometric V, (resp. W,) in %,
(resp. #,) such that

V,V¥=E, (resp. W,W*=F,)

Vn* Vn = El (resp. Wn* I/Vn = FI)
one can choose
U= z WV*V¥eR

hence the result follows.
The Lemmas 4.3 to 4.5 can be extended to £ an arbitrary von Neu-
mann algebra so that one can state the more general result:

Theorem 4.7. Let n; and ©, be two locally normal representations of
a C*-algebra </ with a quasi-local structure.

They generate isomorphic von Neumann algebras iff there exists a
s-automorphism o of &/ such that n,; and =, > o are quasi-equivalent.

The proof is standard, cf. [15], p. 157.
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