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Abstract. Einstein’s field equations are studied under the assumptions that (1)
the source of the gravitational field is a perfect fluid, and (2) there exists a group
of motions simply transitive on three-surfaces orthogonal to the fluid flow vector.
There are two classes of solutions; these are studied in detail. Three special families
of solutions examined include all analytic solutions of the field equations obeying
(1) and (2) of which the authors are aware. The relation of these solutions to various
vacuum solutions is indicated.

1. Introduction

We shall consider solutions of Einstein’s field equations
1
Rab——é'-Rgabh%'Agab: T (1.1)
in which the matter tensor takes the form of a perfect fluid

Tab = UUgUy + p(gab =+ uaub) s U U = — 1 (12)

where u® is the normalised four-velocity, u the density and p the pressure
of the fluid. We shall normally assume p 4+ p > 0. The Eqgs. (1.1) and
(1.2) are integrable provided we are given an equation of state. This we
will usually assume to have the form p = p(u). (Because of the homo-
geneity, this will be no restriction on our models unless u takes the same
value twice.)

Exact analytic solutions of these equations have, of necessity, high
symmetry. The conservation equation u, 7% = 0 takes the form

W= paut = — (u+p) b (1.3)

where 6 : = u%, is the expansion of the fluid (see Refs. [1, 3] for standard
notation and results). Thus homogeneity of space-time, which implies
a constant density u, also implies that 6§ = 0 and so we would not see
an almost isotropic redshift. Hence such spacetimes are not reasonable
cosmological models. The two simplest classes of spacetime that will give
reasonable cosmological models are the well-known Friedmann universes,
which are isotropic and are homogeneous on spacelike sections, and those
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spaces admitting a group of motions! @, multiply transitive on surfaces
of homogeneity S;. These spaces? are included in the spacetimes classified
and examined in two previous papers [1, 2].

We shall examine here the next simplest class of spacetimes suitable
for use as cosmological models; that is, we assume that (1.1) and (1.2)
hold, 6 > 0 and that
there exists a group G5 of motions simply transitive on three-surfaces
orthogonal to the fluid flow vector u®. (1.4)

In these spacetimes matter expands and the universe is homogeneous
wn the rest-space of any fundamental observer. These are a subclass of the
Biancht spacetimes which were systematically investigated by Taus [5]
in the case p = y = 0 and by ScHUCKING [6] in the case p = 0 4 u. The
specialisation is that the fluid flow vector is orthogonal to the surfaces
of transitivity of the group G,; it is for this reason that the rest-spaces
of the fundamental observers coincide with the surfaces of homogeneity
(which is not the case, for example, in GODEL’s spacetimes [7]).

Since u? is hypersurface orthogonal, the vorticity tensor w,, is zero,
and the acceleration vector 4, vanishes because the acceleration of the
vector field normal to a family of spacelike hypersurfaces of transitivity
of a group of motions is always zero [4]; that is.

Uyt =y pu® =0, (1.5a)

Wapt = Upg;p) — Ulatp; = 0 . (1.5b)

(1.5a) also follows from the conservation equations (g,y + w,u,) 15 = 0,

which are
(u+ P) g = — (g5 + w,u’) P,y

since p must be constant on the surfaces of transitivity of the group.

The Eqgs. (1.5) imply that we may choose a time coordinate ¢ so that

{t = constant} are the surfaces of transitivity of the group and ¢ ,u®=1
(i.e. u, = —t,,) [3]. Since

Ug.p = 045 Where 0,y = 0p); 0pu® =0 (1.6)

the expansion tensor 0,, completely determines the first derivative of

u, and the first order redshift in the model. 0,, may be split into the
expansion 0= 0% and the symmetric trace-free tensor o,, = 0,4,

— »;—O(gab + ugt,), which is orthogonal to w2 The Friedmann world

. 1
models occur when o,, =0, or equivalently when o%:= 5 Oap 090

vanishes.

! For terminology and results in the theory of groups of motions see (e.g.)
Ref. [4].

2 We shall call these spacetimes L.R.S. (locally rotationally symmetric).
8%
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The group of motions G5 can be classified into one of the nine distinct
types described by Braxcai [5, 8]. Since the group of motions is a Lie
group and hence analytic, this Bianchi type is constant throughout
connected non-singular regions of spacetime where the group acts
regularly3. Although the Bianchi type is a useful description of the
symmetry of spacetime, it does not describe the relation of the group to
the metric tensor. In this paper we shall take into account both the
group type and its relation to the metric tensor, using the group classifi-
cation techniques developed by ScrtckiNg, KunpT and BEHR, and the
tetrad methods of Refs. [1] and [2]. Thus we use an orthonormal tetrad
(used previously to study Bianchi world models in Refs. [9—11]) rather
than one in which the scalar products of the tetrad vectors vary from
surface to surface (used previously to study Bianchi world models in
Refs. [5, 6, 12—15]).

Notation is very similar to that in [1]: @, b, ¢, . .. run from 0 to 3;
o, f,... from 1 to 3; 5e?¢d = yleved] js a skew pseudo-tensor with
tetrad components 7°123 = 1; g% = ¢[*#?] ig a skew pseudo-tensor with

. ]
tetrad components 23 =1. For arbitrary vectors X = X!,

Y=1Y¢ a—i; the commutator [X, Y] is the vector defined by

[X,Y]f:=XXf) — Y(Xf) for all functions f.
With this definition, arbitrary vectors satisfy the Jacobi identity
X, [¥Y,Z]]+[Y,[Z,X]]|+[Z,[X,Y]]=0. (L.7)

Section 2 sets up the tetrad system, classifies the groups and gives
the Jacobi equations, and Section 3 gives the field equations. Sections 4
and 5 proceed with integration. Sections 6, 7 and 8 examine special cases
of the group or metric structure. The results in Sections 4 to 8 are, as
far as we are aware, new, unless otherwise indicated.

In the following sections we consider only local results. Since any
world-model with homogeneous space sections becomes singular if the
“energy condition” u 4+ 3p > 0 is satisfied [16], the local methods of
integration used will break down if we consider sufficiently long times<.

2. The Tetrad System

We introduce as a vector basis an orthonormal tetrad {e,}, with the
timelike vector e, chosen as
e =ul. 2.1)
3 There is no difficulty in extending a solution satisfying (1.4) locally to a global
solution.
4 Tn our models this follows directly from RaycEAUDHURI'S work [3, 17].
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Then at each point the vectors {e,} form a triad of orthonormal
spacelike vectors spanning the tangent plane to the surfaces of transi-
tivity of the group; so the coordinate x0 = ¢ satisfies ¢, ;e/ = 0. The other
coordinates are chosen to be co-moving: a? ;4 = 0. We use * to denote
covariant differentiation in the direction of the vector u.

As the {ea} are orthonormal, the metric tensor has the tetrad
components

Gap: = €hey; =diag(— 1, + 1, + 1, +1). (2.2)

If f is any function, the derivative of f in the direction e, is d,f: = f, ;€i.
These derivatives do not commute in general and we define the functions
vay by

[€s; €] f:= (0.0, — 050,) [ = : Yan0cfs Vo = Viar - (2.3)

The rotation coefficients I';,, are defined by
Fcab = 6(7; ebj,'i e’é (24:)

80 ¢35:, = 0 implies I'y oy + L4, = 0.
Lowering and raising tetrad indices by ¢,, and its inverse g¢¢ (note
that ¢, 4 X g°®), it follows that

Yoo = L% — Tfu= Loy =5 (Vave + Yoar— Vood) - (25)
From (2.1), (2.5) and (1.5)
78, = V?w/ =0.
The Fermi-derivatives e,-e,:= ¢l c,;;u’ may be replaced, since

e, e, = —e,- e, by the vector [18]
1 .
04:= 5yl ue, - e

which implies Q%u, = 0. £2¢ is the local angular velocity, in the rest-
frame of an observer with four-velocity u?, of a set of Fermi-propagated
axes with respect to the triad {e,}. Using (1.6) we have

‘}/gp = Olw -+ Euve Q.

To describe the functions y#, we follow ScutckiNng, Kuxpr and
BeHR [19] in separating &7 p¥ into a symmetric part ##* and an anti-
symmetric part represented by the “vector” af. These are defined by

* v 1
nET: ___,y( 7) o' ﬁ:?y;a
the inverse of these relations being
}/W = Euvr W+ 61’1‘ ,u 62“11

The quantities 0,4, 7,5, ag, Qﬁ, which completely determine the rota-
tion coefficients I',,, (and 9¢,), behave as symmetric three-tensors and
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three-vectors under orthogonal transformations of the triad which are
constant in each surface of transitivity.

The triad must lie in the three-surface of transitivity of the group
of motions at each point, and we may further restrict it by

le,, §,1=0 (2.6)
where &, denotes a basis of the Killing vectors generating the simply-
transitive G5. A proof of this is to consider taking an orthonormal triad
at one point p in a surface {t = constant} and then dragging it along
successively by & to define it on a line, by &, to define it on a two-
surface, and finally by &, to cover the hyperplane. Dragging along by
a Killing vector preserves scalar products and hence the triad thus
defined is orthonormal everywhere in the surface. The Jacobi identities
now show? that (2.6) holds and incidentally prove that the construction
is independent of the choice of Killing vector basis. When the full group
of motions is simply-transitive, an alternative proof of (2.6) can be given.
Any invariant vector uniquely defined by the curvature tensor (or its
covariant derivatives) commutes with the Killing vectors. As the group
of motions is simply transitive (rather than multiply-transitive) we can
find a covariantly and uniquely defined triad, so (2.6) holds for this
triad. Further, since u is uniquely defined in all cases, [&,, u] = 0, and
hence

(8, €] =0. (2.7)

These equations are entirely equivalent to Killing’s equations &, ;.5 = 0
for the vectors §&,.

We define 0%, by

[E/u Ev] = 021} E;n 0’;21/ = 0["(11!] .
Using (2.7) and applying the Jacobi identities to (e,, §,, §,) we verify
that the structure constants of the group, (%,, are constant throughout
spacetime [10] (cf. comment in Section 1). (2.7) and the Jacobi identities
for (§,, e,, e,) show that pf, are constant in the surfaces of transitivity,
ie.
V8o = 75 (t) - (2.8a)

The vectors {e,} thus generate a simply-transitive group of trans-
formations in each surface {¢f = constant}. This is the group reciprocal to
the group of motions. Conversely, the existence of the group of trans-
formations generated by {e,} with the condition (2.8a) implies the exist-
ence of three independent &, satisfying (2.6). The uniqueness theorem
for solutions of differential equations then shows that (2.7) is satisfied,

5 This is essentially what is done in EISENHART’S book (Ref. [3], p. 113); note
that (2.8) is the statement that each isometry induces an automorphism of the
Lie algebra.
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provided that

Lemma 2.1. (1.4) holds if and only if there exists an orthonormal tetrad
{e.} with ey = u such that (2.8) holds. The {e,} span the surfaces of transi-
tivity of the group.

(2.8) shows that

0,0,=0, 0,02,=0, (2.9a)
O,Mp=0, 0,0a,=0. (2.9b)

The Jacobi identities for (e,, e,, e,) are, using (2.3),

0=04yf+ 0,70+ 0¥+ vy v+ v vl + v v, (2.10a)
which imply also the contracted identities
0= 0,75, + oVap — %70 + Vs Vhe - (2.10D)
Applying these relations to (e, e,, e,) shows that

0oty + Oup aﬂ+%0am—|— Eupy AP L =0 (2.11)

and

0p N+ 2107 o8y, 227 — 27, (.07 + %naﬁ 6=0 (2.12)
give the time derivatives of a,, n, 5. Applying the identities to the vectors
(e, e, e,) we see that for these vectors (2.10a) < (2.10b) as each set

contains only three independent relations, the identities (sz) of Ref.
[1]. By (2.9D), these are

Nypaf =0 . (2.13)

As we are still permitted an arbitrary time-dependent rotation of the

triad, we may make a canonical choice by taking the vectors {e,} as

eigenvectors of the symmetric ‘three-tensor’” m,,. This assures ortho-

gonality unless two eigenvalues are equal, in which case the vectors may

be chosen to be orthogonal. As (2.13) shows af to be an eigenvector, we
may take

Nyp = diag (ny, ng, ng) ,  af = (a, 0, 0) (2.14)
without loss of generality, and then (2.13) reads
an, =0 (2.15)
and the commutators of the basis vectors {e,} are
le;, €] = aey, + nge,,
[es, 5] = nye (2.16)

(e, €] = ngey — ae;.
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The three directions thus chosen are unique unless some of the
eigenvalues of n,, are equal, in which case there is a corresponding
freedom of rotation, providing (2.8) is preserved. Finally we have the
freedom to reverse the direction of, and to renumber, the vectors. Using
this freedom we may make a positive if it is not zero, and simultaneously
change the sign of all the n,. Thus we may bring the coefficients 7/
to one of the canonical forms in Table 1.

Table 1. Classification of groups G5 following BEur [10]. The group is of the type

listed on the left, if it is possible to choose a basis such that the yy,, satisfy (2.8) and

have the form on the right. The Jacobi identities (2.13) are identically satisfied by
all these group types

Group class Group type @ 7y n, Ng Bianchi type
A I 0 0 0 0 I
1I 0 + 0 0 1T
VIiI, 0 + -+ 0 VII
VI, 0 + - 0 VI
IX 0 + -+ + IX
VIII 0 + + — VIII
B v + 0 0 0 v
1Y + 0 0 + v
VII, + 0 + + VII
VI, + 0 + - VI (IITifh=—1)

Defining functions ¥ by e, = p# &,, (2.6) and (2.8) imply [4]
9’5 ’Pfa Cga = y;‘lv ?/)f'c .
If we choose the Killing vector basis so that at one chosen point

v 28 (2.17)
then at that point C2, x 2, and hence the group of motions and its
reciprocal group in each surface of transitivity are equivalent. At the
point where (2.17) holds the Killing vector commutators have the form
(2.16), but we may scale the basis arbitrarily and so we can make all
non-zero structure constants either + 1 or — 1, unless an,n, == 0, in which
case we may set ny, ng to 41, @ then being determined by the in-
variance of

h:= a®lnyng . (2.18)

Thus there are 10 different types of group @G, at a point, and since
the C%, are constant there are 10 different types of group acting on
space time. (Note that % is time-invariant and that the values of 4 in
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types VII, and VI, actually label one-parameter families of groups.)
The preservation in time of group type may also be seen from (2.11) and
(2.12). Table 1 gives the classification of BEHR, and relates it to that of
BrawcHr (see Ref. [107]).

We shall refer to a group in which a = 0 (i.e. in which C%, = 0), or
a spacetime invariant under such a group and satisfying (1.1), (1.2) and
(1.4) as of Class 4, and a group in which a = 0 (i.e. in which 0%, = 0),
or a spacetime satisfying (1.1), (1.2) and (1.4), invariant under such
a group, as being of Class B.

Since n,, is symmetric there is a second canonical choice when
n 1= n% = 0. From Table 1 this happens in types I and V, and can happen
in special cases of type VI;, VI,, and VIII. Then we may take an
orthonormal triad {e,} such that

0 r r
naﬂ:*—— r 0 q) ;aﬁi (@,0,0); ar=0. (2.19)
. q 0

U

The directions of the axes are determined by this form, unless » = ¢ in
which case there is a rotation preserving (2.19). The commutators of the
vectors {e,} are

[e, ex] =re; + (¢ + a) e,
ey, e5] =re, + reg, (2.20)
[e;, e]=re, + (¢ —a)e;.

This gives rise to the canonical forms of Table 2.

Table 2. Classification of groups where nf = 0 (see Table 1). The Jacobi identities
(2.19) are identically satisfied by these group types (see also Section 6)

Group class Group type @ r q

A I 0 0 0
Vi, 0 0 +
VIII 0 + +4-

B v + 0 0
VI, + 0 -

The non-trivial Jacobi Egs. (2.11), (2.12) are written out in AppendixI
with the tetrad choice (2.14), and for the case n% = 0 in Appendix II
with the tetrad choice (2.19).
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3. The Field Equations
From the Ricci identity for an arbitrary vector v°,
Ul;)cd - U?dc = Rgcd v?, (3.1
we can find the Riemann tensor components and so the expression
— Ryy: = ""Rgad:adpccb_acljgb_ngF¢%b+ ngfgd

for the Ricci tensor. Using (2.5) and the tetrad specialisations of the
previous section, the field Egs. (1.1), (1.2) are as follows.

1 1 3
0 +50*+2+5pu+5p=41 (3.2)

is the (0 0) equation, Raychaudhuri’s equation [3, 17], which shows
that {u + 3p > 0,4 < 0} = {0" <0 at all times};

3a,0% — &, N7F0% =0 (3.3)

is the (0 ») equation stating that u® is a Ricci eigenvector; and, using
(3.2), we can write the trace-free part of the (f d) equations as

00055 = — 0055 + 207 (ges) 1 £ + 2é05(5M0) "0 — 25, nff + Mgy
1 %t 2 (3.4)
+ 5 Ops (2177 My — ME)
and the trace as the first integral
1 1 1
g P=0+3a+ 5 (n“f‘ Moy — —2~n2) +pu+a (3.5)
which is a generalisation of the Friedmann equation.
From (3.4) there follows
0y(0?) = — 200° + 207° &7 (gny),, @, — 204 nf n{f + nng af . (3.6)

Using this, (1.3) and (2.11), (2.12), we can verify that (3.5) is a first
integral.

From the Gauss-Codacci equations we can find the Ricci tensor R¥,
of the three-surfaces of homogeneity

2 1
— REp= 0000+ 00, — 20,p8% & 5 dup 02— 02— p— 4) (3.72)
1
= 2&7 (Mp)y By — 2Ny NG + Mg+ Oy (20&2 + Ry W — ynz) (3.7h)

the equivalence of the two expressions following from (3.4). Hence the
scalar curvature of the three-surfaces of homogeneity is

~R¥ = Rie=2(500 ot~ - 4) (3.82)

= My, WT — %n2 + 6a? (3.8b)
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the first being a special case of an equation due to RAYCHAUDHURI [17]
which implies another relation of RAYCHAUDHURI'S:

O (B* — 20%) = — 2 0(R* — 607) . (3.9)

We can now define the Weyl tensor C,;,4 (which is the part of the
curvature not determined by the local matter, and so represents the free
gravitational field [20]), by

Rivea= Cavea — JataBay — GoteRara — gga[cgd]b » (3.10a)

Cavea= Cranitear s Chea=0=Cuppear - (3.10b)

We may further split this into its “electric” and “magnetic” components
Eoyi=—Cuppou?Pu?; Hyi=— %Ofl’q" Narvs Up w5 (3.11)

each of which has five independent components since (3.10b) implies
Hyy=Hp; Bop = Ep; B = 0= Hi; Hypyu® = 0= H,ub. (3.12)

Substituting «® in (3.1) we derive the expressions

2 2
B,5 = 00(0,p) — 20,(u8%5). £2" + Ouy 0y + g()aaﬁ — 5 0,50%, (3.13a)
1
Hyp = (0r M%) Opp + 5 MOup — 30, 0 — €°%,0,y @5 (3.13b)

The Eqs. (3.2,3,4,5,7b, 8b, and 13) are written out in full in
Appendix I with the tetrad choice (2.14), and those that are useful for
the case n% =0, in Appendix II with the specialisation (2.19). One
consequence [14] is that the curvature R* cannot be zero if the group
is Class B or (in Class A) of type II, and can be positive only if the group
is of type IX.

We can define an “‘average distance” [(¢) [3], corresponding to the
function R (t) in the Friedmann world models, by the equation

IjL= /3. (3.14)

{is thus determined up to a factor by the volume behaviour of the space.
Then the quantities

1

Hy:=50 *(O.T'%’—ez)‘__?’i”

3H: o iz *0

I
0=~l-.0 and g,:=

where ¢ = £, is a given time in the world model, correspond to the Hubble
constant and the deceleration parameter at that time and are obtained
from measurements of the volume expansion alone (thus differing
slightly from the similar quantities defined by SauxnpERs [14]). Choosing
a tetrad in the principal directions of the shear tensor we may write
0,0 = diag (Hy(1 + &), Hy(1 + &), Hy(1 + &3)) where &) 4 &, + &5 = 0;
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thus Hy(1 + ¢,) is the Hubble constant in the principal shear direction
e,, and can be obtained from the redshift in that direction. It then follows
that the relative root-mean-square deviation from isotropy, defined by

&= % 2 (e2) is related to the shear by —§~ 0% = *(H,)% Raychaudhuri’s
Eqgs. (3.2), (3.8a) now give the relations

1 3 |
A:—z-,uo-!-»é-p’o— 3Hiq,+ 3e2 HE

and
B*|o = 3 (ulo + plo — 2HF(L + go) + 3* HY)
which generalise the usual relations in isotropic world models [21]. H,, g,
and ¢* having been observationally determined, these are relations
between A, B*|,, u|, and p|,. If A = p|, = 0, as seems plausible, we find
tlo = 6Hg (g, — &%)
R*|y=6H% (29, — 1) — 9e2 HE .

and

4. Class A Solutions
We consider solutions of the field equations in which

af =0 (4.1)

so that the Jacobi Eqs. (2.13) are satisfied. These are of Class A (see

Section 2). If we make the tetrad choice (2.14), it follows from the (0 v)

equations, (3.3), that the tetrad vectors are shear eigenvectors, or, if for

instance ny, = n4, may be chosen as such without violating (2.14). Then

the (« f) equations, (x + (), together with the Jacobi identities (2.12),

show that these shear eigenvectors are Fermi-propagated, or, if for

instance 0, = 05, may be chosen as such without violating (2.14). Thus
we have

Qa=0; 0,,=diag (0, 0, 0;) . (4.2)

From the Eqs. (3.7) it follows that the triad thus chosen is a triad of
Ricci eigenvectors of the three-surfaces orthogonal to ue.

Lemma 4.1. In a spacetime of Class A there exists an orthonormal
tetrad {e,} with w = e, and such that the vectors {es} are Fermi-propagated
shear eigenvectors of the flow congruence and Ricci eigenvectors of the sur-
faces of homogeneity. The Weyl tensor is type I (or its specialisations
Dor0).

With this tetrad the remaining Jacobi identities are the three time-
derivative equations for the 7,, and the remaining field equations are the
(1 1), (2 2) and (3 3) equations together with the first integral (3.5).

Having chosen the tetrad as above we can choose comoving co-
ordinates x%, with «® = ¢, such that the coordinate-tetrad relations

(4.3)



Homogeneous Cosmological Models 119

have the form

7}
€0 =G
o 2
€; = C(w ) FrER
0
ey = A@) [(1~ NNy @) e~ Nog (o) 2], | (4)
ex= B [Nyg (%) o + (1~ Ny Nog? (292 2]
a a
Z:= (1 — N,N,S2(a))-V2 ( o Ny S () W) ,

where N, N,, N, are constants and

Ny = leO ) g = N2gA , g = N:’OAB ; (4.5)
928 229
(@) = — N, N;8(2) ; W: - NlNzg(x3) ;
lim aS)zl. ﬁm(ag)z_l (4.6)
2ls0 \ 0t > 250 \ 0a° ’

The coordinates are regular if lirrt) (S) =0 and lim0 (9) =0 and
zt— 58—

l'mO (9) =1. We can easily
3 —
check that all the 9, are zero, except the n, given above and

singular if for example limO (S)=1 or
2 —

0 0 7]
0= — 5 (ogd), 0Oy=——55(logB), 0O;=——55(ogl). (47)

Thus we have satisfied (2.14), (4.1) and (4.2), and n, may be chosen
arbitrarily in an initial surface {t = constant}. The Jacobi Egs. (2.12)
are, by (4.6) and (4.7), satisfied with arbitrary choice of 0,,(t). Thus any
spacetime of Class A may be described by coordinates related to the
tetrad of Lemma 4.1 by (4.4) and (4.6).

Theorem 4.2. In a spacetime of Class A, there exist coordinates x* such
that the metric tensor takes the form

gOO=—17 gOy=O,
g1 = X2(2%) (1 — Ny N,pg?(2?) + Y2(2),
Jra = g(@%) (1 — Ny N,pg?(@®)) 2 (1 — Ny N3 S2(ah))2
- (N, Y2(2%) — N, X2(20)) ,
Jao = X2(20) (V19(2%))? (1 — NN, 82%(2h))
+ Y2 (1 — NNy S2(2)) (1 — Ny N,yg2 ()
+ Z%(2%) (N3 S (21))?,
Gi3=0, go3=—2Z2@°) N3S(a'), g33=2%(2"),

(4.8)

where S (xY), (%) are determined from the constants Ny, N,, N, by (4.6).
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These are in fact the coordinates used in the relations (4.4), where to
find the metric we have inverted these relations and used (2.2), writing
X =1/4, Y =1/B, Z = 1/C. The remaining field equations and con-
servation equations yield

w _ .
Ty = (g X YZ)
1
A+ (u—p)
X XY  XZ 1 (N,X\2 1 (N, ¥ N, Z\2
“=xtxv T +7(yz) Z(XZ Tf)
_ ¥ ¥YX Y4 1 (N,¥\2 1 NZ_NIX)2
”Y‘FYXTL +2(XZ) z(xy Y7
(4.9)
__£+AX + 1 :'V3Z_)2_i(NIX_ NZY)2
ZX Xy YZ X7
and the first integral is
XY  YZ , ZX | 1 [N,N N,N, | N,N
M+A_XY+YZ+ZX.+_2~( S (Rt Taaa %21)
L ((NZ\2 | [N, X\2 NJ)Z)
Z((XY) +( YZ) +(ZX '

The Eqgs. (4.9) have known analytic solutions only for the vacuum case
[5, 22] and for groups of type I (n, = 0). This latter case has been inves-
tigated in the case of dust by HeckManx and ScmUckiNG [6], Ray-
CHAUDHURI [23], RoBINSoN [24], and SAUNDERS [14] (who included the
A-term); for perfect fluids by THORNE [25], DOROSHKEVICH [26], STE-
WART [2], and Jacoss [27]; and for vacuum spaces by TauB [5], KASNER
[28], DauTcourtT et al. [29], and others. The type IX case has been
investigated by BEHR [12] and SuEPLEY [13].

The simplest cases in Class A which have not been analytically
integrated are those with local rotational symmetry [1, 2] (see Section 7).
Unless these can be integrated analytically, it is unlikely that any more
complex or general cases can be so integrated. The difficulty arises from
the characteristic cross-terms in X, ¥ and Z which occur when any of
the Ny (i.e. ng) are non-zero. A further possibly-integrable case arises
when these cross-terms can be made to vanish by use of the specialisa-
tion (2.19), i.e. when n = 0. This and certain other special cases are
discussed in subsequent sections.

5. Class B Solutions

We now consider solutions in which the group is of Class B, i.e. using
the tetrad choice (2.14)
a=+0. (5.1)
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The Jacobi identities (2.13) are satisfied if and only if

n=0. (5.2)
The Jacobi identities (2.11) now imply
3:0'12, 92:'—‘0’13- (5.3)

As well as the first integral (3.5) we have three non-trivial constraint
Eqgs. (3.3), and these are all conserved under the time-propagation.

The consistency conditions are somewhat more involved than in
Class A. First, we note from (3.3) that either

af is a shear eigenvector < 6,5 = 073 =0 (5.4a)
or
af is not a shear eigenvector < o;,075 =+ 0 = 1,0, + 9a% = 0. (5.4Db)

Using definition (2.18) we see that

Theorem 5.1. The only Class B spacetime in which af is not necessarily
a shear eigenvector is that with a group of type VI, with b = — 1/9.

If n, = ny; on an open set, then 9,(n, — n5) = 0 shows, using (2.12),
that either ny = ngy = 0, or ny, + 75 <= 0 and 0, = 0;. (2.12) further yields
053 = 0, and 0y(0y3) = 0 = 07,073 = 0. Using this with (5.4) and the (0 1)
equation, which is

1
01 =5 (02 + 0) , (5.5)

we find we have a Robertson-Walker model, which we prove in Section 7
to admit a group of type V.

Lemma 5.2. A spacetime of Class B has n, = ny on an open neigh-
bourhood if and only if there is a group of type V.

We call these spacetimes of Case Ba. We may choose the tetrad to
satisfy (2.16) and so that the vectors {es} are Ricci eigenvectors of the
three-surfaces orthogonal to u; and Fermi-propagated eigenvectors. This
is because when 7, = 1, = 0 we have the freedom of a rotation ¢ (2) in
the e,/e; plane which we use to make Q! = 0 everywhere and o,5 =0
initially; then the time derivative equations show that ¢,; = 0 every-
where. Then (5.5) holds. So we have

Case Ba: ny = n, on an open set < there is a group of type V < we
can satisfy (2.14), (5.1) with ny = Qg = 0= 0,5(cc + ) and (5.5) holds.

If n, == n; on any open set, we can solve (2.12) for ' in terms of
0,3, and we also have (0 1), as:

Q) = (ny + ng) 0y5/(n5 — ny) , (5.6)
0, = ?13“ (05 + O3) — (ny — n3) 035/2a . (8.7)

If 0,5, =0 on an open neighbourhood, (5.5) holds, and if n, == ng,
(2.12) = Q' = 0 and 9,y(0,3) = O gives a first integral

2019015+ a(ng — 1) = 0
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which shows that ¢;,05 = 0 and hence A = — 1/9. [The time derivative
of this equation shows, using (3.3), that 0,(3(0y35)? + (075)%) + 05((073)?
+ 3(0y5)%) = 0 which is a new constraint showing that matter does not
recede in one of the principal directions. So if ¢,5 = 0 and matter expands
in all directions, the group is type V.]

We thus have two cases when 7, == 15 and (5.1) holds.

Case Bbi: 075 = 0y5= 0; 045 == 0. (This can be written in a new tetrad
such that 7,4 = 0 and ¢,3 = 0, but this makes little difference.)

.. 3 -3
Case Bbii: 0150153+ 0; h=—1/9 and ny, = zala , Mg = *5&2—
12 13

Lemma 5.3. The only Class B spacetimes in which the eigenvectors of
N.p are shear eigenvectors are those of case Ba.

As in Class A, we do not expect in general to find analytic solutions
with n, or n; non-zero. Hence we are likely to obtain such solutions only
in Case Ba. In this case we find a first integral applicable to any perfect
fluid and previously given for dust by Hrckmany and ScHUoKING [6]
and RoBIiNsoN [24]. This equation may be integrated in certain cases
(see Section 7); in particular when A = g = 0 [31].

One may also obtain solutions when the space is an L.R.S. space
with a group of Bianchi type III. When 7% =0, the terms in the
ng may again be rendered in a simpler form by use of the tetrad choice
(2.19). These special cases are discussed in subsequent sections.

6. The Case nf; = 0

In the last two sections the field equations have been reduced to
a form in which they are in general consistent. This may no longer be
true when the value of some quantity [e.g. (0, — 05)] is constrained to
be zero at all times. The constraint gives rise to further constraint equa-
tions through the time propagation [e.g. 0,(0, — 03) = 0]: these further
constraints must themselves be conserved in time giving rise to yet
more constraints. Either these sets of constraints will lead to incon-
sistencies, or there will come a stage where the new constraints found
are merely identities by virtue of the previous equations and we will have
a consistent solution. In this and the following sections we will examine
some such special cases.

In this section we consider n = 0. We may choose a tetrad satisfying
(2.19) withg = 0,7 = 0.

In Class A solutions, @ = 0 and the (0 ») equations show

q(013 — 019) +7(03— 0) =0, (6.1a)
7(013 — 012) + q(0; — 0,) = 0. (6.1Db)

If g = r = 0, the Jacobi identities and (6.1) show that o,, = 0, which is
incompatible with the time development equations for the shear. If
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0 == ¢ == r, then (6.1) shows ¢, = 043, 0, = 05. Then the Jacobi identities
imply
r(Qy+ Q) — 2902, =0,
q(2:+ 25 —2r 2, =0
which shows 2, = Q, + 2, = 0 and with these restrictions the Jacobi
identities further yield 2,= — 0, and 270y, + ¢o,5= 0. Taking the time
derivative of this last equation and using (0 2) we find the further
constraint ¢(37% + (0y,)% + 2(033)%) = 0 from the time conservation. This
proves that r=0y,=0,3=0, since ¢= 0,7+ 0 lcads easily to an
inconsistency.
Theorem 6.1. nf is not zero in any open set in a spacetime of Class A
mwvariant under a group of type VIII.
The above implies that in Class A we can always set

r=0=0Q5=0,5(cc+ f). (6.2a)
In the case ¢ 5= 0 we have the further condition
0y =0, . (6.2b)

In Class B solutions r = 0 and the Jacobi identities imply ¢y, = 25,
o13=— 5. If ¢ 0, 2, = 0,5=0. Since in the case ¢ =0 (Case Ba)
this last equation may be made true by choice of tetrad, we may assume
it true in all cases. In Case Ba and Case Bbi solutions, af is a shear
cigenvector and so oy 5 = 073 = 0, whence (6.2a) is still true. In Case Bbii,
af is not a shear eigenvector and the equations (0 2), (0 3) are

0=0y5(q + 3a) = 0,39 — 30) . (6.32)
We may therefore choose the axes so that ¢, =+ 0, and we then have
2:=0,,+0=>q9g=—30,0,=0,=0,3=0,,=0. (6.4a)

In all Class B, the (0 1) equation reads

0=a(20, — 0, — 05) + q(65 — 0,) (6.3b)
which reduces in Case Bbii to
1
0= 0+ 0y) . (6.4)

Combining the results for the two Classes, A and B, we find there are
two families of solutions in which #n§ = 0, a general case characterised by
(6.2a) and a special case characterised by (6.4). In either case we may
choose coordinates related to the canonical tetrad (2.19) by;

0

€0 =G0

e = A(@) (55 + /(%) exp (@ + 20) @) 555 »

0
e, = B(2°) exp((ao + o) @) 5.7 »

(6.5)

0
e; = C'(2°) exp((ao — o) 2%) 3z
9 Commun. math. Phys.,Vol, 12
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where 0, = — A’J4,0,= — B'|B,0,= — C"|Cand (Af) = — 20,,B;¢,,%
are constants, and ¢ = ¢4, a = gy 4. The corresponding metric is
ds® = — dt? 4 {X*(a%) + Y2(a®) f2(20)} (dat)?

— {272(a%) [ (2) exp(—(ap + qo) )} dat da®

+ { Y2 (%) exp(—2(ay + go) ")} (da?)?

+ {Z* (@) exp(2(qo — ao) @} (da%)?
where we have defined X =1/4, Y =1/B, Z = 1/C. In Case Bbii we
can integrate the 0,0y, equation to give o;,=bB2C and f(x9)

(6.6)

=—2bfY—)§Z—dx0 where b is a constant. b+ 0 < ¢=—3a and

o1+ 0 f(0).
The remaining field equations and their first integral now read

p i o= — (logX YZ)
X XY 2@ ), 20
A+ (/‘ —p) = x XY %7 XZ Yoo Ty
RS S SNp ¢ Y7 2(a}+aeq)  20° (6.7a)
Y YX Y7 X® Yiz2
o zX ZY 2(ad — ayqo)
=7 tax tay e,
3 XA zy 2
H+A+(_M W—!——I};*Z—g*. (6.7b)

Theorem 6.2. For all spacetimes satisfying (1.1), (1.2) and (1.4) wn
which 18 =0, there exists an orthonormal tetrad satisfying (2.19) and
coordinates x® related to this tetrad by (6.5). T'he metric is then given by (6.6)
and the field equations by (6.7), with the constraint (6.3D).

This form is generally simpler than the other tetrad choice (2.14).
There are the following subcases.

Class A:a=0,b=0.

g =0 < the group is type I. These spaces have isotropic three-
spaces (see Section 7) and may be integrated for many types of matter
(see Ref. [27]).

q == 0 = the group is type VI, and 0, = 0;. There are two independent
0, but the shear equation is more complex than in type V, where (5.5)
holds.

Class B: a & 0.

g =0 < type V< (5.5) holds. The three-spaces are isotropic and we may
reduce the shear equations to a first integral (see Section 7).

g+ 0, b = 0= Case Bbi, group type VI,. (6.3b) determines 0;. This
is in general similar to the case of Class A, type VI;, above. There is
a special case when A= — 1 < ¢ = ¢ which is of Bianchi type III, is
L.R.S. and has been integrated for several behaviours of matter [32, 33].
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g =+ 0,b 0 = the special case ¢ = — 3a « 20, = 0, + 0, which is
of case Bbii; there is now a cross-term of the more complex type found
in (4.9) due to the off-diagonal component of shear.

The simplest cases with the more difficult cross-terms are those of
type IT which are L.R.S. and the type VI, (nf = 0) case with ¢,, 0
just discussed. All other solutions have in general several such cross-
terms and are unlikely to be integrated before the ones listed above.

Most of these cases have been integrated in the vacuum case
(p=p=2A=0) (see Section 8) and Bianchi types I and III (ng = 0)
have been integrated for several types of fluid. None of the rest have
been integrated even for dust (p =4 =0). A special situation arises
when p = u (“stiff” matter), when apart from types I and IIT we may
integrate in type V (see Section 7) and type VI, (n{f = 0 = A). This last
solution is

ds? = X3(— du? + (dat)?)
(6.8)
+ 2u(exp(— 2g,2Y) (da%)? + exp(2¢,at) (da®)?)
where X2 = u®M-1/2 exp(q,u®) and y = M[4u>X? Setting M = 0 gives
the vacuum solution with 4 = 0. In the case of dust the type VI (n}f = 0)
field equations reduce to
2XYY =1t

£2R2YY + V)L Y4Y2=0

to which we could find only the special solution Y2 = X = t. This seems
to be the simplest case without a known general analytic solution.

7. Spacetimes With Some Isotropy

In this section we consider first those spaces satisfying (1.1), (1.2) and
(1.4) which are also locally rotationally symmetric (see Refs. [1] and [2]
for detailed discussion). These are spaces in which there is a group of
motions @, with r =4 or 6, multiply-transitive on the three-surfaces
orthogonal to the fluid flow vector 2, and having at least one three-
parameter subgroup simply transitive on these surfaces. If r = 6, the
space is a Robertson-Walker (isotropic) space; if r =4 the space is
partially isotropic and has non-vanishing shear.

Each point p is invariant under a subgroup of G,, the isotropy group
of p, which is one-dimensional if » = 4 and three-dimensional if r = 6.
This group induces a group of rotations in the tangent space 7', which
leaves invariant all quantities defined covariantly at p by the curvature
tensor and its derivatives. It follows (cf. [1, 2]) that if we choose a tetrad
with e, = u and e, as an axis of a group of rotations at each point (unique
9#
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if r = 4), then the rotation coefficients have the form

0,5 = diag(x, 8, ), £2,=(2,0,0), (7.1a)
m  —a; Qy
@, = (A, g, @) ,  Nyp = (—% n 0 ) , (7.1b)
@y 0 =
where 0,y = d3y = 0 for each coefficient v , (7.1c)

and we can set 2 = 0 by choice of the time-propagation of the tetrad.
The existence of a tetrad in which (7.1) is obeyed is in fact the necessary
and sufficient condition for a fluid-filled spacetime to be L.R.S.

In Refs. [1] and [2] the tetrad was further restricted so that n = a; = 0,
but in general the resulting rotation coefficients would not satisfy (2.9b).
In the present case where (7.1) and (2.9) hold, the Jacobi identities
(2.13) are satisfied if and only if either

ay = ay = 0= ma, (7.2a)
or
n=a,=0. (7.2b)
As the group type is preserved in time we need consider only one surface
of transitivity S,.

The group G, or G, is multiply transitive on spacelike surfaces S,
with a subgroup G, simply transitive on these surfaces; it is possible that
there is another subgroup Gy’ also simply transitive on S;. In that case
there will be a position-dependent rotation relating the tetrads which
generate the reciprocal groups of these groups of motions. Hach of the
tetrads must satisfy (2.9). If e, is chosen as the axis of rotation at each
point (unique if 7 = 4; not unique if r = 6) and ¢ as its magnitude we
may verify directly from this requirement that a,, 7,5 have the form
(7.1b). We also find that m, o, and the quantity

T :=4((ay)* + (a5)?) — nm
are left invariant by the rotation. It is therefore possible to classify the
solutions of (7.2) by the values of these quantities m,a, and 7. The
result is shown in Table 3.

The invariance of m, a; and T' permits only the following non-trivial
transformations between these possible L.R.S. cases (where primed and
unprimed refer to after and before the transformation respectively):

a) (7.2a) satisfied before and after the transformation, 7' =m = 0,
and we are only altering n. This carries groups of types I and V into

groups of types VII, and VII, respectively. The transformation has
the form

p=n"—n; 0O,6=0;¢=0, (7.3a)
& =a'f=(a0,0); n,;=diag(0,n,n); n,s= diag(0,n’,n’). (7.3b)
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Table 3. All spatially homogeneous models satisfying (1.4) which are L.R.S.,
classified by the values of the parameters a,, m and T

a, m T Group type n a3 + a3
0 0 0 I 0 0
VII, + 0
+ I (nff = 0) 0 +
+0 0 0 v 0 0
VII, -+ 0
0 %0 0 11 0 0
-+ VIIT ~+ 0
I (nf} = 0) 0 -+
— IX — 0

b) (7.2b) is satisfied before and after the transformation, 7' > 0, and
we alter only the relative magnitudes of a,, a;. The transformation has
the form

0,d=0; 0,¢=2a(sin(¢+ y') — siny);

03¢ = 2a(cosy — cos(¢d + y'))

where af = (0, a cosy, a siny), a'f = a(0, cosy’, siny’) and n,, is given

by (7.1b) for each case. This transforms one group of Bianchi type III
into another.

c) (7.2a) satisfied before and (7.2b) after the rotation, m == 0, 7' > 0.

This transforms groups of type VIII into type III (and its inverse does
the reverse). The transformation has the form

(7.4)

@ =(0,0,0); af =3 be(0, cosy, siny);

ngp = diag(— ¢?, b2, b?);

1 . 1
—c? — —z—bc siny 5 be cosy (7.5a)
Nop = —%bcsinip 0 0
1y 0 0
5 becosy

where b= 0= ¢ and 0,4 = — b%*; 0y = besin(d + y);

03¢ = — becos(d + p) .

In all the above the quantities (@, %, %', , ¥', b, ¢) used have arbi-
trary values in the chosen hypersurface.

(7.5b)
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Thus we can summarise the L.R.S. cases as follows; (7.1) holds in
each case.

First suppose r = 4. In Class A: (7.2a) is satisfied.

m = 0 <« the space is invariant under a simply transitive group of
type I and a one-parameter family of groups of type VII,, related by
(7.3). As this is a special case of type I, it can be integrated.

m == 0 < the space is invariant under a simply transitive group of
type IX, II, or VIII according as n > 0, n = 0, n < 0; in the last case
T > 0 and the space is also invariant under a one-parameter family of
groups of type IIT ("'5 =+ 0). These are the cases of Class IIT in Refs. [1]
and [2]; none has been analytically integrated except for vacuum. The
last case gives the only spaces invariant under groups of Class A and
Class B.

In Class B, if (7.2a) holds, m = 0 and we may usc (7.3) to make
n = 0. By (5.5) the space is then Robertson-Walker and so invariant
under a G4. Thus in the case r =4, ¢ &= 0, (7.2b) holds.

m = 0 < the space is invariant under a one-parameter family of
simply transitive groups of type III (n§ = 0) related by (7.4). This case
is analytically integrable [32, 33] and is in class II of Refs. [1] and [2].
In fact, if the group is type IIT with n = 0 the space is necessarily
LR.S.

m == 0 <> the space is invariant under a one-parameter family of
simply transitive groups of Bianchi type III (nf = 0) and a simply
transitive group of type VIIL, related by (7.5). This is the case referred
to in Class A above.

Now suppose r = 6.

The space is Robertson-Walker and so invariant under a group of
type I (or VII,), IX, or V (or VIL,); this will be shown later in this
section®. The isotropy group at each point is the rotation group O,
(Bianchi type IX). This group permutes some of the simply transitive
subgroups amongst themselves. Consideration of its action shows that
the following L.R.S. cases with ¢ = 0 (Robertson-Walker cases) can
occur. We have ;= 0/3, 2 = 0, and

R* =0 < af = m = 0. These spaces are invariant under a simply
transitive group of type I; and, for each value of %, a three-parameter
family of groups of type VII,.

R* <0 «af+0,m=0. The space is invariant under a three-
parameter family of groups of type V and, for each value of n (i.e. for
each value of &), a three-parameter family of groups of type VII,.

If R* > 0, the reciprocal group to the group of motions of type IX
simply transitive on S; is also a group of motions of type IX simply

¢ This was also discovered by GrIsSHCHUK [34].
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transitive on the S;. These two groups commute, so generating a six-
parameter group of motions Oy X O3 = O,. This is the full group of mo-
tions of a three-space of constant positive curvature and we cannot find
any other two commuting groups G, each simply transitive on the
manifold?. So we have

R*>0 «<af=0,m=mn=+0. The space is invariant under two
simply transitive groups of type IX; these groups are reciprocal groups.

It should be noted that the Robertson-Walker cases are not given
here in the usual coordinates, but by the appropriate specialisation of
the coordinates of Theorems 4.2 and 6.2.

All the L.R.S. solutions listed above are self-consistent. The only
fluid L.R.S. solution spatially homogeneous on surfaces orthogonal to u@
which does not occur here is case I of KanTowskr and SacHs [32], which
is the only fluid solution in which a group of motions multiply transitive
on spacelike three-surfaces does not have a subgroup @, simply transitive
in these surfaces.

In all the L.R.S. cases the quadric defined by 0,, is necessarily
isotropic about some axis (chosen here as e;). Conversely we may ask;
what spaces result if the expansion quadric is isotropic about some
axis ?

In Class A suppose 0, =0, Time conservation of this implies
(g + ng) (g 4 1g — ny) = 0. If ny=mn; we have L.R.S. solutions. If
Ny &= Ny then n, = ny, + n5. The time derivative of this equation implies
n, = 0 or ¢ = 0 (which is inconsistent with n, < n3). So apart from L.R.S.
cases there is only the solution of type VI, with ng = 0 in which 0, = 0,
necessarily.

In case Ba, partial isotropy implies a Robertson-Walker space.

In case Bbi, we may choose the shear eigenvectors as axes with
af = (a, 0, 0); we find that if 0, = 0; we have a Robertson-Walker space.
If 6, =0, then (0 1) implies @ = ny,. The time derivative of this is
0, (ngy — ngy) = 0. The only consistent solution is 2, = n,, = 0, which
is an L.R.S. solution of type III (with arbitrary ng). Thus Ba and Bbi
lead only to L.R.S. solutions. We have been unable to solve the more
complex consistency conditions for Case Bbii, but it is unlikely that any
spaces of this kind with partially isotropic shear exist.

7 If a surface S; is regarded as given by embedding the unit three-sphere in
a Euclidean four-dimensional space R* (with coordinates u!, u2, u3, u*) then the two
simply transitive groups are generated by the two-forms

dut A du? -+ dud A dut dut A\ du? — dud A dut
du? N\ du® + dur N\ du? and  du? A dud - dur A duty .
dud N\ dur -4 du? \ du? dud N\ dur — du? A\ dut
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Similarly we can assume 7,5 is partially isotropic about some axis.
Apart from L.R.S. solutions, we find only solutions in which =,z is par-
tially isotropic because some n,, are zero (types I, II; V, IV).

Now we can consider those cases in which the surfaces of transitivity
are sotropic,

Riy—3 R*d,;, R*=R¥e, (7.6)

these surfaces then being three-surfaces of constant curvature R*/6.
Using a Fermi-propagated tetrad (£2; = 0) in (3.7a), the isotropy of
R#s implies [3] [using definition (3.14)]

Bu0up = — 00,us = Oy = 25, Zip=0 (7.7)

the shear tensor being thus determined by the trace-free constant tensor
2,5 Defining 22 = —;« 2,5 2P, (1.7) implies

0% = X2]-6 (7.8)
so substituting in (3.9) gives

R*=6KI-*, K =0, (7.9)

where the constant K is the curvature of the three-space on which 7 = 1.
Use of (7.8) and (1.3) allows integration of (3.2), if I == 0, to give

3(1)2— 2204 — (Pu) —AR=10E, E =0 (7.10)

a generalisation of the Friedmann equation; comparison with (3.8) shows
that I is related to the K of (7.9) by 3K = — 10 E. With suitable
rescaling of I, K can be set to 4 1 if it is not zero.

If we assume the barotropic equation of state p = (y — 1) u where y
is a constant then (1.3) integrates to give
u=Mi3%, M=0, M>0, (7.11)

where u = p= 0=2 = y = 1. Then (7.11) determines the behaviour
of the matter term in (7.10) which we can now in principle integrate for
I(f) with given values of X, M, 9, A and E. Suitable values of y are

vy =2 (= p=u, “stiff”” matter), y = 4/3 (c» p= —é—‘u, disordered radia-

tion) and y =1 (<« p =0, dust). We can, if we wish, add several such
terms to represent non-interacting components of matter.
Using the tetrad (2.14) in (3.7b) we find R}, is isotropic if and only if
0 = a(ng — ng) = (g -+ ny — ng) (ny — Ny)

(7.12)
= (Mg + 1y — ;) (g — 73) = (N3 + Ny — Ny) (Ng — 7y)
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so that at least two of the ng are equal. Renumbering to make these
Ny, My we find (7.12) is satisfied either by

n =0, ny=nmng (7.13a)
or
Ny = Ng=MNg =1M . (7.13b)

Now n, = 1y == 0 implies 0, = 0, and 6,5 = 0; this is an L.R.S. solu-
tion of type VII, or VII,. These cases are also invariant under groups
of type I and V respectively, by (7.1) to (7.3), and the latter case is Robert-
son-Walker, since ¢, 5 = 0. Hence there are always axes such that (7.13b)

olds an = m? — 6a? If m 4 0 we have a type roup and the
holds and B¥ = > m? — 6a% Tt m + 0 we b IX group and th

time derivative of (7.13b) shows it is Robertson-Walker (R* > 0). If
m = 0 we have spaces invariant under a group of type I (if @ = 0 and
R* = 0) or type V(a == 0, B* < 0). This proves the results concerning
Robertson-Walker models [for which (7.6) and (7.7) always hold] quoted
in Section 5 and earlier in this section. Apart from the Robertson-Walker
cases of type IX, these spaces are special cases of those examined in
Section 6.

Theorem 7.1. The only spacetimes satisfying (1.1), (1.2) and (1.4) in
which the three-surfaces of transitivity are isotropic are those of types I and V
(tn which these surfaces are mnecessarily isotropic) and a special case of
type IX ; in the last case the isotropy of the surfaces implies their isotropic
embedding. If in addition the spacetime ts L.R.S., the type I and V cases
also admit groups of types VII, and VII, respectively.

This result is rather surprising. It includes all Robertson-Walker
models [by (3.7a)]. Since groups of type VIII are rather closely related
to those of type IX (one can go from one to the other by a complex
coordinate transformation), one might have expected that a Robertson-
Walker model with B* < 0 would be invariant under a simply transitive
type VIIIL group but the appropriate group is type V (or VIIL)e.

In each case there are Fermi-propagated shear eigenvectors [Lemmas
4.1, 5.3 or directly from (7.7)] and we can define lengths I, along the
principal directions of shear by I, := X, l,:= Y, l;:=Z in (4.9) or (6.7).
Then [,/l, = 6, (no sum) and I = const x [, [,l,. We have thus diagonalised
2,5 Maximising (e.g.) 2y; with 2,5 trace-free and X' constant, we find
we may write

Zﬂﬁ=%2sinocﬁ; a5:=ai(/3—1)£3jf-, (7.14)
where « is a constant and there is no sum over . Then the relation of
I,1,and 6, is

. . 2
L, =0, = l/l+—i/§l3

Ysing  (no sum) (7.15)
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}llch‘ can be 1Ilb5g1ﬂbed as
l t) = l t eXp = E sin “] l3 . ].16

Using the coordinates (4.9) or (6.7) the [, completely determine the
behaviour of the models.

Theorem 7.2. In spaces satisfying the conditions of Theorem 7.1, the
field equations reduce to (7.10), (7.14), (7.16) where o, X, E are constants
related by B <0=>X=0;E>0= a=0.

[The last restriction follows from (5.5).]

In each case we can specify the behaviour of the matter [e.g. by
choosing M, v in (7.7)]; integrate (7.10); and then integrate (7.16) for
allowed «, 2 and E. When X = 0 this procedure gives the Robertson-
Walker solutions explicitly.

For type IX groups we have only the Robertson-Walker case with
K = + 1. A special case is when 6 = 0 and (7.10) is no longer a first

integral of (3.2); we find m is a positive constant, u -+ p:%mz,

1 3 . . . . . .
A=5p+5p, and we have the Einstein static universe (which is

invariant under a type IX group only) unless u + p = 0 when we have
flat empty space (since = 0, p = 0) and the group degenerates to
type 1. If the space is empty the solution requires A > 0 and is the
de Sitter universe.

For type I groups we can integrate to obtain the well-known solutions
for most reasonable behaviour of matter ([2, 6, 14, 23—26]). The solu-
tions for “‘stiff”” matter are

o5 QA+\
A=0, B csinhy3A, Zﬁ=l(tanh VSZAt) 2

A=0, B=Y3(Z2+M)t, =17, (7.17)

A<0, l3=csin[/—3/1t, lﬁ=l<tanv ;At)ﬁ
where
[PXEs 2X sinag
==, ’)Z'B=————-_—_ .
V4] 3)zE M

If we set M = 0 we derive the vacuum solutions (the A4 = 0 case being
Kasner’s solution [28]). The “‘stiff”” matter term and the shear terms in
(7.10) have the same I-dependence, so the vacuum and stiff matter solu-
tions are essentially the same.

For groups of type V, we obtain Heckmann and Schiicking’s represen-
tation [6, 10]. The first integral Eq. (7.10) can be solved if X'=0
(Robertson-Walker) for various behaviour of matter; for empty space
(giving Joseph’s solution [31] if A4 = 0); for 4 = 0 with y = 2,5/3,4/3,
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orland A # 0 with v = 2 or 4/3. All except isotropic models and Joseph’s
solution require elliptic integrals. As in type I, the stiff matter and
empty space solutions are essentially the same. In the type V and IX
cases it often helps to introduce a new time variable [e.g. by taking
" = [ dt/X which implies e, = A (t') 0/0t" and gives the e e, surfaces in
conformally flat coordinates].

Even when (7.10), (7.16) are not analytically integrable we may use
(7.10) together with (7.15), (7.7) and (1.3) to give analytic expressions
for the expansion 0, principal expansions 0,, density of matter x and
shear g, 5 in terms of the average length . This gives considerable quanti-
tative knowledge, as we lack only the relation of 7 to the proper time ¢.

In particular we see from (7.10) and (3.2) that if gy = p = 0 the
type IX solutions with 4 = 0 always reach a point where 6 = 0 and
)" < 0. So the solution reconverges to a second singularity. In types I
and V the solution expands at all times.

8. Yacuum Solutions and Other Special Cases

We can obtain from our equations a number of explicit solutions for
a vacuum (u = p = 0), sometimes requiring the extra condition /A = 0.
Our classification is not dependent on x = 0 or p» 4 0, so we obtain all
empty space solutions invariant under a group (; simply transitive on
spacelike hypersurfaces, on choosing the normals to these hypersurfaces
as the vector field u® (now not defined by 7',;).

First we consider all vacuum solutions in which R} is isotropic. For
type I, these are the solutions (7.17) with M = 0. The L.R.S. subclass
(0, = 0,) is the case 4, of Earers and Kunpr [35] (in different co-
ordinates). For type IX there is only the de Sitter space (A > 0); and
for type V we have Joseph’s solution [31] and its generalisation to non-
zero /1. The solutions with R isotropic include the completely isotropic
solutions (¢ = 0), which are invariant under a group of motions G, , and
are the (conformally flat) four-spaces of constant curvature. If the
curvature of the four-space is positive (A > 0) the group is type I, V or
IX,; if it is zero (A = 0) the group is type I or V; and if it is negative,
the group is type V8.

We can also obtain all vacuum L.R.S. solutions in our class of
spaces?. The L.R.S. classification of Section 7 holds also in the vacuum
case. The type I solutions are those mentioned above. For the groups
of types II, IX and VIII [or IIT with ng =+ 0, see (7.5)] we obtain the

8 Or, in each case the appropriate related groups of type VIII, or VIIL,: see
Theorem 7.1.

® M. CameN and L. DeFrisE have found all vacuum L.R.S. solutions (Ref. [36]
and private communication).
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NUT spaces [37] (the type IX case being Taub-NUT space [5, 37] in-
vestigated in detail by MisNEr and TAuB [38]). These may be integrated
with non-zero A1 giving in the coordinates of (4.9)

u=[Xdt, T2=u?+ (N,)?,

Y2X? = k4 mu— NyNyw2 4 3 ANt 43 Aut,  (81)
where k = —i— (N3N, — Tlg—/l (Vy)*and m is an arbitrary constant (V; NV,
being the NUT parameter corresponding to u, in Ref. [37]). The type II
case has Ny = 0, types VIII and IX having N, = 0 and opposite signs
of N;. The axis of symmetry is e,. If the group is Bianchi type I1I with
nf =0 we obtain the spatially homogeneous part of the ‘“pseudo-
Schwarzschild” space (type A4, in Ref. [35]) which is easily generalised
to A = 0. The only empty space with homogeneous spatial sections and
a one-parameter isotropy group of spatial rotations which is not included
in those obtained above is the spatially homogeneous part of the Schwarz-
schild solution (type 4, in Ref. [35]) which corresponds to the spaces of
class T in Kantowskr and Sacus [32, 33] and does not have a three-
parameter group of motions simply transitive on the spacelike hyper-
surface of transitivity of the group @G,.

The type II and IIT (n‘g9 = 0) cases in the NUT spaces reduce to the
Schwarzschildian spaces (4, and 4, of Ref. [35]) by smooth transitions
to zero of the appropriate parameters. But there is no such smooth
transition for the space of type IX (nor would there be in type VIII
if we did not rewrite in terms of the group of type III).

We may also obtain some vacuum solutions with nf = 0. For types I
and V these are as above. In type VI, the solution with A = 0 is [in the
coordinates of (6.7)]

t=[Xdu, X?= (sinh2a,u)'** (tanha,u)?V/®+#
Y2 = (sinh2a,u)t+* (tzaJnhaou)V3 T8 (8.2)
72 = (sinh2qqu)t—* (taJnhao'u,)_V3 +E

where k= go/a,. This gives Joseph’s (type V) solution when k= 0-
Expanding the solution (8.2) in powers of » and then letting a, go to zero
gives the vacuum space of type VI, which may also be derived by
setting M = 0 in (6.8). We have not found a general solution for Bhii
with nf = 0 (or otherwise). However, the spatially homogeneous part of
the special solution of CorLriNsoN and FrEncr [40], with a Weyl tensor
of Petrov type III is of Case Bbii.

10 Using a method due to J. M. STEwarT. These solutions are part of a general
family found by B. CarTER [39].
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Table 4. Possible group types which occur tn special cases. ‘‘Integrable” means tnfe-
grable at least for dust. <« identifies the same model it it has more than one group
[XP" 2]

of motions simply tramsitive on the S;. ‘‘a” means ng, = 0; ““b” means ngq + 0.
This table includes all cases so far analytically integrated

special cases, not ROBERTSON-WALKER Robertson-
Walker cases
Case =0 isotropic L.R.S.
[coords (6.5), 3-spaces (coords. and
field Egs. [coords, and field Egs.
(6.7)1 field Egs. see [1, 2])
(7.10) (7.16)]
A Aa:typel  necessarily  mnecessarily 1 I(K =0)
(always inte- (see Refs. A 4
grable) [23] to [26]) y v
Ab: [coords VI, VII, (L.R.S.)  VII, [seeRetf.\ VII, (K =0)
(4.5), Egs. ILIX ([(5,38]) /| IX(K=+1)
(4.9)]
—VIII
B Ba:V [Egs. necessarily  necessarily = mnone V(K= —1)
(6.7), inte- (Refs. [31,6]) 4
grable] ‘ ‘
Bhi VI, TII  none STIL(nf, 4 0) ¢
III (nf = 0) VII(K=—1)
(Ref. [32])
Bbii: VI,, VI, none none none
h=—1/9

Finally we have the general solution for type IT with A4 = 0 given by
TauB [5]. It seems probable that further investigation of the field equa-
tions would yield further analytic spatially homogeneous vacuum
solutions.

There are a number of analytic solutions in which one of the 6, = 0;
none of these are physically interesting in that they all have zero or
negative redshift in some direction and may involve negative pressures
or densities. We shall therefore not give them here.

To conclude our survey of special cases of spatially homogeneous
solutions with hypersurfaces orthogonal to the fluid flow vector we have
summarised our results for the main classes of such solutions in Table 4.

9. Conclusion

We have examined in some detail the properties of the solutions of
Einstein’s field equations for a perfect fluid which have homogeneous
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spatial sections orthogonal to the fluid flow, in the sense of admitting
a three-parameter group of motions simply transitive on these surfaces.
This has been done using an orthonormal tetrad technique.

The models fall into two broad classes distinguished by whether the
vector af (defined in Section 2) is or is not zero; that is, whether the
three-vector (%, (formed from the group structure constants) vanishes
or not. We were able to find a canonical form for the tetrad-coordinate
relation whenever 0%, = 0 (Class A) and to use this to describe many
properties of these solutions. Without explicitly finding coordinates in
Class B (C’fﬂ = 0) we were able to describe general properties of these
solutions (see Sections 4 and 5).

We further investigated a number of special subclasses. These in-
cluded three subsets of our models with especially simple features, which
were i) solutions in which ## = 0 (n, being defined in Section 2), ii) solu-
tions with local rotational symmetry (i.e. a group of motions multiply
transitive on the homogeneous spatial sections), iii) solutions in which
the surfaces of homogeneity are isotropic three-spaces. In all these cases
canonical forms of the tetrad-coordinate relations were found, and in
most cases the field equations were partially integrated.

The only fluid cases which have been analytically integrated for
a wide range of barotropic fluids are those in which the group of motions
is of Bianchi type I or IIT with #f = 0. These fall into the special subsets
detailed above. The known spatially homogeneous vacuum solutions are
discussed in Section 8.

When one cannot integrate analytically, one may either integrate
numerically [12—14] or use approximation techniques [11, 15,24, 25, 30] to
determine properties of the models. In particular one can investigate the
behaviour when nearly isotropic and when near the singularity. These
cases may respectively provide reasonable approximations for the
present-day universe, and for the early behaviour of the universe, the
latter determining the primeval element formation.

In a subsequent paper we will discuss some of these questions. This
will also contain a detailed discussion of the properties of observations
in these cosmological models. The most interesting of these properties
is the existence of discrete isotropies.
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the members of the Hamburg Relativity Seminar for their generous hospitality,
and especially Dr. W. Kuxpr for fruitful discussions which helped materially in the
work of this paper.
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Appendix I
With the specialisation (2.14) the equations read as follows
0p2 + ba =0,
a5 —015) =0,
a(Qy+ 0y5) =0

0on + (0 + 03— 0) ny =0,
(ny + ng) 015+ (1 — my) 23 =0,
(ng + my) 015 + (ng — my) L2y =0,
Oong + (0y + 03 — O5) ny =0,
(g + M3) Gg5 + (g — m3) 2 =0,
Opng + (0 + 0y — O03) ng =0 ;

A =0,0+ 02 4 0% + 0% + 20%; + 2075 + 203,

1 3 (00)
+*2—‘u+?1)§
a(20, — 0y — 03) + 055(ny — n3) = 0, 01)
3a0y, + 0y3(ng — ny) =0, (02)
3acys+ 015(My — ny) =0 : 03)
A 1 — 92 L o
+?(ﬂ—p)~8001+091~ua+—§n1 (1 1)
—é* (ng — )% 4 207,025 — 207302, ,
1
= 040, + 00, — 2a® + 5 n3
oU2 2 5 M2 2 2)

— —;— (ny — 1g)? + 20,382, — 207,82, ,
— 8,05 + 00, — 2a® + 53
__%_ (g — ng)% + 2073825 — 20,58, ,
0 =0y0,5 + O0y5+ (0, — 0,) 25

(12)
+ 01382 — 0382,
0= 0,0,5+ Ooy5+ (6, — 05)2
0015 + 005+ (6, 3){2s (13)
+ 023823 — 01542,
0 = 04055 + 0045 -+ (05— 0,)02
0023 23 3 2) 421 @ 3)

+ 012825 — 013025 + a(ny — ng) ;
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(2.11)

(2.12)

(3.3)

(33) (34)/(3.5)
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0,0, + 0505 + 050,

=u+d+ 3a2—!—%(n%+ 13 + 05 — 2nyng — 2my 0y — 20, 7y)

2 2 5 .
+ 012 + 013 + 033 ;

RY, =Rik3= 0, R§;=a(ny—mny),

1 1
Rfy = —2a+ 50} — 5 (g — ny)?,
R* 90 4 Lz L 2
29 = T A +—2‘"2—7(”3—"1) s

1
R33——2“+ n3 — 5 (1 — my)?

1

R* = —60a*+ 5 (2nyny + 20qn5 + 2nym5 — 0§ — ng — nf) ;
3 1
Hy = — 5 M0 + 5 (Mg — 1) (02— 0y)
3 1
Hyp= — 5 09035+ 5 (g — 1) (03 — 0,) ,
3 1
Hyy= — 5 13035+ 5 (1 — 7p) (6, — 65,

1 1

5 (ng — 2my — 2m,) 015 + 5 @015,

1 1
18= 5 (g — 21y — 2m3) 015 — 5 401,

1

2

1
(n 1“‘2713_2"2)0'23“"'2““(93’“92):
By = 015053 — 03015,
Byg = 013015 — 0,053 — a(ny — ng)
B3 = 015053 — 05015,
2 s L1 oo 1 2
E11=‘3_(,u+/1)+20f _?nl‘i'?(nz_"%)
— 06, +6%+o%z+a%3,
2
Ezzzg(ﬂ+/1)+2“2 —”2“’ ("3"‘"1)2
— 00, + 63 + 033 + o5,
2 s 1,1 .
E33=—3‘(M+A)+2“ —§n3+§("1’1—”2)
— 003+ 03 4 o%5 + o3 .

(3.5)

(3.7b)

(3.8b)

(3.13)
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Appendix II
With the specialisation (2.19) the equations are
Opa + O1a =0
a($2; — 01, =0, (2.11)
a(2y+ 0y5) =0

(25 — 0y — O3

’

I

’

I

0

0
0or + Oy — (095 — £2)) — q(0y5 + L2, 0,
(2.12)
0,
0
0

I

)=
o’+02"7(023+Q)T9( 3 — Opa)
)
)

(825 + 019) + q(023 —
9o + 019 — 27(0y4 + 0y3)
(015 — L25) 4+ (023 + )

I

H

’

A =0,0+ 6%+ 0% + 02 + 20%, + 2075 + 2035
00) (3.2

1 3
+§‘H —i—gp;
(20, — 0y — 05) + q(0; — 0y) + 7(0y5 — 012) =0, 01)
o19(q+ 3a) +7(0; — 0;— 0y5) =0, (02) (3.3)
013(q — 3a) +7(0; — Oy — 033) = 0; (03)

At (= p) = 3,0, + 00, — 202 — 2¢°
+ 204075 — 20,59,
=0,0; + 00, — 2a% — 272 — 2qa
+ 20,055 — 20,0,
= 0o0;+ 005, — 2a% — 272 + 2aq
+ 20,005 — 20550, ,

(rn

(22)

(33) (3.4)/(3.5)

09019+ 0015+ (0, — 01) 23 + 0130, — 055802, + 2r¢ =0, (12)
09035+ 0053+ (0, — 05) Q25 + 023025 — 07,82, 4+ 297 =0, (1 3)
0905+ 0023+ (03— 05) 2, + 01202, — 013025 + 212 =0 (2 3)
A+ p+3a®+ ¢* + 0%y + 0f5 + 035 = 0,0, + 0,0, 4 0,0, . (3.5)

10 Commun.math. Phys.,Vol.12
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