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Abstract. The present paper is the result of the author's attempt to extend
Theorem 9 of [5] to the case of a non-abelian ίF*-algebra. In [5] GROTHENDIΈCK
proves that weak and weak* convergence are equivalent for sequences in the dual
space of an abelian PF*-algebra. Theorem 4 of the present paper is only a partial
result in that direction, but it is presented here because of its possible worth as a
technical tool.

I. Preliminaries and Notation

Let A be a TF*-algebra. By [8, p. 1.74] the second dual A** of A is
also a IF*-algebra, and we shall consider the canonical imbedding of A
into ^4** as an identification. By [2, p. 126] there exists a central pro-
jection z ζ A** which is the supremum of the set of minimal projections
in A**. Set z' = 1 - 3; let A% = {/ £ A* : f z'A** = 0}, and
A* = {/ £ A* : f \ z A * * = 0}. Since z is central, A* = A* Θ A$, and both
Af and A* are closed invariant subspaces [7, p. 439] of A*. Thus by
[7, p. 439] any positive / ζ A* has a unique decomposition / = fd -f fc

into positive functionals with fd ζ A * and fc ζ A f .
Following EFFROS [4] we define an order ideal / in A* to be a set

of positive functionals in A* with the property that if / £ / and 0 ?g g < λf
for some λ ̂  0, then g ζl. If / is a norm-closed order ideal in A*, we
define the support of I to be the complement of the largest projection p
in A** such that f(p) - 0 for all / ζ / [cf. 4, p. 405].

For any a ζ A**, let a' = 1 — α. Recall that a pure state of A is a
positive / in A* such that if 0 ̂  g g λf for some λ ^ 0, then g = af for
some α ̂  0.

II. The Main Results

The first result characterizes those projections in A** which support
a weak* closed order ideal in A*. We need only a special case for Theo-
rem 4.

Proposition 1. A projection p in A** supports a weak* closed order
ideal in A* iff p = limαα where {αα} is a decreasing net of positive elements
of A.
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Proof. If / is a weak* closed order ideal with support p,
it follows from [4, p. 408] that p'A**ρ' is the weak* closure of
Ap, = {α ζ A : p'ap' = a} in A**. By [3, p. 15] there is an approxi-
mate identity {όα} in Ap> with δα ̂  0 and 6α f for each α. Clearly δα f £>'
in .4**, since multiplication is weak* continuous (in a single variable)
in .4** [8, p. 1.12]. Setting ay = 1 — δα, we get ax j £>.

Conversely, suppose {αα} C^4 and ay \ p. Define /α = - - { / £ .4* :/ ^ 0,
/(α^) = 0}. Each /α is a weak* closed order ideal, so nία = / is also. Let
0 be the support of I. Now if / > 0 in A*, f(p') - 0 iff /«) - 0 for all
α iff / £ Jα for all α iff / f / iff / (g7) = 0. Thus / = q1 ', so p = q. Q.E.D.

Corollary 2. If p is a minimal projection in A**, then there is a de-
creasing net {ay} in A such that aκ\ p.

Proof. We need only show that p supports a weak* closed order ideal
in A*. If / = {/ £4* : / ̂  0 and /(/) - 0}, then p supports /. Let
/, 0r £ /, ^ φ o. Then /(α) - f ( p a p ) and 0r(α) = g(paρ) for each α £ .4**.
But since p is minimal, the TF* -algebra pA**p is one dimensional. Thus
there is a scalar α Ξ> 0 such that f ( p a p ) = ocg(pap) for all α ζ ^4**, and
hence /(α) = α^(α) for all a ζ ^4**. This proves that / = {α^ : α 2> 0}, so
/ is weak* closed. Q.E.D.

The next proposition has some independent interest as a technical
result. In the case of abelian A} it follows from [5, p. 168]. It is only in
this proposition that we use the PF* property of A. Otherwise A could
be any (7* -algebra.

Proposition 3. Suppose {αα}α£jC^4 is an increasing net with aa j a in
A**. Suppose {fN} is a sequence in A* with fy -> / weak* for some f ζA*.
Then /xγ(αα) — - — > fχ(a) uniformly in N (and hence fN(a) -̂ — ̂ > f(d))-

Proof. Suppose the proposition is false. Then there exists ε > 0 such
that for all α0 ξ / there is αα ^ α0 in / and N such that |/jy(α

αι) ~~
~ /^(aa0)| = ε By induction we get {a^}, an increasing sequence taken
from {αα}αej, and a subsequence {fχκ} of {fN} such that for each K,
\tNκ(a>κ+ L - aκ)\ ^ £. Write g^ - αx+1 - α .̂ By [1, p. 297],

OO CO

Σ \fNK(^i)\ converges uniformly in K since Σ Qi exists in A. But
i = l ΐ = l

l/jV2r(te)l = fxκ(aκ+ι — aκ}\ ^ ε> a contradiction. Q.E.D.
We can now prove the main result fairly easily. It extends the

author's result [1, p. 298].

Theorem 4. // {/zY} is a sequence of positive functionals in A* with

fx N-+OO ' / weak* for some f ζ A%3 then fN ^^ > / uniformly.

Proof. Let g be the support of /. Fix ε > 0. By the definition of
^4*, there exists a projection p ^ q such that ^ is a finite sum of minimal
projections and \f(q) — f(p)\ < ε/8. If p0 is any minimal projection,
Corollary 2 and Proposition 3 imply that fN(pQ) - - > f(pQ) and
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î r /(?') as well. Since q supports /,
for^ ^ ̂ 0 for some JV0. Therefore, ](/lY - /)

£ ,4** with ||6|| ^ 1, the Schwarz inequality

^ K/A - /) [P'bp + pbp' + p'bp']\ + \(fκ - /) (pbp)\ £

+ /) (p')\* I!/* + /I + K/ΛΓ - /)

Since / γ γ_^ > / weak*, {||/Λτ -f /||}^ = 1 is a bounded sequence, say

with bound M. Thus we have

K/ff - /) (6)1 =£ 6 (ε/8)^" Jtf + |(/Λ- - /) (pbp)\ .

Since e > 0 was arbitrary, we need only show that (fy — /) (pbp) -> 0
uniformly for b ζA** with ||6|| ^ 1 in order to complete the proof of the
theorem. But pA**p is finite-dimensional and fχ(pQ) ^~^ f(Po) f°r each

minimal projection in pA**p, so the spectral theorem gives that
fx v-^oo^ / uniformly on pA**p. This means fχ(pbp) ^ > f(pbp)
uniformly for ||6|| ^ 1. " Q.E.D.

Corollary b. If f is a pure state of A and { f N } is a sequence of positive

functionals in A* such that fN ^_>ΰo

 > / weak*, then fN ^~^ f uniformly.

Proof. We need only prove that the support of / is a minimal pro-
jection. Suppose p — support of / and q < p is a non-zero projection.
Then the functional g defined by g(ά) — f(qaq) is positive and g < f,
but g Φ α/ for any α since f(p — q) > 0 and g(p — q) — 0. Q.E.D.
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