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Abstraet. For many-particle relatively compact interactions the essential
spectrum of the N-particle Schrodinger Hamiltonian is shown to consist of a con-
tinuum [Ay, + oo where Ay is the lowest many-body threshold of the system.
This result applies in particular to separable interactions and some spin-orbit
couplings. The N-particle Green’s function is studied with the help of the Weinberg
equation for many-body forces whose kernel is shown to be compact in the
complementary set of [Ay, + oof.

Introduction

It has been shown by HuNzikEr [1,] [2] with the help of the Wein-
berg equation that the spectrum of a Schrédinger Hamiltonian for a
system of particles interacting via two-body forces, consists of a conti-
nuum lying in [A, + co[ where A is the lowest many-body threshold
of the system and in its complement of eigenvalues with finite multi-
plicities having Ay as only possible accumulation point. HUNZIKER'S
assumption is that the two-body potentials are locally square-integrable
and vanish at infinity. Our aim is to extend these results to general
“relatively compact” many-particle interactions. Relative compactness
is a very useful concept in the study of Schrodinger Hamiltonians, owing
on the one hand to the large number of physically interesting local and
velocity dependent interactions with this property, and on the other
hand to the fact that from the point of view of perturbation theory it
enjoys the same virtues as compactness itself. In particular a modified
form of Weyl theorem states the invariance of the essential spectrum
under such perturbations [5].

As in [2] we shall use the Weinberg equation; the compactness of its
kernel will be established with the help of Theorem 1.1 concerning
certain connected products of many-particle operators. We shall briefly
discuss the relevance of these equations to solve the bound-state problem.

1. Kinematics and Mathematical Preliminaries

We consider a N particle system. We shall denote by D = {C; Cy; O}
a decomposition of the system into %k disjoint clusters (or fragments)
Oy, ..., 0. We shall write {NV} for the trivial decomposition into one
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fragment (also denoted by {IN}), D, if each fragment contains only one
particle, {C} if the only p-particle fragment with p > 1 is C. The in-
clusion D C D' means that each fragment of the cluster decomposition D
is contained in a fragment of D’.

The total momentum in the laboratory system of the cluster C' will
be denoted by P, the position of its center of mass by X and its total
mass by mg; the set of relative cartesian coordinates of particles in
cluster C' will be designed by the short-hand notation X3,

The total interaction of the particles in cluster C' will be denoted by
V(. We shall assume that there is no external field acting on the
system; in particular V% = 0 for each particle :. We define the connected
part of the interaction V{¢} by the recursion formula

V=7~ X V)
c’ce

To each cluster decomposition D there corresponds a decomposition of
the total kinetic energy H/*} in the form

H® — ¥ B, @)
ceD
where H{% = i ;c %is the kinetic energy for the fragment C. It can
itself be split into the sum
1O~ G e 3)

The total energy for cluster C is then

HC = H;){C} + Vo (4)
and in the center of mass system of (' it is

H = H + V9 (5)

We shall denote by (%} the irreducible representation space L2(R37)
for the canonical commutation relations of the p particles of cluster C.
It can be written as
HO = A R HO, (6)
where # ¢ = L*(X ) and 1 = [2(X{4).
Let C = C; u C, where C; and C, are disjoint clusters. Then one has

HCY — 0} g 0} g s#(CnCn) (7)

where (010 = [2(X € 02), with X000 = X, — X This results
from (6) if we consider % as the representation space a particle with
mass mg and rearrange #g ® H#g, according to the well-known
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reduction to the center of mass system in two-body problems, obtained
by introducing relative coordinates. This reduction also leads to the

useful formula:

o e, C, IP(CI-CZ)]Z
H{? = HPD + HP 4 - (8)

where P(©:,Co — ML= Mo, Pey
Mg, + M,
centers of mass of C; and C,, and m(g,, ¢, their reduced mass.

We shall denote by # () (resp. A ()) the algebra of bounded
(resp. compact) linear operators on the Hilbert space # and by I, its
identity operator. Then if C = C; U C,, Z(#{%) has according to (7) a
natural isomorphic image in % (#¢}) which is

is the relative momentum of the

B(ACY) @ Ipicd ® Lyp(ci,0y) .
More generally if we define

HP = R A 9)
cen
then for DC D’ there is a natural embedding of Z(H#P) into Z(H#L)
obtained step by step from the preceding one. This embedding is norm
conserving, and in the following we shall denote by the same symbol the
algebra Z(s#P) (as well as its elements) and its image by the above
embeddings; when confusion is possible we shall specify the space of
definition. It is possible to extend in a unique way these embeddings to
unbounded self-adjoint operators for which we shall use the same
convention. Furthermore the following relation hold [3] for each cluster
decomposition D
H(HP) = Q A (HD), (10)
ceD

where the right-hand side of (10) denotes the norm closure of the sub-
space of X" (#P) consisting of finite linear combinations of operators of
the following form: they are the product of all elements of a commuting
set of operators obtained by choosing one term in each of the isomorphic

images in 2 (#P) of the algebras " (#(C}) involved in (11).

The main theorem needed in the next section is the following:

Theorem 1. Let D = {Cy; Cy; .. .; C,} be some cluster decomposition.

?
Let the cluster Oy be contained inil;‘l(}‘i (p < n) and such that Cyn C; is

non empty forall ©=1,2,...p. Let D' = {igl Ci; Cpirs v s On}. If A
and B are respectively operators in A (DY) and A (AH'CY), then the
product AB belongs to A" (HAL’).

The proof of this theorem is given in [4] for p = n. For p < n it is
easily deduced from the preceding case owing to identity (10).
20 Commun. math, Phys.,Vol.12
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To conclude this section, we briefly describe the commutant %’ (#?)
of the isomorphic image in Z (#N) of % (A#P). Starting from (7) it can
be shown that # '} is the tensor product of #°2 and of another Hilbert
space which is roughly speaking associated to the relative motion of the
centers of mass of clusters belonging to D. Then %' (D) is the natural
image in % (#™) of bounded linear operators on this Hilbert space.

2. Relatively Compact Many-Particle Interactions

It is shown in [1] that the kernel of the Weinberg equation (see
Eq. (20) below] is an operator in the Hilbert-Schmidt class for a system
of particle interacting through two-body square-integrable potentials.
In [2] a limiting procedure allows HUNZIKER to derive the compactness
of this kernel if the interactions belong to L? + L*, and the L* com-
ponent can be chosen arbitrarily small. We describe here a class of
perturbations containing the preceding ones which seems to be the
maximal class for which the Weinberg kernel is a compact operator in
HD

Let H be a self-adjoint operator on the Hilbert space 5. Its domain
D (H) equipped with the scalar product

t Now = Hf s Hg) e + (f, N (12)

is itself a Hilbert space since H is closed.

Definition 1. [5]. Let V be some (possibly unbounded) linear operator
m S whose domain contains & (H). Then V is said to be H-compact on
tf its restriction to 2 (H) s a compact operator from Z (H) to .

It is proved in Appendix I that this condition is equivalent to saying
that for each z in the resolvent set of H, V(H — z)~! is a compact
operator on . Furthermore either one of these two equivalent condi-
tions implies that for each & > 0 there exists a b(g) > 0 such that for all
fin 2 (H) one has the inequality

Vil = e[ Hfl + b 1] (13)

that is, V is H-bounded with zero relative bound (or as we shall say
H-¢ bounded).

We shall require from the interaction operators that they satisfy the

Condition (RC). Bach VS, is symmetric and H-compact on H#C
where H{® is the Schrodinger kinetic energy operator.

Obviously compact operators on #{} are H{"-compact. But there
also exists a large class of local and velocity dependent potentials, and
among them of differential operators with variable coefficients, having
this property; in fact for a p-particle cluster, the Hilbert space 2 (H{™)
is identical to the Sobolev space W,(R3-1) and sufficient conditions
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are known ensuring that the closure of these differential operators are
compact operators from this Sobolev space to L2(R3(-1). As an example
we mention the following results due to BALSLEV [6]:

Theorem 2. Let X' = (X,, ..., Xy(,_y) be the 3(p — 1) dimensional
vector describing the relative position of the particles belonging to cluster C.
Let P, be the differential operator P, = —1 a; 1=k<3(p-1).
Suppose that there exists a function B (| X)) such that

i) [V (X2 = pX),
1
ii) [ BIXE)) + |XOB3-ad| XD < o for some a>0,
0
R+1
i) [ BUXO)d|XP -0 as R—-oo.
R
Then V{9 is H'®-compact.
If condition (ii) us replaced by
1
iia) B X)) - | XOt-a g | X < 0o for some a >0
0

then Vi« Py is H{C-compact for ol k.

This theorem can be of a particular interest if interactions linear in
the momenta, such as spin-orbit couplings, are taken into account.
However although the inclusion of spin in this framework presents no
major difficulties, a detailed study of these interactions is not the aim
of this paper and will be treated in a forthcoming one.

3. Weinberg Equation for Many-Particle Intractions

As is shown in Appendix I condition (RC) implies that if C' > C then
Vi3 is H{-e-bounded on A} Since perturbation of self-adjoint
operators by relatively bounded symmetric operators with relative
bound smaller than one does not alter the domain and the self-adjoint-
ness [5, Chap. 5, §4] each (% is then a uniquely defined self-adjoint
operator with the same domain as 80}. This allows us to write the second

resolvent equation

(= H) = (z — HM)1 4 (z — H{N})~1 Vi (z — HOH-1  (14)

and since | VIQ (z — HM)| < e + | ] can be made as small as we

want for Rez sufficiently negative, we can find a domain of the complex
plane in which the iterations of (14) lead to the norm convergent
expansion

(z = H= = 2 L e HETVEY . VIR 6 HR) (19)
20*



288 J. M. CoMBEs:

It is then possible to write down the Weinberg equation as is done in [2],
with a slight modification due to the presence of many-particle inter-
actions. One draws N horizontal lines representing particles 1,2, ..., N
and one associates to each interaction V‘{g}m (here the subscript is
essential) a vertical connection of the lines corresponding to particles
in C. Then we can identify each term in the expansion (15) with a graph
obtained by drawing, from the left to the right the vertical connections
associated to the interactions of this term, in the order in which they
appear in it. In this way the graph

WA

1 Py
2 LY
3

N-1
N

"—=

Fig. 1

must be identified as

(z — H‘gN})”l V((}})&;}gN—-l)N) (z — HéN})'l

VO (@ — B VIS0 (o — gy
Each graph G defines k maximal disjoint clusters, £ < N, which
consist of particles which can be linked together by some path of the
graph formed with horizontal lines or vertical connections. We denote
by D(G) the cluster decomposition associated to G. We consider now all
increasing sequences of cluster decompositions S = (Dy, Dy, ..., D;)
where D, contains n; clusters and is obtained from D,;_; by linking
[n;_; — n;] of its clusters; a graph @ is said to have connectivity S if S
is precisely the sequence of values assumed by the cluster decompositions
corresponding to the part of G standing at the left of a vertical line L,
when L is shifted from the left of G to the right. In fact when L is
shifted to the right of some subgraph G; _; of G'such that D(G;_;) = D, 4,
it can either go over a vertical connection pertaining to some graph g,
such that D(g,_;) C D;_;, or over one linking particles belonging to
[n;_; — n;] different clusters of D;_;; in this last case we get a new
cluster decomposition D;. So the contribution of the graph G to the
expansion (15) is the left product of (z — H{M)~1 by a term of the form

k Tany graphg;_ 4

[With D(g:-1) C Di—l]

(C3}
. conn

=1
where C; has a non empty intersection with each of the [n;_; — n;] old
clusters of D;_, and is contained in their union. Let Vp, p, denote

the sum of the corresponding Vi over the clusters C; having this

property and define VD= 3 Vo, (16)
CeD
HP = HY 4 VP, (162)

Gp(z) = (z — HP)L. (16b)
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Then summation over all graphs having connectivity S gives the
following contribution to (15):

Gs(z) = Gu.,(z) VD,,D.,GD, ()... VDk,k_1G1)k(2) . (17)
It now remains to sum over all sequences S. For this we define
D)= 3 Gs(), (18)
{Slnx=1}
Oy = 2 Gs@). (19)
{Sng; =13

Observing that in C'(2) the resolvent G'(y,(z) can be factored out we
obtain the Weinberg equation in the domain of the complex plane in
which the iterations of Eq. (14) converge

Gwy(z) = D) + I1(2)Gy(2) , (20)
where I (z) is defined on the dense domain f(;\ 2V ) by
k
H [GDF; (Z) VD,', Dg_l] M (21)

{Slnp =1} i=1

4. The Discrete Spectrum of H™ Below the Two-Body Threshold

Let A, be the greatest lower bound of the spectra of the hamiltonians
HP,D <+ {N}. From our assumption (RC) and the resulting H§Y tg-
boundedness of the interaction V¥ it results that A, is finite. Denote
by /7 4, the complex plane slit along the cut [A,, + oo[. It is shown in
[2] that if the following conditions are satisfied:

k
LI@*= 2 I [Vp,p..Gp, (2)]and D(z) are analytic families
S =1}y i=1

of bounded operators in 17 4,,.

2. For each z in I1,,, I(z)* is compact. Then the Eq. (20) can be

continued analytically to 11,4, ; its solution Gy, (2) is given by

Gy (2) = [1 — 1(2)]71D(2) (22)
except at possible poles of [1 — I(z)]~! which can accumulate only at
Ay . Here I (z) = I(z)** is the unique bounded extension of the operator
defined in (21).

By the observation that at some bound state energy H, < A, the
spectral projection operator P(H,) of #¥} satisfies, owing to (20), the
relation

P(By) = I(E,) P(B,)

HuNzIRER concludes that under conditions 1. and 2. the spectrum of H¥}
consists of isolated eigenvalues with finite multiplicities which can
accumulate only at A .

Our aim is now to prove 1. and 2. from our condition (R C). This will
be derived from the following lemmas
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Lemma 1. Under condition (RC) each product Vi G (2) is a family
of bounded operators on AN, analytic in the slit comple”c plane I 4,
Hence D (z) and each Ig(Z)* also has this property.

Proof. From our condition (RC) and Kato’s theorem on relatively
bounded perturbations it follows that for each cluster C' and decomposi-
tion D one has the inclusions

G(HEY) ~ D(HP)CD (V) D (VED). (23)

conn
The two norms on Z (H (M) determined by the scalar products (,)g 2 (H{NY)
and (, )Q(H{N}) given by (12) arc equivalent, as can be seen from the

H M _g.boundedness of the interactions. Hence G (z) (z €I1,,) is an
analytw family of bounded operators from Z#™ to the Hllbert space
G (H{™). The HE¥-e-boundedness of each Vi% implies that they are
bounded operators from 2 (T{M) to A, So V{C} Gp(2) is for z € I 4,
an analytic family of bounded opera’cors from A to 2, Now D(z)
being a sum of products of such operators enjoys the same property. By
inclusion (23) the same conclusion holds for

Is@)* = Viny, oy Gox 1 (2) - - - Vo, p, Gp, (2) -

Now the compactness of I (z)* results from the

Lemma 2. Under condition (RC), for each z €11, and each sequence
S = (Dy, Dy ..., {N}) the operator I4(Z)* is compact.

By the stability of compactness under analytic continuation (sec
Appendix 2) it will be sufficient to prove compactness of I(Z)* in the
open region A4, = {z|[Rez < Ay}. First we recall the integral formula
expressing the resolvent of the semi-bounded self-adjoint operator H as
a norm convergent integral

(z— H)y"'=— [eTeH7dt, Rez< A, (24)
0

where A is the g.1.b. of the spectrum of H.

The exponential operator e=#7, v > 0, is bounded from J# to P (H).
Hence if V is an H-e-bounded (resp. H-compact) operator in 5, Ve~ Hr,
t>0 is a bounded (resp. compact) operator in S#. Furthermore

V(H — z)~! is the norm limit as ¢ - 0 of [ e**Ve~H7d¢. To see this we

&

remark that

V(H— z)~ f e VeHedy|| = | Ve W= — 11 (H — 2)71 .

The convergence to zero of |[(e=¢#~? — 1) (H — 2)~1|| results from the
inequality (1 — e=*) < 4, 2 > 0. From (13) we deduce that for all f in 5
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and 7 > 0 there exists b(5) > 0 such that
[Vleme@=9 — 1] (H — 2y 2] £ 4 (=@ = 1) (H — 2) (H — 2)7f]

+ (el + o) (e =22 = 1) (H — 2)7] .

(25)
Let us choose g, such that ¢ < g, implies [[(e-@-2e — 1) (H — 2)!
= %(b('r]) + |2])~1. We can then majorize the left member of (25) by
nlf] -
Let us now look at an operator like
Vv 0:12G0,) V1,000 - - G0, (2) Vi, 0,Gp, (2) - (26)

Since Vp, p, , is H§M-g-bounded one derives from the above conside-
rations that for Rez < 0, (26) can be approximated in the operator norm
by the norm convergent integral

toe  doo {N} {N}
—H (73 —H 7
f ‘ f ( H e+”’d’f) ) V{N}sl)kde 0 kVDk»l,kd . € 0 4

& & =1

—a{Mz, (27)

A norm convergent integral of compact operators is compact, hence in
order to prove compactness of (26) it is sufficient to prove that the
integrand is compact on . We recall that V, p, | is a sum of terms
Vggl}m over the clusters having a non empty intersection with and only
with all the clusters of D;_; which do not belong to D;. If C is some of

them one has
— X H{Cu} _H{C} -
e"HéN}n — (6 [(C’nsDi 0 ) 0 ] i (e_H({)C}n) ,

Let us look at the left factor on the right-hand side of (28). Let C; be
the new cluster of D; (obtained as the union of clusters of D,_; connected
by C) and O} = 0, — C. Applying (8) to C; = C U C; we see that, owing
to (7), this first factor contains only operators in & (#P) N ' (#C).
By the same method the last factor can be shown to be an operator in
H' (#P%) hence in &' (#P+1). This leads to the following result: Let
A;_y=K;_,B;_; where K, _, ¢ # (#P1) and B,_; is some bounded

_HgiN},,
operator in Z(#™); then VO e z A; = K,B; where
K; ¢ A (#P) and |By| < |B;_4]. To prove thls we use the decom-

(28)
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position (28), the compactness in #{*} of VI ne_H‘gC} % for any 7, > 0,
the Theorem 1 and the fact that 2" (H#2) is a two-sided ideal in & (D).
It is now sufficient to use a simple recurrence procedure in order to prove
that the integrand is a finite linear combination of operators in " (5#™}).
Hence (26) is a compact operator.

We now return to I¥(z). Owing to the inclusion (23) onc can omit in
its expression the adjunction operation on the potential. Using the second
resolvent equation

Gp(2) = Gua (2) — Gpo(z) VPG, (z)

one can express I§(Z) as a finite sum of terms having the same form as
(26) except that some resolvents G (z) in (26) have to be replaced by
Gp,(2) VPG (z). But for Rez < Ay, the integral formula (27) still holds
for G (2), D =+ {N}. And since V? is HP-g¢-bounded, these terms can still
be approximated in the operator norm by norm convergent integrals of
type (27) in which additional factors VPe~#”* will have to be inter-
polated between some terms of (27). But these terms are product of two
factors, one in #(H#P) and the other in %' (H#P), so that the same
arguments as above will apply in deriving the compactness of the
integrand.

4. The Spectrum of H™

We now look at the whole spectrum of H® and show that its
essential part consists of the interval [/, + oo[. There exists a
D={C,,0C,,...,0;} such that Ay is the glb. of the spectrum of
Hp, D < {N}. Since this operator has a continuous (and even absolutely
continuous) spectrum, WEYL’S criterion [8] applies with the result that
for each A in [Ay, + oof there exists an infinite sequence w, in Z(HP)
with Ju,| =1, u, tends weakly to zero and s.lim(H? — A)u, = 0.
Denote by f(s;) a vector obtained by applying to f € 2 (H"™) a trans-
lation by X, of the center of mass of each cluster C; € D such that
sp = Iznf,l (Xg; — Xg;). Then [(HP — 1) f(sp)] = [(HP — A)f|. We want

to show that if
I,=HY - D = P pict | (29)

cce conn °
Gic D
Then:
s. s},iinoo HpUy(sp)] =0. (30)

In fact let V({;g‘};n be one of the interactions in (29); the effect of
shifting indefinitely the c.m. of C;, C,, ..., C} is to separate more and
more the fragments C;=CnC;,71=1,2,...,k. Owing to the
H{® compactness of V& in #® and to (7) one has then

lim |V (H{ — 2)=1f(s,)| = 0. Since Z(HP)= 2 (H) one can

$p—>00 conn
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apply this result to f= (H{> —z)u, for any = and this implies
811)121@” Vigl}mun (sp)] = 0 and consequently (30). One can then extract a
bounded infinite sequence from the set {u,(sp)} such that the Weyl
criterion for HY = HD 4+ ID can be applied with the result that 1 be-
longs to the essential spectrum of H¥.

We then summarize all preceding results in the

Theorem 3. Under condition (RC ) on the interaction, the Hamiltonian
HNY s self-adjoint and its domain coincides with 2 (H{®). Iis spectrum
consists of a continuum [Ay, -+ cof, where Ay is the lowest many-body
threshold, and in the real complement of this continuum of eigenvalues of
finite muliiplicities which can accumulate at most at A .

Let us mention that for physical interactions /A is expected to be
the two-body threshold but we do not know any method to prove it
rigorously.

5. Concluding Remarks

The relative compactness condition on interactions is probably not
the weakest under which Theorem 3 holds. In particular one would
expect that its conclusions remain true for multiplicative interactions in
L} . tending to zero at infinity and volocity dependent potentials in-
volving the square of momentum operators. The first problems to solve
concern then the self-adjointness and the domain of H* and can
probably be overcome as in [6] by the use of quadratic forms instead of
operators. It seems on the other hand that C(z) rather than I (z) has some
chance to be compact; but it can easily be seen that this is sufficient to
derive the results concerning the spectrum of HW},

As was announced in the introduction we briefly discuss the relevance
of the Weinberg equation for the bound-state problem. We have seen
that every boundstate energy is a pole of [I — I(2)]~1. It is well-known
that the converse is not true owing to

I—-1I(z) =D (z—HM (31)

since a zero eigenvalue of D(z) can give a solution of the equation I (z)f=f
which would not correspond to a bound state. In fact in the case N = 3

3

one has D(z) = Gp, (2) IZHE')S} — 2D () — z} Gp,(z), where 1G9 (z)
i<i=1

is the off-shell two-body scattering amplitude. The existence of solutions

3

of the equation [H({f} — ) 16 (z) — z] { = 0 for non real energies has
1<j=1

been shown by FEDERBUSH [7]. Owing to the analyticity of I(z) such

solutions can occur only at some isolated points of the complex plane

and it is an open question whether they exist for real negative energies;

a proof of the contrary would be a good starting point for an estimate of
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upper-bounds to the binding energy of N particle bound-states with the
help of the Weinberg equation.

Appendix 1

Theorem A.l. Let H be a self-adjoint operator on the Hilbert space S
and 'V some linear operator whose domain contains D (). Then V is
H-compact on S if and only if for some z in the resolvent set of H the
operator V(H — z)~' is compact; one of these two equivalent conditions
tmplies that V is H-& bounded.

Proof. The necessity of the compactness of V(H — z)~! is obvious
since (H — z)~1is a bounded operator from 5 on & (H).

Suppose now that V(H — 2z)~! is compact on 5. Then if f € D (H)
we have V= V(H — z)~'h, with A= (H — 2)f. If (f,) is a bounded
sequence in 2 (H), the corresponding (%,) is bounded sequence in 7.
Hence Vf, has a limit point in 5#, which proves H-compactness of V.

Let E(A) be a projection operator in the spectral family of H. For
any bounded Borel set A in the spectrum of H, VE(A) is a compact
operator on #. Let A, be a sequence of such bounded sets having the
property that E(4,) tends strongly to the identity operator. By a well
known property of compact operators V (H — z)~* [1 — E(4,)] converges
in the norm to zero. For f € & (H) one has

Wil = IVEA)f| +|V(H =27 [I - BE(A,)] (H = 2)f] .
For a given ¢ > 0 a suitable choise of an n, gives for n > n,

Wi = balfl + e [(H = 2)f|

which proves H-e-boundedness of V.
Theorem A.2. Let V% be H{C}-e-bounded on % and C,>C,>C.
Then V acts on #'C as an H{O-e-bounded operator.
Proof. Let O] = C; — C. Then from (7) and (8) we have

HCY — O g 0% g (00D and HCY — B 4 gloD L gle:c)

We suppose that these self-adjoint operators are acting on J#(°} and
since they are positive we have for all f in the domain of H{’}

|H§ ) = [HEH] -

So that it is sufficient to prove the H{C}-s-bounded of VY on #7193, Let

(9,,) be some orthonormal basis of # {2} @ #(%C2) Then each f in S0
can be decomposed into the form f = 3 v, ® & with {0} ¢ (%3, and
m

we have for all f in 2 (H 60})

lle)"}sz:%' |H £
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so that each f{ is in the domain of H{®} in #*} hence in the domain

of V1%, Now H{%-g-boundedness can be written in an equivalent form
[VOHRR < & | HID D)2 + b () |52

with ¢’ as small as we want. Hence || V{°}f|2 is defined for any f ¢ 2 (H{)

in (%} and summation over m gives the desired result.

Appendix 2 (by Hunziker)

Theorem A.IL Let A (z) be a family of bounded operators on an Hilbert
space, analytic in some open connected region & of the complex plane. If
there exists an open subset O of 2 such that A (z) ts a compact operator for
all z in O, then A (2) is an analytic family of compact operators in 2.

Proof. Any point 2z, in & can be reached through a chain of open
spheres S; contained in &, with centers z; € S;_; such that z; € @ and
2o € 8,,. Inside each sphere S;, A (z) is obtained as a norm limit of finite

sums ) % A® (z,), where A® (z,) is the generalised derivative
E=0 :

of 4(z,) AW (z,) = 212;5 f (z _Aiz))k+1 dz,
C; !

where C; encloses some bounded neibhourhood of z; contained in &. This
results easily from usual estimates for the Taylor expansion of analytic
functions and Schwartz inequality. Now if the A(z),2¢€8;_,, are
compact operators, these generalised derivatives also are, as can be seen
by choosing C; contained in S;_, and using summability of |4 (z)] on
C;, which results from analyticity of 4 (z). Choosing C; contained in
the open set @), we derive step by step the compactness of 4 (z,).
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