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Abstract. Our aim in this paper the first one of a series concerned with the
problem of field quantization starting from the symplectic structure underlying
the classical theory, is to build up the variational theory necesary to all further
constructions. The basic notions are the vertical bundle B and the structure 1-form 6
used to define the generalized infinitesimal contact transformation which allows us
to state and solve the variational problem related to field physics. Giving a system
of modulevalued differential forms of different degree on the wertical bundle which
solutions are the stationary cross sections is the main result in the paper. In this
scheme the Euler-Lagrange classical equations are the expressions induced by
such a system of differential forms on any cross section of the vertical bundle.
This gives us a complete linearization of the Euler-Lagrange equations and, starting
from it, a natural globalization of these equations. Finally, the notion of variational
problem invariant by a Lie group is defined in this scheme, Noether’s theorem
related to such invariant problem is formulated and an intrinsic version of the
so-called Noether invariants of classical variational calculus is obtained.

Introduction

The study of the symplectic structures that can be associated with
classical fields in a natural way becomes more and more fascinating
every day, on account of the important application done in recent years
of such structures to the problem of field quantization (see, for instance,
[6], [7] and [8]). This study is, on the other hand, important by itself,
since it makes definitely clear the field dynamics as it was done some
years ago with the ordinary analytic dynamics (see, for instance, [1]
and [5]).

The first question to deal with is to decide which symplectic structure
must be associated with a given classical field. I. SEGAL has studied that
problem in detail in the case of a scalar field on Minkowski’s space-time
defined by a non-linear hyperbolic differential equation in partial deri-
vatives. Starting from the manifold of solutions of the field equation, he
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defines on the former a symplectic geometry by means of the propagator
associated with the latter. In that way we meet the theory of propagators
related to a hyperbolic differential equation in partial derivatives. That
question has actually been studied by LIcHNEROWICZ using LERAY’S
general theory (see, for instance [4]). As far as we are concerned, we
think that the real problem is in the variational theory; therefore, we
have founded our proceedings in an intrinsic and global analysis of the
variational problems which appear in field physics. The study of
analytic dynamics from that point of view furnishes the leading idea
of the adequate generalization.

Throughout this paper we are exclusively concerned with the varia-
tional problem. The steps and fundamental results are the following ones:

We start from a bundle B, direct product V X F of an n-dimensional
differentiable manifold ¥V — which is assumed to be homeomorphic to
the n-dimensional euclidean space, to avoid unnecessary complications —
and an m-dimensional differentiable manifold #. In the usual examples V
is Minkowski’s space-time V,, while the points of B have the physical
meaning of the possible vibration states of the field at every point of V,.
Usually, F is assumed to be a vector space; however, we shall not restrict
ourselves to such a simple hypothesis since then several interesting
situations, such as those offered by analytic dynamics — which is the
case when V is the real line — when the configuration space is a Rie-
mannian manifold, would be excluded. The theory could also be developed
with slight changes, for an arbitrary bundle B. As a matter of fact, we
don’t care about this here, since in our opinion such generality is empty
of physical meaning.

In our terminology the configurations of the field on V are defined
by the cross sections of B. If s is one of such configurations and X is a
point of V, we have, for every tangent vector Dy ¢ T'x(V), the tangent
vector (ds)y D € Ty (x) (B) which gives us, in a first approximation, a
measure of the change endured by the configuration s of the field when
an infinitesimal movement from the point X, in the direction Dy is
undertaken. Then the linear injection (ds)y can be regarded as a first
approximation of the configuration s of the field in the neighbourhood
of the point X. A vectorial bundle structure over B can be defined on
the set B of all those first approximations. That bundle — the vertical
bundle — is the basic tool of our theory.

An M-valued 1-form 6 — the structure 1-form — where M is an Ap-
module — Aj is the algebra of differentiable functions on B — can be
canonically defined on the bundle B. We are constricted to such a module-
valuation as we started from a differentiable manifold F. In the special
case when F is the number space R™, the Az-module M is 4% and, con-
sequently, the 1-form 6 turns into m ordinary 1-forms 65, whence the
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problem becomes much simpler. Starting from the structure 1-form 6 we
define the fundamental notion of generalized infinitesimal contact trans-
formation (g.i.c.t.). A g.i.c.t. is a vector field D on B such that for every
derivation law IV on M we have

Lpy=®00
where @ € Hom (M, M), the dot product o is the one induced by the
A=
usual bﬂinea; product HAom (M, M)xM->M, and L; is the Lie

B
derivation with respect to V. In the particular case where F' = R™, the
condition Ly, 0 =® o0 is equivalent to the ordinary m conditions
L, 0, =2 ®;; 0, In other words, the one-parameter group associated

(3
to D leaves the Pfaff system [0, . . . 0,] invariant.

Starting from the notion of g.i.c.t. we can construct the variational
calculus.

The Lagrangian density is defined by an n-form & w on the vertical
bundle B where # is a real function on B and o is a volume element
defined on the base manifold V. The fundamental idea is now to call
stationary a cross section §: V- B solution of the structure 1-form f and
such that for every g.i.c.t. we have

[ Lp(L w)=0
(V)

Actually, the most important result in this paper is the following:
to each linear connection I/ on the differentiable manifold F can be
canonically associated a system of module-valued differential forms of
different degree on the vertical bundle whose solutions are the stationary
cross sections of our variational problem. This system induces locally on
the cross sections of B a set of expressions that are precisely the Euler-
Lagrange equations of the classical variational calculus. In this way we
get an intrinsic characterization of such classical equations and therefore
a natural way of globalizing them.

We conclude this paper by defining the notion of a variational
problem invariant by a Lie group and giving an adequate formulation
of Noether’s theorem related to such invariant problems. As in the
case of the Euler-Lagrange equations, the so-called Noether invariants
in this paper are, in fact, (n—1)-forms on the vertical bundle which induce
on a cross section § of B the classical expressions of such invariants —
working in a good coordinate system of course.

Lately, TrRaAuTMAN has studied the variational theory of classical
fields from a point of view somewhat analogous to ours.

In our terminology, the author starts from a bundle B= V x F
direct product of ¥V = R" and F = R¥ and he defines the variational
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theory on the bundle B of the 1-jets of the cross sections of B. Without
regarding the generality of the initial bundle B, which carries non trivials
global problems, our method differs essentially from that of TRAUTMAN
in the introduction of the structure 1-form 6. This has allowed us to
obtain the results we mentioned before and that will later be used to
build up all the dynamic notions associated with a field (simplectic
geometry, Poisson bracket, Hamilton equations, etc.) according to what
we stated at the beginning of the introduction.

1. Vertical Bundle B and Structure 1-Form 8

Let V be a differentiable n-dimensional manifold homeomorphic to
an euclidean space of dimension n, F' a differentiable m-dimensional
manifold and B the direct product of both manifolds. Denote 7 and 7’
the canonical projections of B onto V and F, respectively.

Let 7'(V), T'(F) and 7' (B) be the tangent bundles [3] of the manifolds
V, F and B and call dz, dz’ the homomorphic mappings of 7'(B) onto
T(V) and T'(F) induced by the canonical projections & and &', respecti-
vely.

Definition 1.1. If T(V)g, T'(F)y are the pull-backs [3] of T(V), T'(F)
over B, we say that B = Hom (T (V)g, T (F)y) is the vertical bundle over B.
We denote 7 the canonical projection of B onto B.

Notations. From now on, we shall denote:

P=7P,P=(X,7)
with
XcV;YEF;
Dp=daz(Dp) and Dy =dn(Dp)

where P is an arbitrary point of B and Djp any element of the tangent
space T'z(B) of B at P.

Lemma 1.1. We can establish a one-to-one correspondance between the
points P of B and the homomorphisms ip that map the tangent space Tx (V)
of V at X into the tangent space Tp(B) of B at P, such that

Tp(B)=is(Tx(V))® Tp(F)

where Tp(F) is the fiber of T (F)g ot P.

Proof. Since B is the direct product of manifolds ¥ and F, T'(B) is
the Whitney sum [3] of bundles 7'(V)p and 7' (F)p; we can then assign
to every point P a homomorphism ip of 75 (V) into Tp(B) in the follo-
wing way:

It P = (P, o5), where op eﬂgm(TP(V), Tp(F)), then ip = op + 1,

where I is the identity on 75 (V).
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Moreover, Tp(B) = ip(Tx(V)) ® Tp(F).

Let s be a regular cross section of bundle B and let P be a point of
the submanifold s (V) of B.

Definition 1.2. The linear mapping of Tp(B) onto T'p(F) defined as
follows :

dvsp (D) = Dp — (ds)y D'

is called vertical differential of s at P.

It follows immediatly from the definition that the sequence

0 — T (V)= Tp(B) == T (F)
is exact and, if s,, s, are two cross sections of B such that
(dsy)x = (dsg)y ,  then  (d%s))p = (d”sy)p.
This property suggests the following _
Definition 1.3. If P is a point of the vertical bundle B, s a regular cross

section of B such that P = (s(X), dsy) and 0p is the linear mapping of
T5(B) in Tp(F):

>0

05(D) = d*sp(D)

then Op is called structure 1-form at the point P of the vertical bundle B.
The embedding § of V into B such that

§(X) = (s(X), dsy)

is called canonical lift of s to B; we can see that the form 0 assigns the
vector field d?s(D) with support in s(V) to every vector field D with
support in the submanifold §(V) of B. A Lemma follows immediately
from these definitions:

Lemma 1.2. The structure form verifies the following properties.

a) 0 vanishes on the tangent vector fields to the fibers of B.

b) The map induced by 0 on the submanifold 5(V) of B vanishes.

Theorem 1.1. Let (x; . ..,x,) be a coordinate system on the manifold
V and let U be an open set in F with local coordinates (2, . . ., z,,) :We can
find m - n functions p;; (t=1...,n;5j=1...,m) on TV x U) such
that:

a) (%, 2;, ps;) s @ local coordinate system of B in 7=—1(V x U).

b) The 1-form 6 can be written in that coordinate system in the following
way:

0p(D) = X[ (d2 = X pusde) D] (37)
7 5 b2 0% /P

for every Dp € Ts(B) and P ¢ 7=1(V x U).

Proof. Let p;; be functions on 7-1(V x U) defined by

Z’z’j(ﬁ) = [0'1" (7%)] %
where P = (P, op) and o5 € Hom(Tp(V), Tp(F)).
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By the definition of the vertical bundle B, the functions (x;, z;, p;;)
are a local coordinate system of B in 7-1(V x U).
On the other hand, if we apply 65 to the derivations
0 0 0
ER N DR T
we have:

() 0 ()= () oo ) - (2]
= - (.72 pia‘a_azj')P ’

since Lemma 1.1. gives dsy = op + I, where dsx is the homomorphism
of Tx (V) into T’»(B) associated to the point P.

05 (05) = s (3%) = (),

8 (7 ) =0

and, finally:

which completes the proof.
Definition 1.4. A4 local coordinate system of B in a neighbourhood U of B
is called canonical if it verifies the conditions of theorem 1.1.

2. Module — Valued Tensor Caleulus
Let M be the set of differentiable mappings f of B in 7'(F)p such that
-1y,

where D% ¢ T'p(F).

Lemma 2.1. The set M is a Ag-module, where Ag is the algebra of
functions of class C* defined on the manifold B.

Proof. We give the following definitions of sum and product by a
function g of 45:

a) P (D8 + DYy

b) P—1—g(P) Dy

The rest is a straight-forward matter.

In a similar way, we can build the 4z-module M* of differentiable
mappings f* of B into the cotangent bundle 7* (F), such that

P wp
Since most of the definitions and properties of the A4gz-module M
that we give hereafter are also verified by M*, we shall prove our state-
ments only for M and we shall understand that they remain valid for
M* too.
Let {D} be the 4z-module of vector fields of B and {@} its dual. We
can now define M-valued tensors on B in the following way:
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Every p + g-linear mapping 77 of {D}? x {@}? in M is called a p-
covariant, g-contravariant M-valued tensor.

We introduce those new tensors because the structure form 0 is a 1-co-
variant M-valued tensor.

For this reason we shall give hereafter the most important results of
this module-valued tensor calculus; the reader may check the proofs in
Koszuvr’s lectures [2].

Let K be a commutative field, 4 a commutative and associative
algebra and M an 4-module. Let {D} be the 4-module of derivations of
A4 into 4 over K and let {w} be its dual.

Definition 2.1. An M-valued tensor T4 (p-covariant, q-contravariant) on
A is a p + g-linear mapping of {D}? X {w}* in M.

As in the ordinary case, the set of all tensors {77} with fixed indices
P, ¢ is an A-module with respect to the natural laws of addition of tensors
and multiplication by a scalar.

Definition 2.2. Let M;, M, M,, be three A-modules with a bilinear
product My X M, — M, that we shall denote (e, ') - ee’. If T? is an M;-
valued tensor and T¢ an M y-valued tensor, we say that the M y-valued tensor
T7 ® T3 is the tensor product of both, with T, ® T3 defined as follows:
T9® T3(Dy... Dy Di... Dy ... gy 0 - . . 03)
=TUD;...Dy ... ) T§D]... D}, of. ...

Three very Important Examples

a) Let My =4; My= M;= M and let 4 X M —~ M be the product
defined by the module structure. Then the tensor product of an ordinary
tensor and an M-valued tensor is an M -valued tensor.

b) Let M, = M, M, = M* (dual of M), M, = A and let M x M* > 4
be the mapping (e, ) - w(e). The tensor product of an M-valued
tensor and an M*.valued tensor is an ordinary tensor.

c) Let M, = Hgm (M, M), My=M;=M and let Hfi)m (M, M)

XM -~ M by the map (z,e) = z(e). Then the tensor product of an
Hgm (M, M)-valued tensor and an M-valued tensor is an M-valued

tensor.

These three examples of tensor products will be often employed
throughout the paper.

The Lie derivation on module-valued tensors may be introduced in a
natural way when we have previously defined a derivation law in that
module.

Definition 2.3. A4 derivation law in an A-module M is a mapping V
of the A-module {D} in the homomorphisms HI(}m (M, M) of M:

D—>Dpr¢ Hom (M, )
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such that
8) (D, + D, = DY + D
b) (@D)) =a- DV
c) Dy (ae) = (D, a) e+aDje
whereaEA ecM,D,, D, Q{D}

For instance, if we consider 4 as an A4-module, then V' defined by
DVa = Da is a derivation law that we shall call canonical derivation
in 4.

The Lie derivation is introduced as follows:

Definition 2.4. Let V be a derivation law in the A-module M and {11}
the A-module of p-covariant, q-contravariant M-valued tensors on A. We
shall say that the map L of {D} in H}){m ({112}, {117}) is a Lie derivation in

{13} if:
LpT2) (Dy ..., Dy, @y ..., ) = DVT;I) Dy...Dy, ..., wy)

—Z T2Dy .. [D, D], .. Dy, -y )
1
—ZT%(DI...,DW ®y .. Lpw; ..., 0,).

The tensor L, T7 is called the Lie derivative of T with respect to D.
The Lie derivation verifies the following properties:

Ly@T)= (Da) T +aL,T
Lpip (T)=LpT + Lp T
Ly p(T) = AL,yT
where D, D’ €¢{D}, T,T" E{T‘;} , ACEK.
We shall now see the relationship between the Lie derivation and the
tensor product:
Let M,, M,, M, be three A-modules with a bilinear product
M; X My— M, and let V, V,, V, be three derivation laws given in

M,, M,, M, respectively. We say that the bilinear product is compatible
with the derivation laws when

D"s(ee’) = (DV1e) e’ + e (DVze)

where D €{D}, e€cDM;, e ¢M,.

For instance, if we define the canonical derivation law in A, the
derivation law (D" w)e = D(w(e)) — w (D" e) in M*, and the derivation
law (DV7)e = D" (v (e)) — (D" e)(wheret ¢ Hgm (M, M))inHj)m (M, M)
then the three bilinear products A X M —~ M, M X M* -+ A and
Hgm (M, M) x M - M are compatible with the respective laws.
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Let now 7' be an M;-valued tensor and 77 an M,-valued tensor and
assume that the bilinear product M; X M, — M, is compatible with the
derivation laws V;, V,, V. Then for every D € {D} we have

Ly(Tye T7) = LyT, @ T3+ T ® Ly T

We shall now deal with the differential forms following the same
method.

Definition 2.5. 4 M-valued p-form w, on 4 is a p-covariant skew-
symmetric, M-valued tensor.

The set {w,} of all p-forms is a submodule of the 4-module {7',} of
p-covariant tensors.

Definition 2.6, Let M,, M,, M, be three A-modules with a bilinear
product M; X My— My. Let w, be a M,-valued form and o, a M,
valued form. The Mg-valued form w, N w, given by.

(wp AN wy) (Dy. .., Dyyy)

1 .
=m2 (sign of s;z) wp(Dy, . . ., Dy) 0y (Dy,, - - ., Dy) s

where s;, is the permutation (1...,p+ q)—> (i fp, by ..., k), is
called the extervor product of forms w,, w,.

It follows immediately from the definition of Lie derivative of a
tensor that the Lie derivative Ly w of a form o is also a form and that,
it My, M,, M; are three modules with derivation laws compatible with a
bilinear product, w, a M;-valued form and w, a M,-valued from, then

Lp(w, N w)) = Lyw, N w, + o, N Lpo, .
We can introduce the inner product and the exterior differentiation on
module-valued forms in the same way as in the ordinary case.

For every D ¢ {D}, the homomorphism iD: {w,} - {w,,} given by

GD.w,) (Dy...,Dy ) =pw,(D,Dy....D,) (p>0)iD. wy=0
is called inner product iD. on the A-module {,}.

The inner product verifies the following properties:

LpiD'.+4iD'. Ly =i[D,D'].
i(@D).=atD.
(tD.)2=0
D+ D").=4iD.+:iD'.
where @ € 4 and D, D' ¢ {D}.
Let three modules M;, M,, M, be given, with derivation laws

compatible with a bilinear product; if w, is an M;-valued from and w,
an M,-valued form; then we have:

tD. (w0, N wg) =iD. w, N wg+ (= 1)1 w, N iD. o, .
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The K-linear map of {w,} in {w,} given by
dw,(D; ..., D))

T (—1)1+1 DY (w,(D; . . LD, .. o Dyyy)

(=19 w,([D;, D;1,D, ..., Dy .., D, ...D,)

Pt1ligidizr
where the symbol A on a term denotes the omission of that term, is
called exterior differentiation on the 4-module {w,}.

Let three modules My, M,, M, be given, with derivation laws com-
patible with a bilinear product; if w, is a M;-valued form and w, a
M,-valued form, then we have:

d(w, N w)) =dw, N w;+ (—1)? w, N daw, .

Inner product, exterior differentiation on Lie derivation are connected
by an important formula:
Ly=1iD.d+diD.

It is wellknown that the exterior differentiation on the algebra of
ordinary differential forms on a manifold verifies d* = 0. However, in
the case of module-valued forms this is not true in general. Thus, if e is
an element of M, we have:

d?e(D, D'y = D" (de(D’)) — D'V (de(D)) — de ([D, D))
=D"DVe—-D"DVe— [D,D'1"e+0.
If we write K(D, D)= D" D'V — DV D" — [D, D'}" it is easy to
check that K (D, D') is an 4-endomorphism of M and, moreover:
K(D,D')=— K(D', D)
KD+ D',D"y=K(D,D")+ K(D',D")
K(@D,D')=aK(D,D)
Then K is an Hﬁm (M, M)-valued 2-form on A.

Definition 2.7. The 2-form K is called curvature form of the derivation

law V.
In the special case of M = A and V being the canonical derivation

law, we have:
K(D,DYa=DD'a— D'Da—[D,D']a=0
The following results (which proofs are in [2], ch—1) become of main
importance in applications:
LD L_D'w — LD'LDC() = L[DyD'] w + K(D, D’) w
Lpydw —dLyw=(iD. K)\ o
PRo=KANw; dK=0

3 Commun, math, Phys., Vol.13
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A denotes here the exterior product induced by the bilinear product
Hgm(M, MyYx M- M.

Finally, assume that 4 is an algebra such that the 4-module {D} of
its derivations is free of k dimension; if that is the case, and if M,, M,, M,
are three A-modules with a bilinear product M; X M,— M,, D is an
1-contravariant M;-valued tensor, and w, is an M,-valued p-form, then
we define the contraction of D and w,, in the following way:

Let (D, . .., D;) be an arbitrary basis of the A-module {D}, and let
(wy, - - -, wy) be the dual basis. We define the contraction of D an w,, to
be the M -valued (p — 1)-form +D. w, such that

k
(iD. wy) (D1, ..., Dy _y) = X D(wy) 0, (Dy, Di,. .., Dy _q)

i=1
for any Dy, ..., D, _; €{D}.
It is easy to check that the (p — 1)-form thus defined does not depend on
the choice of the basis (Dy, . . ., D) of {D}.

As we said at the beginning of this section, we are now interested in
applying the tensor calculus thus far developed to the special case of
A being Az and M being the Az-module of differentiable maps of B
in T'(I")p. If this is the case, we can define a derivation law on M starting
from a linear connection V' on F in the following way:

Let f be any element of M and w a 1-form in F; we may assign to
both f, w a function g in Az in the following way:

P,
b
0« D%

Definition 2.8. Let an element | in M and a derivation D in {D} be
given, we define the derivative of f with respect to D, at the point P, as the
element Dpf € Tp(F) such that:

oy(@a’' (Dpf) = Dpg — (D7 w)y D’
where w ts any I-form in F, DYy the projection of the derivation Dp in B
on F and V is the given linnear connection.

The element Df of M that assigns to every point P in B the element
Dpfin Tp(F) is called derivative of f with respect to D.

From now on, whenever we speak about a derivation law in the 4z-
module M, we are referring to this special type of derivation law defined
by a linear connection V' on F. Furthermore, we shall assume that the
symmetry condition D] D, = D} D, is verified by the linear connection.

We end this study on M-valued tensors on B with a last question:

How to coordinate the vector space {Tg,} of M-valued, p-covariant,
g-contravariant tensors.
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Lemma 2.2. M is a m-dimensional locally free Ag-module.
Proof: Let U be any open set in B with canonical coordinates
(%, 25, Pig)- Let gy . . ., g,, be m functions in M ;; such that

7P = (55),
at every point P in U.
It is casy to check that the g;s are a basis of My and, thus, every
element f in M; can be written as:

f= 2 1:9;

where the f; s belong to 4.
We shall write from now on:

0
f = 2 fi 2z
j el
instead of f = }3f; g;.
j
If 7 is a function in M*, we shall write

hzzhdej.
j

From the former Lemma it follows immediately that every M-valued
p-covariant, g-contravariant tensor can be written as

0
T4~ X (T3); 2

7

where the (qu;)i' s are ordinary tensors on B such that
- o _ - o= _ .2
T2y .., Dy, @y ..., @y) =2 [T} (Dy...., Dy, &y ..., B)]
7

0z;

J

for any (Dy ..., D,, @, ..., @,).
For instante, the structure from 6 can be written as

0=2 (dzj —Zpi:i dxz)»a—az—

]
as we proved in theorem 1.1.
Finally, we will calculate the derivative of an arbitrary function f
in M with respect to a derivation D on B with the derivation law given
by Definition 2.8:

Di=D (1) =S @i+ Zh, (D2) .

By definition 2.8. we have:

N e a
dap (Do) = = (D7 dz) o= X i T

0z; g

if

" 0 ov
D =2‘ui¥ and dzy = — 3 I'kdz;,
7 i i 7
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where I'}; are the components of the connection in the open set induced
by Uin F.
So,

0
Di= 50l 5, + X hmThg;

Notation. In order to avoid any confusion between the ordinary tensor
and contracted products and the corresponding generalized products we
have introduced in this paper, we shall denote the latter ones by the notation (o).

3. Generalized Infinitesimal Contact Transformations

We shall say that a vector field D on B is a generalized infinitesimal
contact transformation (g.i.c.t.) when for every derivation law V' on M
we have

L;0=®Do0
where @ EHom (M, M), the dot product o is the one induced by the
usual b111near product Hom(M M) x M - M and Lj; is taken

with respect to V.

It is easy to prove that a vector field D on B is a g.i.c.t. if the former
condition is verified for a derivation law V'; i.e. if one law verifies the
condition, all of them do.

Theorem 3.1. Given a vector field D on the manifold B, there is one and
only one g.i.c.t. D such that d7z (D) =

Proof. It suffices to prove that the system of equations L0 = @ 00
and d& (D) = D, with unknowns D, @ has a unique solution in 7=1(U),
where U is the open set in B where the vector field D is defined.

Let U’ be an open set in 7~1(U) with local canonical coordinates
(@;, 2;, P;;); we have then:

? ? ?
25) = E B0 a5+ 0 (23]
=2(L1305+2“jh 971)56—

j h ?

Lpb = Lp (
j

Hence, the condition Lj0; = 3 b;,0,, where the b,;’s belong to the
7

ring of €' class function defined on U’. On the other hand, if d7 (D) = D
we have
— 0 7 0
D=t gpr + i T 05,
whenever

2 9
D=#za—zi+1’jﬁ;,



Symplectic Approach to the Theory of Quantized Fields 37

S0

0 dv
b, — H _ L9V
ih _az_;,- ; Pij az,,"

ou ov
liiz’éx_i_‘%:pkia_x]:'!"hz:bihpih‘

This proves that there exists on U’ a unique solution (D, @) of the
system of equations
Ly =®o0; daD)=D

Let now D and @ be the unique vector field and homomorphism that
induce Dy and @y on U’, for every U’ C @ 1(U) of the former type.
Then, (D, @) is the unique solution on 7-1(U) of our system of equations.

Definition 3.2. D is called canonical lift of D to B.

The canonical lifts of the vector fields on B that dz projects on the
zero derivation of V are of main importance; these g.i.c.t. are called
vertical.

4. Variational Theory on the Vertical Bundle B

The notion of a field in the sense of a physical system defined by a
given lagrangian can be formalized in the following way:

Let V be a differentiable n-dimensional manifold such as those we
have dealt with in the former sections, and assume, furthermore, that a
non vanishing n-form w, called volume element, is defined on every
point of V and let F be a m-dimensional differentiable manifold.

Definition 4.1. A real-valued differentiable function £ on the vertical
bundle B is called a F-type field on V. V, B, B, £ are respectively
called base space, configuration space, state space and lagrangian of the
field.

Starting from this definition we can state a variational problem on
B in the following way:

The volume element w of ¥ can be mapped into the algebra of forms
on B by means of the injection (7. )* (transposed of the projections. 7).
Then, it makes sense to consider the n-form % w on B and define a
real-valued function £ on the set S of regular cross sections s of B as
follows:

)= [ Zow
5(7)
where § is the canonical lift of s to B.

If D is a differentiable vector field on B, we can introduce the notion
of derivative D& of the function £ with respect to the field D as the
function on S defined by:

D= [ Lp(Z w)
(V)
where D is the canonical lift of D to B.
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Finally, we give a notion of stationariedness as follows: For every
section s in S, let (82), be the linear function on the vector space {D}
of the vector fields with compact support in B defined by:

(08),D=D,L.

Definition 4.2. A regular cross section s of B 1is stationary when
(6 Qs =

The basic problem is now to characterize the stationary transversal
sections as solutions of some type of differential equations. We shall
see later (and this is our main result) that to each linear connection V
on the differentiable F manifold (with the symmetry -condition
DY D, = D D;) can be canonically associated a system of module-
Valued differential forms of different degree on the vertical bundle B,
whose solutions are the stationary transversal sections of our variational
problems. This system of differential forms will be called field equations,
in a slightly abusive language, since these equations do not only depend
on the considered field but also on the initial connection.

With this consideration in mind let us now fix once and for all the
connection V' and assume that all differentiation operations will be done
with respect to the derivation law that V' induces on the A4gz-module
M in the sense of the Definition 2.8.

The basic tools used to obtain these equations are a function f and an
(n—1)-form £, both defined on B and M*-valued. On the analogy of
analytic dynamics — which is the one-dimensional manifold case (time-
line) in our scheme — they will be called wvirtual work function and
momentum (n—1)-form on the field we are dealing with.

Theorem 4.1. One and only one function f and one and only one (n—1)-
form Q on B, can be found such that:

a) tXow=20

b) iXodl+d¥ =fob
where X is a 1-contravariant M*-valued tensor on B and products in a)
and b) are taken with respect to bilinear products M* x Az M* and
M* X M — Ag defined by the module structure and by duality notion,
respectively.

Proof. Let U be any open set in B with local canonical coordinates,
(2;, 25, p;;). The map induced by df on U is:

d():d(f_,’()j a):ﬂ ((w.i—e,.mz 7 )
s G % /
0

::;' dOJ a —2 0 /\ ]U th)—a—z——

j 3
=2(d0k—2rh7 ea'/\dzh)‘aa—

! Since in analytic dynamics f is the element in M* that assigns the virtual
work form, (w?), to every point P in B.
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where the functions I, are the components of the connection in the
open set induced by U in F.

If Xy = 2] X;dz; is a 1-contravariant M-valued tensor on U, we

have:
iXyodf = 3 (iXy. 40, = X T 0 (X2) dz = (X, 2) 01])
On the other hand, if f;; = 3] fj dz; is an element in M¥, we have:
7

fUOg:ijof
Y

Raplacing now i Xy od0 and f; 00 in b) and putting Q,=:1Xy 0w,
we obtain a local expression in U of the system of tensor equations a)
and b) with unknowns X, f; and Q.

Applying b) to the vector fields % and 78— succesively, we have:
ij

.7 9.2 e 0%
R T (e P P v

Furthermore, applying b) once more to the vector fields »% we obtain

a solvable system of equations with the rest of the unknowns. It follows
then that the system of equations a) and b) determines fy; and 2y, since
X;z; determine Q.

If we call f and 2 the function and the (n—1)-form on B such that
the maps induced by them on every open set U of the former type are
fv and Qy, respectively, then f is the only function and £ the only form
verifying the conditions of the theorem.

Remark. On account of the construction we have followed, the (n—1)-
momentum form Q2 of the field does not depend on the connection V.

5. Fundamental Formula of Variation

The formula we state next is the basic tool we use in proving the
main theorems in this paper.

Theorem 5.1. Let s be a reqular cross section and D a vector field on the
bundle B, § and D the canonical lifts of s and D to B, and let f and Q be
the virtual work function and the momentum form of the field. Then, on 3(V)
we have:

L(Zw)=0D)odR+fow)—dB(D)oQ —iD. L w)
where the tensor products are taken with respect to the bilinear products
M X M* > Ag and Ag X M* — M*.
Proof. First we give the proof for the case dz (D) = 0.
Then D is a vertical g.i.c.t. and we have

Li(Zw)=(DP)w=(dL)Dw
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Applying b) of Theorem 4.1., we have:

(Xo0d®)D+dZF D)= (foh)D )
Moreover, since D is a g.i.c.t.
L0 =iDodf +d(OD)=Do0 (1"
and taking the inner product of (1) and X, we have:
iXo(@Dodb)+iXod((D)=1:iXo(Dob) (2)

Adding up (1) and (2), it follows from
iXo(@Dodf)=—1iD.(@X odb),
that
@F)D=—iXod(O(D)+ (fol)D+iXo(Pol)
and multiplying by the volume element, we have
Ly(Zw)=—[iXod(0D)]w+ (fol) Do+ (GEXo(@obl))w. (3)

We will now obtain another expression for the term [{X od(6(D))]w
proceeding as follows:

First take the exterior product by « on both sides of D od0
+d(OD))=Pob; we have that d(0(D)A o =P ol A w, since
tDodB A w =0 as we shall see later. Taking 1 X o on both sides again
we have, by a) in Theorem 4.1., that

[ XodOD)]w—-d@D)ANR=iXo(DPol A ).

Applying now the exterior differential and inner product formulae for
a product, and substituting in (3) we have:

Lp(Zo)=0D)od2+fow)—d(0D)o)+DPobANw (4

If we specialize (4) to §(V) the last term vanishes by the definition of the
canonical lift § of s to B. This proves the case dz (D) = 0.

Before proving the general case, let us check the identity
tDodf N o= 0.1t suffices to prove it for an arbitrary neighbourhood U
with canonical local coordinates (2, 2;, p;;). From the symmetry I'F; = I'F,
we have:

iDodf A w— 2{[@. 6, — ¥ I}(D. 0,dz, — Dz, ej)] A w}ﬁ_
hj

02

=3 [2 I'l;(Dz; dz, — Dz, dz;) A w] R
E Lnj 0%
Let us turn now to the general case. We have:
Ly L o)= DP)o+ LLs v .

The vector field D can be written as a sum D = D, + D, of two vector
fields D, D, such that dz(D,) = 0 and such that D, induces a vector
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field on S(IQ. Then, if D,, D, are the canonical lifts of D, D, to B, we
have D = D, 4+ D,, where D, is a vertical g.i.c.t. and D, induces a
vector field on §(V). In these conditions we have

L5 (&L w) = (D) o + (D, %) w + £ Ly, 0
Applying the result (4) to D,, we have:
Dy L) =0(D;) o (AR +fow)—dO(D,) o)+ Dol AR
Furthermore,
D, LY + L Lp, 0 = Ly, (L ) = iDy. d(L ) + d (iDy. £ v)
So, finally, we have:
Ly(Zw)=0(D,) o (d2+ fow) —dO(D,) —iDy. L)+ D, 0o0AQ
+ i D,. d(Z w) (5)

, is vertical, s0 1 D,. £ w =1.D..% w. Moreover, formula (5) induces on

(V):

&

=1}

Lp(Zw)=0(D)o(dR+ fow)—d(D,) —1iD. o),

since @, 0 O A Q is zero by the definition of §, and i D,. d (£ ) vanishes
too, since D, is tangent to s (V). This completes the proof.

6. Field Equations and Noether Invariants on the Vertical Bundle B

Let a field of the type defined by a differentiable manifold F with a
Lagrangian % be given on a differentiable manifold ¥V with volume
element . The system of differential froms {0, d2 + f o w} on the
vertical bundle B, where 0 is the structure 1-form on B and f, Q are the
virtual work function and the momentum (n—1)-form of the field, are
called field equations.

The stationary sections in the sense of Definition 4.2. can now be
characterized as follows:

Theorem 6.1. The stationary cross sections s on the bundle B are the
projections by 7 of the cross sections § on B — regarded as a bundle on V —
which are solutions of the field equations {0, dQ2 + f o w}. _

Proof. Let s be a stationary section and § its canonical lift to B. We
prove that §(V) — which is a solution of 0 by definition — is a solution
of d2 + f o w too.

Indeed, let U be an open set in B with local canonical coordinates
(5, 25, ps;) such that U 3(V)=+=0. If D, =d3 (530—2), then (2 + f o w)
(Dy...,D,) =} @;dz;, where the ¢,'s are differentiable functions on
the submanifolé Un §(V). Let now C be a differentiable n-dimensional
chain in 7. 7 (U), and D any vector field on B with compact support K,
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such that @ H(K) N §(V)5(C) and 7-1(K) N 35(0C) =9, we denote
20 the boundary of C. Applying the fundamental variation formula, we
have:

0=02),D= [ Ly(Zw)= [ Ly(Zw)

(V) 3(0)
= [ 0D)o(@R+jow)= [ X 0;D) g
5(0) S(0) J

Using the fact that D is arbitrary, the ¢ s vanish at the inner points of
5(0), hence dQ + f o w vanishes at the inner points of §(C), U being
arbitrary, we get the intended result (42 + f o w); () = 0.

Conversely, let §be a cross sectionon B — regarded as a bundle on ¥V —
and assume that § is a solution of the field equations, that is the canonical
lift of s to B is a solution of the n-form d.Q + f o w; let D be any vector
field on B with compact support K, and C a differentiable n-dimensional
chain in ¥ with the same conditions we stated before. Applying the
fundamental variation formula once more, we have:

OD= [ Lp(Zo)= [ LyZo)~ [ 0(D)od+]ow)=
(V) (O 5(0)

and using now the fact that D is arbitrary, we obtain (6 8), = 0, so s is

stationary.

1f U is an open set in B with local canonical coordinates (z;, z;, p;;),
a simple local calculus shows that the field equations turn into

{2 055%,2<de (AE Th QN eyt fy F day A dm) dz,.}
7 7 2

where

67‘*d"9 Zpu da;

0¥ 0L
L= Ik m
fa 3z l%;; jm Pu 31)
Q=30 2L qu A ANde AL A da,
q api:
2 b}
fﬁw(axl,...,m).

This leads immediately to the following.
Corollary (Euler-Lagrange Equations). A mnecessary and sufficient
condition for a cross section z; = z; (;) to be stationary is:
8y . 8% D (02 1 ¢wof 0%
=gt oy S (o)~ L e
Proof. It suffices to write that the restriction to the canonical lift of

= 2; (x;) of the second differential form of the field equations vanishes,

and to take into account the symmetry property I': = Il of the
coefficients of the connection.
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We finish this section formulating in this new scheme the notion of
an invariant variational problem by a Lie group, and stating E. Noether’s
theorem for thes invariant problems.

Let G be a Lie group acting on B by means of fibre preserving auto-
morphisms of B, i.e. fibres are turned into fibres. Every element a of the
Lie algebra A4 of G defines a vector field D, on B in a well-known way.
If D, is the canonical lift of D, to B, we have a linear mapping of 4 7
into the space of the vector fields on B.

aCAgz—>D,.

Definition 6.1. A field with lagrangian &£ is said to be invariant by «
Lie group G acting on the bundle B in the former way when, for every
element a in its Lie algebra A, an (n—1)-form w, exists such that Lp, (& w)
=dw,.

Given an invariant (in our sense) field, let 7, be the mapping of the
Lie algebra A ; to the algebra of differential forms on B defined as follows :

Tg:a €Ag—>0(Dy) 02 —iDy. L — w,

Applying the fundamental formula of variation, it follows immediately
that:

Theorem 6.2. (E. Nocther). For every stationary cross section s on the
bundle B and every element a in the Lie algebra A, we have:

(drg(@)syy=0.

Or, for every n-dimensional differentiable chain C in V, we have:

[ Tel@)=0.
500)

The values taken by the mapping 7, are (in our terminology) the
so-called Noether invariants in classical variation calculus.

Remark. Since the (n—1)-form Q does not depend on the connection V
the Noether invariants do not depend on it either.
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