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Abstraet. Using the Godement mean # of positive-type functions over a group
G, we study ““.#-abelian systems” {¥, o} of a C*-algebra A and a homomorphic
mapping « of a group ¢ into the homomorphism group of U. Consideration of the
Godement mean of f(g) U, with fa positive-type function over ¢ and U a unitary
representation of G first yields a generalized mean-ergodic theorem. We then define
the Godement mean of f(g) 7(e, (4)) with 4 € W and & a covariant representation
of the system {¥, «} for which the G-invariant Hilbert space vectors are cyclic
and study its properties, notably in relation with ergodic and weakly mixing states
over A. Finally we investigate the “discrete spectrum” of covariant representations
of {A, «} (i.e. the direct sum of the finite-dimensional subrepresentations of the
associated representations of @).

§ 1. Introduction

A number of recent papers [1, 2, 3, 4, 5, 6, 6a] concern themselves
with “asymptotically abelian systems” i.e. pairs of a C*-algebra 2l and
a locally compact group @ together with a homomorphism g — «, of G
into the automorphism group of 2 such that one has an “asymptotic
abelian property’: the commutator

a,(A) - B — B-a,(A)

tends to zero for g € ¢ tending to infinity for all elements 4, B €A
(there are different ways of stating this condition corresponding to
different choices of topologies — more general conditions can also be
stated for general, non topological, groups). The consideration of such
asymptotically abelian systems originates in algebraic field theory [10, 11]
where the C*-algebra is that of quasi-local observables (i.e. bounded
observables performed within bounded space-time regions together with
their norm limits). The group @ corresponds to some invariance group of
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the physical theory (e.g. spatial translations), and the condition of
asymptotic abelianness expresses the physical requirement that ob-
servables performed far away from each other should in the limit not
mutually influence themselves and are therefore quantum-mechanically
described by commuting operators. In this context a physically important
and mathematically basic problem is the investigation of invariant
states over the systems {Q, o} i.e. states @ over QU such that @ («,(4))
=@ (A) for all 4 ¢ A and g € G: those are clearly candidates for the
mathematical description of physical equilibrium states since the latter
are homogeneous (invariant under space translations).

Meanwhile it has been increasingly realized that from a mathematical
point of view asymptotically abelian systems lead to a non commutative
generalization of standard (commutative) ergodic theory: indeed if we
take the C*-algebra U to be abelian and thus isomorphic to an algebra of
continuous functions on some locally compact space X, the (supposedly
strongly continuous) homomorphism of G into the automorphism group
of A becomes a homomorphism into homeomorphisms of X, asymptotic
abelianness being automatically realized. A state over 2 invariant under
G will then be represented by a bounded Radon measure y over X
invariant under these homeomorphisms. We thus obtain a special case
of the usual setting of ergodic theory — the specialization consisting in
that the measure y is bounded and the Borel structure of X stems from
a locally compact topology (the fact that 4 is invariant rather than quasi-
invariant is inessential and would be removed if we considered covariant
representations rather than invariant states). The latter restrictions are
however accompanied by a gain in flexibility in varying the (quasi)
invariant measure y for a given system {2, «}.

The papers quoted above have revealed that basic theorems of stand-
ard ergodic theory still hold in the enlarged non commutative frame. The
original results of [1, 2 and 3] have been generalized in several respects.
In [5, 6a] and Part I of [6], results are given for an arbitrary group G.
The second part of [6] on the other hand gives further results generalizing
those of [2] for the case of a locally compact amenable group i.e. a
group possessing invariant means. In this paper we study the more
general ‘“‘.#-abelian systems”, a notion defined in terms of the mean
described in [14] by GopEMENT and we investigate a non commutative
ergodic theory in this enlarged frame. One should however not conclude
from our results that amenable groups are irrelevant to the study of
asymptotically abelian systems: it is indeed because the present paper
is essentially confined to the study of the “vacuum theory” (i.e. represen-
tations generated by an invariant vector) that we can work with Gode-
ment’s mean, since the latter is only defined on linear combinations of
functions of positive type on G.
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The paper comprises four sections: Section 2 presents results on
Godement’s mean .# as well as a mild extension thereof needed in
Section 4. Section 3 presents a generalization of the mean ergodic
theorem treating not only invariant vectors, but also vectors trans-
forming under finite dimensional representations of the group G.
Section 4 defines Godement’s mean for algebraic elements modulated by
positive type functions on G and studies general features of ergodic
states, emphasis being put on the relationship to Mackey’s theory of
imprimitivity systems [17]. The paper concludes mentioning a classi-
fication of ergodic states and some properties of the #|; states generalizing
results in [2].

§ 2. Properties of Godement’s mean

In this section we collect known results mainly extracted from [13]
and [14]. We consider an arbitrary group ¢ and denote by % (G) the set
of bounded complex functions on @. #(G) is a C*-algebra under linear
combinations of functions, the ordinary function product, the complex
conjugation f->f of functions and the sup norm | |. If @ is locally
compact we denote by % (@) and %,(G) the sub C*.algebras of Z(G)
consisting of continuous functions on @G respectively bounded and
vanishing at infinity. We denote by & () the set of positive-type func-
tions on @ i.e. functions f such that

n
X %oflgitg) = 0
4j=1

for arbitrary g, € @ and complex constants o;, ¢=1,2,...n. Since
Z (@) consists of bounded functions and is closed under complex con-
jugation the set ¥ (G) of complex linear combinations of elements of
2 (@) is a sub-x-algebra of % (). Its closure in # (G) (C*-completion) will
be denoted by ¥ (&). It is well known (see, for instance [15] § 13.4.5)
that 77 (@) (resp. Z(@)) consists of all coefficients (resp. positive coef-
ficients) of arbitrary unitary representations ¢ € G - U, of @ i.e. func-
tions of the type g € G— (| U,|wp) (resp. (p| U,|p)) where ¢ and y are
vectors in the representation Hilbert space of U. The fact that Z (@)
is closed under multiplication and complex conjugation stems from the
existence of tensor products and conjugates of representations ([15]
§13.4.9). Since those operations performed on finite dimensional re-
presentations again lead to finite-dimensional representations, the norm-
limits of coefficients of the latter, called almost periodic functions on G,
form an uniformly closed sub-x-algebra 4 P(G) of ¥ (G). A P(G) can
be identified with the C*-algebra of all continuous complex functions
on a compact group @ whose continuous irreducible representations are
one-to-one with the finite-dimensional irreducible representations of G.
1*
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@ is homomorphically and densely mapped into @ (in general in a many-
to-one way) and the above mentioned identification of almost periodic
functions on @ with continuous functions on G is obtained by con-
tinuous extension of the former to G (for these facts see for instance [15]
§ 16). The mean .# defined in [14] by GoDEMENT is roughly speaking an
average process on elements f¢€ ¥ (G) which filters out the almost
periodic functions.

We first introduce a convenient notation for left and right translations
of functions on ¢. We define

{05 % [} (9) = [(s™'g)
, TES(G), gcd, scd,
{f=e}g)=1gs™)

where the notation is a reminder of the fact that translations are the same
as convolutions by Dirac measures. If we denote by I (resp. I") the
convex hull of d,, s € G (resp. e, s € G), the sets [+ fand f* I, [ €€ (@),
will thus denote the uniformly closed convex hulls of left resp. right
translates of the function f (note that for w €I, v €I” we have
[ flo = Ifle and |f # 9] = |fle). We are now ready to state the
results which we shall need.

(a) Let & be the set of f € B(G) such that the closed convex hulls I" x f and
f I both contain a complex constant. This constant is then unique and
the same for both. Denoting it by 4 (f) one has the properties

(i) forall f € & | M (f)] = || € is a closed subset of B(F).

(i) for all f € &, g € G and complex constants « one has f, af, 8, * f,
f*ggéé) and %(f):%(f)’ M (of) = o0t (f), ‘//{((Sa*f):%(f*?g)
= A (f)

(iii) f€ &, f= 0umply A(f) = 0.

Proof. Let a ¢f+«I'nC and b¢fx 1" N C (C denotes the set of
complex numbers). For each ¢ > 0 there are elements y € ["and v € [
such that

lpsf—ale=e and [fxr—blo=e.
Thus, since a v =a and w « b = b,
lpsefrv—al,=¢ and |uxfrxv—10],=¢,
whence |a — b] < 2¢ and thus a = b since ¢ is arbitrary. The other

properties are obvious.

The existence and properties of .# on ¥ (G) will furnish the main
technical tool in the three subsequent sections. We merely quote the
two following results due to GopEMENT to whom the reader is referred
for proofs ([14] §§ 23, 24).
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(b) One has ¥ (@) C &. M is a two-sided translation invariant, unit
norm positive linear form over the C*-algebra ¥ (G) € #(G).

The precise way in which almost periodic functions on ¢ are “filtered
out” by Godement’s mean .# is expressed by:

(¢) Let g ¢V (G); ¢ admits a unique decomposition, ¢ = ¢y + ¢, with
P 2 CT(G), qu €AP(G) and A (|guP) = 0. If ¢ €¥(G) and g (g)
= (] U, |p,) is a realization of ¢ as a coefficient of the unitary representa-
tion U of G on the Hilbert space I, vy, p, €A, and if B, vs the smallest
projection in H containing all projections on finite-dimensional subspaces
tnvariant under U, with E, = I — Ey, we have

P1(9) = (| Uy By lys)

P2(9) = (| U, By lypy) -
Consequently the following are equivalent for @ € 7 (G): (i) U® does not
contain any finite dimensional subrepresentation of G other than the trivial
one of zero dvmenston; (ii) A4 (|p|*) = 0; (iii) A4 (|¢]) = 0.

The equivalence of (ii) and (iii) is a special case of the known fact that,
for a positive element A = |¢| of a C*-algebra (here ¥"(&)) and for an
arbitrary state #, #(4)=0 is equivalent to .# (4% = 0. Indeed
Schwartz’s inequality yields #(A4)* < A (1) # (A?) and A (A?)? <
= M(A) - A (43).

The above mentioned isomorphism between 4 P(G) and (@) (the
(*-algebra of continuous functions of the compact group G) together
with the uniqueness of normalized Haar measure on @ (a two-sided
invariant normalized state over € (G )) immediately entail:

(d) Forany f € AP (G ) one has

= f (@) dm (g

where f denotes on the right side the umque continuous extension of f € A P(G)
to G and dm is the normalized Haar measure on G.

The next result serves to establish the connection between the present
work and Part IT of [6]:

(e) If the group G is amenable each left (or right) invariant mean v
over G reduces to M on &.

Proof. Let f € & and choose pu € I'(v € Iy such that |u«f — A (f)] o = ¢
(If v — A (f)] o = &). It follows that

I (u s f— A ()= () - I
(In(fxv— () = ln(f)—JZ (Nl =
whence 7 (f) = # (f) since ¢ is arbitrary.

IA l\/\
&

§ 3. A Generalized Mean Ergodic Theorem

This section describes Godement’s means of group representations
modulated by elements of ¥ (). We first give the
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Lemma 1. Let G be a group and g € G — U, an unitary representation
of G in a Hilbert space . For each | € V" (G) there is a unique bounded
operator M (f U) such that, for all vy, w, € #

(Wl MUY o) = A{F(G) (92| U L)} (1)

(we write M (@p(§)) for M (@), § indicating o dummy variable). This

operator M (f U) is of norm not exceeding |f|| and lies in the von Neumann
algebra generated by the U, g € Q.

Proof. (See [6] Lemma 4.) The right hand side of (1) makes sense by

(b) of Section 1, and since .# is a normalized state over ¥ (G), it is

linear in 4, conjugate-linear in 1, and of modulus not exceeding

1fllco = 1yl « 1wl ; whence the existence of a unique M (f U) satisfying (1)

and of norm < [f|| .. Further we have, for any bounded operator 7' on 5

(Wl TUFU) = M(GU)T [py) = (T* 9| A (fU) |po) — (o] A (FU) |Tp)
= MG AT | U lpa) = (i Uz [T )]
=M @) (o] TU; — U Tly)} -

Thus M (f U) is contained in the bicommutant of all U, g € G.

The next theorem gives an explicit description of the operators

M(fU).

Theorem 1. Let G, U and S be as in the preceding Lemma and denote by

E the smallest (orthogonal) projector in H whose range contains all the

finite dimensional subspaces of H invariant under U and by UL the

restriction of U to B .

(1) If f €77 (Q) ts the coefficient of a unitary representation of G disjoint

from the representation UZ, M (fU) = 0.

(ii) Let
EH = YOHO QA
ocx
2
U= YoUPeI'® @
o

be the factorial decomposition of UE, with X the set of equivalence classes
of irreductble representations contained in U, U an element of the class
o acting in the finite dimensional Hilbert space H©, #'© a Hilbert space
of dimensionality equal to the multiplicity of o, and I'®) the unit operator
m H'O . If @ and p© denote arbitrary vectors in A we have

M{(p@] ULl Us} = dgy{le®) (@] @ I'OLE ) (3)

where E©) is the projector in A on the subspace H @ @ H'C) and d,
ts the dimension of o. In particular

M(U) = E,, 4)

the projector onto vectors of H invariant under U.
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Proof. Let U® and U® be two finite dimensional irreducible unitary
representations of G in the respective Hilbert spaces #(* and H#¢)
and take &, 5 €@ and x, y ¢ AP, It follows from (d) in Section 1 and
from the orthogonality relations on the compact group G (see [15]
§ 15.2.5; contrary to DIxmMIER we take scalar products conjugate-linear
in the first and linear in the second vector):

0 if U® and U® are disjoint

EITT@ ) (1 TTB) =
*//Z{(HUE’A ) (@ Uf;ﬁ ly)} {d(—;)l (x|&) (ply) if U@ =UO

with d, = dimension of U®.

Proof of (i): Let f(g) = (u| U, |v) correspond to a unitary representa-
tion U’ of @ in the Hilbert space £’ disjoint from the representation U¥;
let F; be the smallest projector in 5’ whose range contains all finite
dimensional subspaces invariant under U’; and write u; = Fyu, v, = Fyv,
Uy = U — Uy, Vy=v— vy and f,(g) = (u;] Uylv,), i =1, 2. On the other
hand set B+ = I — E. We have, with obvious notations

M(fU) = M({,U") + M(f,UE)+ M(fUE) .

The first term vanishes because of the above orthogonality relations
since the finite dimensional representations UZ and U'¥ are disjoint. The
two other terms however vanish by (¢) of Section 1 due to the fact that
the representation U#" and U’Fi have no non vanishing finite dimensional
subrepresentations (we remind that .# (|h]2) = 0 for a h € ¥"(G) implies
M (ph) = 0 for all ¢ € ¥ (G)).
Proof of (ii): in order to establish formula (3) we have to evaluate the
quantity
M(pOL U ) (u] Uz o)}, w0 €2 (4)
Let us write
w=E+ Y EC -+ Elu
g
and analogously for v. We have, correspondingly
WU, )= (EOu|UD @ I' | B v)+
+ 3 (B U @I |EC v) + (BLu| UE |ELv)
o'F0
where the first term is the only one giving a non vanishing contribution
to (5) as shown by (i) applied to the representations UP" and U©),
o' = 0. Writing

P
BEOy= 3 2,0 x;
i=1

q
By = .2%® Yi

j=1

H Ty Ys Eyf(d) > .’E;, y:, 6%/(6)
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we then have

(BOu| U 0| BOw) = ¥ 2 (@l U1y, (wily))
i=1j=
and thus using the above orthoconahty relatlons
ul Uy |v)} = 2 de il @) (w© lyy) (@ily;)

i=1j=1

A (g UP[p@) (

( 2 ;@ X }(lw)i(]?(”)) (p@]| @ I'©®

whence formula (3).

v71®%)’
P

§ 4. Representations of ./ -abelian Systems
Generated by an Invariant Veetor

Definition 1. Let {2, «} be a pair of C*-algebra A and a homomorphic
mapping g € @ — o, of a group G into the automorphism group of A. To
each state @ over A we attach the following subset of % (G)

Sp={g €G- D(4;[0,(4), B]Ay) | A, B, 4;, 4, € A}

The system {U, o} is called A -abelian whenever for each state @ over 2
invariant under G (i.e. such that @ (a,(A)) = @(A4) for all 4 €A and
g € G) and each f € Sg we have |f| € & and

A(fl) = 0.

{2, o} 15 called weakly asymptotically abelian (¢f. [6] Definition 1)
whenever

a) G is a locally compact non compact topological group,

b) « is strongly continuous (i.e. e, (4) is norm continuous in g for
each A €Ql)

¢) Sg €F(Q) for each G-invariant state over 2U.

Notation. In addition to the preceding notation, given a state @ over
2l invariant under G we will denote by 74, U? the respective x-represen-
tation of 2, unitary representation of ¢ (both acting in the Hilbert
space #g) and cyclic vector Q4 of 54 (cyclicity is with respect to

20)) determined by (cf. [15], 2.12.11):

Qo] 70 (4) [24) =
Ao, (A)) = Ulng(A)UP 1, A€ gcG (6)
UPQe=804.

Furthermore we will denote by & 2, the projector in # 4 onto the one-
dimensional subspace generated by the vector 24; by E¥ the projector in
H o with range {y €| USy =y for all ¢ €G}; by E? the smallest
projector in S 5 whose range contains all finite dimensional subspaces of
H o invariant under U?. Finally the von Neumann ring generated by
the g (4), 4 € A and U?, g € G will be denoted by %4 and its commu-
tant by Zg.
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We note that, since f € € () implies that f € & and .# (f) = 0, weak
asymptotic abelianness implies .#-abelianness. The latter, more general,
concept is interesting in situations where o, (4) and B tend to commute
only for g — oo along certain directions (possibly depending upon 4 and
B).

We now give

Lemma 2. Let {2, o} be an #-abelian system and D a state over A
wnvariant under Q. The set of functions

Fi a9 €G—](g (%I 7 (024 (A4)) Wz)
where f runs through v (G), v, and p, through # ¢ and A through A, is
contained in &. Furthermore M{F; , .. 4} 1s linear in f, v, and A, and
conjugate-linear in ;.
Proof. Since Qg is cyclic under 74 (A) and since & is uniformly closed
it suffices to prove that the set of functions

Gi ity a9~ 1(9) P(Aye,(4)4,)
where 4;, 4, and A run through 2, is contained in & and that
MGy 4, 4, 4) 1s linear in f, 4;, 4, and A For the proof we notice that

G a1, 49) = 119) + 1(9) f2(9)

[f1(9) = }(9) (Qo| 0 (41 45) UF 7g(A4) |20)
lfz = @ (4,[0,(4), 4,])
with f; € ¥7(G) and {, € 8. By Definition 1, given ¢ > 0, we can choose
u € I' such that
*fol o = €

We then choose a u' € I" such that
W s psfr— Al = €

where

It follows

I s g Gr gy a0 — A ()l =
sl wpshi— Ao+ [0 xpx (l)le = e+ [fle)
since the second term on the right hand side is majorized by [ u # (ffo)|e =
Z fleo e * |fe] |- A similar argument for right translations shows
that Gy 4, 4, 4 € & with
MGy 4,4, 4) = AT G) (o] 70 (A1 45) U o (4) [Ra)}, (7
whence the result.

Lemma 3. Let {2, o} be an A -abelian system and D a state over 2
invariant under G with the notation of Definition 1. To each | ¢ 7 (Q) there
exists a linear norm-continuous mapping M; from A to 7 (A)" N 7 (A)

1 Note that we have proven that |f| € &, A (|f]) = 0 and f, € Z(G) imply that

71 € ¢ and A (ff,) = 0; whence easily follows, incidentally, that . (|f]?) = 0«
< A(f]) =
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determined by
1 Yo €EH
(pal M,(4) ) = A1 @) (] (o (A) L)} © ZE% (8)

The correspondance [ ¢ 7 (G)— M, is linear, positive (M,(4) = 0 if
=20 and A=0), bounded (|M;(A)| = |flew - |4]) and such that
My= My of f=f, + {5 is the decomposition of § 2, (c);
M7(A) = M, (A*)*, Ac2 (9)
and
My 0 oas= My G Aca 10
UM AU = 1, 4) P EEAE (10)
where [y (g) = f(s~tg) and f(g) = f(gs7), g, s € Q. In particular, if we
take for f the constant function equal to 1, we get a norm decreasing positive
linear map My from A to 7(A)" N x(A)' N Uy (we denote by Uy the
commutant of the set {U, | g ¢ G}). The M;(A), A €2, | € 7 (@), further-
more satisfy for each B € 7t(A)" the relation
M A)BE,= BM(fU)=n(A)E, (11)
through which they are determined owing to cyclicity of 2 for m(2A). In
particular
M (A)E,= E,x(A)E, (12)
so that M, coincides with the restriction to U of the mapping M of [6],
Theorem 1 (see formula (7) above).

Proof (along the lines of [6] Lemma 1). The right hand side of (8)
exists and is linear in y,, f and 4 and conjugate-linear in y, by virtue of
Lemma 2. Furthermore its module does not exceed |[f| * |4} * [ - lwall,
therefore we have a unique bounded operator M ,(4) satisfying (8); and
M ;(A4) depends linearly upon f and 4 and has a norm exceeding ||f||, * [4]-
As in the proof of Lemma 1 in Section 3 we show that, for each bounded
operator 7' on 2 and all y,, w, €
('/’1‘ TMs(A)— M (A) T |p,) = '/’7{/‘(5) (7/’1] TT‘(“&(A)) - “(“ﬁ(A)) TI'PZ)}'
If 7" commutes with 7 () this is also the case for M;(4), therefore
M;(A) € n(A)". On the other hand for T' = n(B), B € ¥, the right-hand
term vanishes according to Definition 1 and thus M,(4) € #(2)’. Finally
the properties (9) and (10) easily follow from the real character and
translation invariance of .#: we have, for y,, p, €

(| My (A) o) = A {F (@) (p1] 7 (o (A)) o)}t = A {F (§) (5] 7w (025 (A%)) [1p1)}
= (’/’2‘ My (A*) l‘h) = (‘/’1\ M (A*)* W’z)

(] UM (A) U |yy) = (Ui | M, (A) [UT o)
= /’f{f@) (U?#’ﬂ 75(“9‘(14)) |U§—11/’2)}
= M) (] 7(2%5(4)) |2)}
= M{f(s71G) (%I 7 (o(A)) W’z)} .

and
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As for property (11), it suffices to verify it for B = I since M;(A4) € 7z(A)’.
Verification is immediate using Definition (8) and taking account of (4).
Property (12) then follows immediately from (4). More generally if
g€G@—x:(9), t=1,2, are one-dimensional unitary representations of
G we have

M, (A)E, =E,, 7n(A)E, (13)

X1
where I, is the projector in s with range {yp ¢ | U, v = x,(9) v,
g € G} and analogously for B, , .

Remark. We note that, in the case of weak asymptotic abelianness, the
Lemma can be proved without using the fact that the representation
7e of A was generated by the invariant state @. All we need for the proof
is the existence of a covariant representation of the weakly asympto-
tically abelian system {2, «} (i.e. a pair of s-representation z of A and a
continuous unitary representation U of @ — both in the Hilbert space
H — satisfying

Uyn(A) U = nt(a,(4), A€ g EG)

such that in addition the subspace of vectors of & invariant under U is
cyclic for 7 () in #°. If the group @ is amenable with right or left
invariant mean # the construction above with # instead of .# can be
applied to the universal representation of 2 (direct sum of all cyclic
representations cf. [6] Lemma 1) yielding a linear mapping 4 € A —
— 7j(f305(A)) of norm = ||f|., from QA to the center of its von Neumann
eveloping algebra A**. The above mapping M, can then be obtained by
composition with the representation = extended to ** in the standard
manner ([15], 12.1.5):
M, (4) = a(ij(fyo5(A))) - (14)

Theorem 2. Let {QU, o} be an A -abelian system and D a state over 2
mvariant under G with the notation of Def. 1. We then have that

a) The set of operators EEmngs(A)EE s abelian (and consequently
E3RGEE is a maximal abelian von Newmann ring).

b) The von Neumann ring R 1s abelian and isomorphic to B Ry 2.

¢) The following conditions are equivalent

(i) Bo, = E, (uniqueness of the “vacuum’
(i) forall A €A M{D(A*az(4)) — |PA)]P}=0
(iii) for all A € A and yp,, v, €H g

M {(pr] 70 (o5 (4)) [pa) = D (A) (| )} =0
(weak clustering property).
2 This ring furthermore consists of the G-invariant elements in the center of the

representation 7 (c.f. (12) and the stated properties of the mapping M in (15); [6,
Theorem 2]).
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(iv) M, (A) is a multiple of the identity (equal to D(A)-1) for all
4 €l

(v) The set of operators mep(U) {UT | g € G} is irreducible (or R,
consists of all bounded operators on H4).

(vi) Zy is a factor.

(vill) @ ts an extremal element of the convex set of states over 2 in-
variant under G.

We do not give the proof of this theorem for which we refer the reader
to refs. [1] through [6]. We limit ourselves to noticing that a) imme-
diately results from the .Z-abelianness condition whereby

“/{{(wﬂ 7%([“:7 (4), B)) Wz)} =0, 9 CHg, A, B, €U,

and taking account of expression (4).

Invariant states @ satisfying the equivalent conditions (i) through
(vii) are called extremal invariant or ergodic states (E-states).

The abelian character of Emq () EE together with the cyclicity of
Qg imply [6] that the commutant #4 of the von Neumann algebra
generated by the mg(A4) and Ug’, A €2, g €4, is abelian; and further-
more that the mapping M from %, to Z 4 determined by

M(TYE® = EETEY, T¢Ry (15)
is normal and onto (consequently E® %4 E$ and #g are isomorphic as
von Neumann algebras).

Theorem 3. Let {2, «} be an .i-abelian system and D a state over A
invariant under G. With again the notation of Definition 1 the following
are equivalent

(i) Eqp=E®

(ii) for all A ¢ A, M{|D(A* o5 (A)) — |D(A)?} =0

(iii) for all A € A and p,, v, €H g,

M || 7o (o (A)) [1ps) — D(A) (g | )|} =0

Proof. The implication (iii) = (ii) is trivial. Further (i) = (i) as a
consequence of (¢) of Section 2 taking account of the cyclicity of £, and
the relation

D(A* o, (4)) — |P(A)]P = (ma(4) L0 | U;]DE.%@ | 70 (A4)24)

where Eg, =1 — Egy. In order to prove the implication (i) = (iii) it
suffices to show that, as a result of (i), the function

f:g€G— |¢(A1°‘g(A)A2) — D(A4) D (4, 4,)|

is contained in & for all 4;, A,, A € A and that moreover # (f) = 0. We
have

Fg) = 1B ([, (A), A,])] + (ol ATAT) Qo | UL, | 0(A4) Q)
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and (iii) follows from (c) of Section 2 using Lemma 2 and .#-abelianness
of {2, o}.

The invariant states @ satisfying the equivalent condition (i) to (iii)
are obviously ergodic states. We will call them weakly mixing states or
E ;-states (see Definition 2 below) because they are a generalization of the
weakly mixing states of standard (commutative) ergodic theory.

Theorem 4. Let {2, o} be an A -abelian system and let @ be an ergodic
state over QU with the notation of Definition 1 leaving out for shortness the
subscripts and superscripts ©. We adopt also the notation of Theorem 1 (see
jormula (2) in Section 2) for the decomposition of UE into factors. Further-
more we set, for A €2, 0 € X and ¢, p € H©

M, (4) = My(A) where f(g) = (¢ UD|y) . (16)

> ¥

Then
(i) One has U, M (A) U, = M‘Leg% S(A), g €6,
(ii) The vectors M, (A)Q belong to the subspace '@ & ). More
precisely, if {p.} is an orthonormal base of A, the M’  (4)Q deliver
0

for appropriately chosen A, v an orthonormal base of a subspace of H
equivalent to H©).

(iii) For each pair o, o' CX the representation U @ U©C) is not
dusjoint from U.

(iv) For each o ¢ X one has G € X where U® is the conjugate of the
representation U©.

Proof. Property (i) immediately results from (10) applied to the
definition (16). From it follows that the M fp‘;),w(A)Q are contained in
H© @ H') and span a subspace of £ equivalent to S if they are
linearly independent. However one gets from (11)

M;(4)Q = M(fU) 7 (4)Q
and, specializing to the choice of f in (16), by use of (3),
M, (A2 = d5{|g) (v ® I'O} EO7(4)Q (a7
so that one has
(MG (A) 2| M), (A) Q) = 050diF ] - [(By @ ') BO7(A)2]* (18)
where B, is the projector onto y in 5 ). Thus the M (‘P(i) »(4) are mutually

orthogonal and of common length. By the cyclicity of £2, the latter can
be chosen equal to unity for an appropriate choice of 4 and y, whence
(ii). Due to irreducibility of # () v Uy the vectors pr"k),w(A)Q,
k=1,2,...d), then generate a subspace cyclic for z(2l) in # and
thus, if we choose a coetficient ' € Z (&) of the representation U, ¢’ € X,
and a B €2 such that My (B)2 # 0 we have at least one & for which
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My (B) M E,ZC)J,‘,(A)Q = 0. The non-disjointness of U@ @ UC) and U
then results from the fact that, for a finite dimensional group representa-
tion, any quotient representation is equivalent to a subrepresentation.

Finally let f be a coefficient of the representation U, ¢ € X'and 4 an
element of U such that M’-j—(A*)Q + 0. We have M;(4*)* = M;(4)+0
(cf. (9)) and thus M,(A4)Q2 =+ 0, since 2 is separating for s(2()". But
M (A)Q € H#D @ A#'® 50 that 5 ¢ 2.

The rest of this section handles the more special situation where the
system {Q, o} is supposed to be weakly asymptotically abelian and
discusses further the relationship with the standard ergodic theory. In
this connection, the next theorem will allow us to apply MACKEY’s
results [16] by reduction to a commutative C*-algebra.

Theorem 5. Let {2, o} be a weakly asymptotically abelian system with
a non compact group G and @ a state over A invariant under G with the
notation of the preceding Theorem. We denote further by N the stabilizer of
I i.e. the intersection of the kernels of all finite-dimensional subrepresenta-
tions of U. If we assume the quotient group ¥ = G|N to be either compact or
connected (which is true if G itself is connected ) the set of operators Em (A)E,
A ¢ U, is abelian.

Proof. N is obviously a closed invariant subgroup of &, so that
9 = @|N is a topological group. By definition, the direct sum of all
finite dimensional representations of ¥ is faithful. Thus, by [15], 16.4.6,
% is a direct product K; x T with K, compact and 7' = R", n integer
= 0 (R is the group with one element; if n = 0, ¢ is compact). Let 7 be
the canonical homomorphism of G onto %, set ¢’ =7~ (7') and, for a con-
tinuous character y ¢ 7' of the group 7, let E, be the projector with
range {y € | Uy yp = x(z(g") p for all g’ € G'}. The first step in the
proof is to show that &, 7 is stable under U and that

E=YE,. (19)

2e?

Now G’ is obviously a closed invariant subgroup of G with N an in-
variant subgroup of G'. Each character y € 7' defines a one-dimensional
unitary representation g’ — x(t(g’)) of ', different characters yielding
different representations so that F = }'E, is a sum of orthogonal
I
pro;ectors Clearly B < F. Take now ; yp € B, . Yor arbitrary g € G,
g € G we have ¢g7l¢g'g € G’ and thus Ug e = x(Tlg™ 9 9Ny
= y(z(g')) v because 7(¢’) €T is in the center of 4. Thus U, U,y
= x(z(g") U, y,showing that E, 5 is invariant under U. Let U, = UE,
be the corresponding subrepresentation of U. Obviously U, (n)
= y(t(n)) =1 for n ¢ N so that U,=V, 07 where V, is a umtary
representation of 4. The kernel .J of V contains all elements kt € G with
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ke K,t¢T and y(f) = 1. Therefore ¢/J is compact, V, (and also U,) is
a sum of finite-dimensional representations and #, = E whence I' < E;
(19) is established?.

Thus to prove the Theorem it is enough to show that, for y', »”" € T
and A4;, 4, ¢ A

E,n(A) En(A)E,y = E,7(4,) En(4,)E,» (20)
where the left hand term is equal to
2 Bym(Ay) Byw(As) By (21)
zeT

Now since G/G' = (G/N)/(G'|N) = 9|T = K, is compact and ¢ is non
compact, by Proposition 1 p. 31 of [19], G' must be non compact and
the system {2, o'}, where o is the restriction of o to G', is weakly
asymptotically abelian. Therefore if we denote by M;(4), f € #(G'), the
means defined for the group @’ as was done in (8) for the group @, we
have by (13), for y;, . € T and 4 ¢ 2
ﬂli'il (A)EJ& = Elxlzn(A)Exz
E, M, (A)=E,n(A)E
where y;, y, denote also the functions y; o 7, %, © 7 on ¢". Thus (21) can
be written
Zﬁ Eym(Ay) M5, (A By = 3 By My, (4y) n(4) B,
FA4 zed
= ZAEx'ﬂ(Az) By (Ay) By
ze?d
= ZiExzn(Az) E,n(4)E,
P

X172

thus proving (20) q.e.d.

Remark. We note that in the preceding proof the fact that the re-
presentation sz of 2 was generated by the invariant state @ was not
actually used. All we need for the proof is that (x, U)is a covariant
representation of the weakly asymptotically abelian system {2f, o«}.

We will now see that Theorem 4 renders available for the study of
covariant representations of weakly asymptotically abelian systems
Mackey’s theory of imprimitivity systems. Since we work in a C*-algebra
frame we have in fact to deal with the more special case in which Borel
structures are provided by locally compact topologies.

Lemma 4. Let 2 be a C*-algebra, g — «, @ homomorphic mapping of the
locally compact group G into the homomorphism growp of U such that
g — o, (A) is norm continuous in g for each A € A and (7, U) a covariant
representation of the system {, o} in a Hilbert space H°. Let E be a pro-

3 At this point the proof of the theorem is reduced to the abelian case for which
a proof was given by G. Garravorr: and D. RUELLE (private communication).
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jector in the commutant of the set {U, | g € G} such that Ex (A) E is abelian.
We denote by M the commutative C*-algebra of operators on E FH generated

by the Ex(A)E, A ¢, by & its spectrum and by M « M the Gelfand
isomorphism:

M (s) = s, My, sC&, MM, I CE(S) . (22)
(i) If we set UE = EU K and define
o, (M) = UE MUE,, MR, gCG 23)

we get a homomorphism g— o, of G into the automorphism group of M such
that g — o, (M) ts norm continuous in g € G for each M € .
(ii) The dual action of G on & given by

<[g] S, *M> = <8’ O‘g“ (ﬂl)>: $ 6@’ 9 6 Ga M€ Qn (24)

defines a homomorphism g — [g] of G into the homeomorphism group of ©
such that (s, g) — [g]s s continuous from © x G to &.

(iii) Let us call P the unique regular spectral measure on & such that,
for all M ¢ M

M= [DM(s)dP(s). (25)
The support of P is the whole & and we have, for all Borel subsets A of &
UFP(4) Uf = P([g1 4) - (26)

{UZ, P,g— [g1} is called the system of imprimitivity attached to E.

If the set of operators w(A), 4 € A and U,, g € G is irreducible in
this system is ergodic. The converse is true if B S is cyclic for w(A) in A
and invariant under 7 (A) N Ug.

(iv) Let the covariant representation (7, U) be generated as above by a
state @ over A invariant under G with corresponding cyclic invariant vector
QEENH. The Hilbert space E A can then be identified with Ly(&, u)
where the bounded G-invariant Radon measure u on & is defined by

o Iy = (L] M|Q), M €%,(©) (27)
with the elements of I acting multiplicatively
My} () = () p(s), pCLy(@ ), MEM, €S, (28)
whilst the group acts by “‘shifts of the variable”
OFp} () = w(lg™]s), weLy(S p) g€G sc&.  (29)
The spectral measure P is then of unit multiplicity: we have
Py} (s) = 24) (), p CLp(S, ), €S (30)

where y 4 is the characteristic function of the Borel subset A of &.
Proof. «, defined by (23) is such that

o, (.]}En(Ai) E) - ﬁEn(ag(A») E, A, €.

1=1 i=1
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Thus, for M a polynomial of elements of the type Ex(4)E, 4 ¢ A, and,
by density, for a general element of I, M — «, (M) is *-homomorphic
and norm continuous in g (the latter property stems from the assumed
norm continuity of e, (A4) in g for 4 € A). The mapping g — [¢] defined in
(24) is evidently homomorphic; and [g¢] is continuous in the x-weak
topology as the transposed of a continuous operator, and is therefore a
homeomorphism. For s, s' €& and M, €M, i=1,2,...n, we have, on
the other hand

l<[g] 8, Mz> - <[gl] Sls Mz>l =
= [<[g] S, IWZ> - <[g] 8/: J‘[2>f -+ I<[g:| Sl: Iu-z> - <fg,] 8,’ Jl[l>' =
= €8 o (M) — 8"y oy (M))] + Jotga (M) — ot (M)

The condition that the first term be less than - amounts to choosing s’

in a x-weak neighbourhood of s and the second term is less than % for

¢’ in a neighbourhood of g;thus we have the continuity of (g,s)— [g]s.
The uniqueness of the regular spectral measure P yielding (26) is well
known (x-representations of abelian C*-algebras are one-to-one with
regular spectral measures on their spectrum). If the support of the spectral
measure P was smaller than &, one could find an M = 0 vanishing on &
so that M = 0, a contradiction. Relation (26) is obtained by setting
o, (M) for M in (25) and using (23) and (24). Let us next denote by Z the
von Neumann algebra generated by the z(4), 4 €A and U,, g € G; and
by £y the von Neumann algebra of operators on E 5 generated by Mt
and the UZ, g € G. Since E commutes with the U,, 5 contains EZE.
Therefore if Z is irreducible in 5#, the same holds for EZ E, and a for-
tiori for Zy (or equivalently for the system of P(4) and U¥) in E .
Conversely if £ ¢ # and Zyisirreducible, (Zg) = (#')5* reduces to the
scalars. But if B 5# is cyclic for s () it separates Z' and thus #' also
reduces to the scalars and £ is irreducible. Finally, if 7 is generated by an
invariant state @, cyclicity of the corresponding vector 2 ¢ E# for
7 (2) in S entails cyclicity of £2 for the commutative C*-algebra It in
E . The Segal-Gelfand construction applied to the state (24) over M
then shows in the familiar way (cf. [21] § 17.4) that E S is isomorphic
to Ly(&, u) with the property (27). On the other hand for M ¢ M and
g € G we have by (23) UFP M Q = «,(M)£2 whence for the corresponding
element M € €, (S) C L, (&, u) using (24),

_ A~
{UTYM (s) = oty (M) (s) = M ([g7"] 9) -

On the other hand the spectral measure (30) in our case evidently fulfills
(26), completing the proof of our Lemma.

4 Proposition 1 Chapt. I § 2 of [20].

2 Commun. math. Phys., Vol. 7
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Theorem 4 in the setting of the appended remark together with the
previous Lemma allow a direct application of Theorem 2 in [16] to give

Theorem 6. Let (7, U) be an ergodic covariant representation of the
weakly asymptotically abelian system {2, o} with a non compact separable
G (ergodicity means irreducibility of the system w(A), A €A and U,,
g €G) and let B, G be as in Theorem 5 with X the set of irreducible finite-
dimensional components of U acting on Hilbert spaces 3#©). Denote further-
more by K the compact group obtained by taking the closure of ¢ (G), where
@ 1is the homomorphic continuous map g € G —{U;0 € X} into the
product of unitary groups tn all H©, o € X. Then there exists a closed
subgroup H of K, a unitary representation L of H and a unitary map W of
E S onto the Hilbert space of the representation UL of K induced by L such
that

(i) WBW-1 = BE
(i) WUEW-1= UL, forall g €@

where BL and B are the complete boolean algebras of projections determined
respectively by the canonical imprimitivity system of UL and the tmprimi-
tivity system attached to E.

We conclude this section by noticing that the classification of ergodic
states given in [2] can be generalized to the case of non abelian groups in
the following manner.

Definition 2. Let {U, o} be a weakly asymptotically abelian system and @
a state invariant under G with the notation of Definition 1. Let Ng be the
kernel of the representation g — U§ E® and G g the quotient group 9= G|N 4.
We distinguish the following three classes of ergodic states.

(1) D s called an E;-state (or weakly mizing state, cf. Theorem 3 above)
whenever the only finite dimensional subrepresentation of Ug is the one-
dimensional subrepresentation spanned by the invariant vector Qg i.e.
G4 = G|Ng is the group with one element.

(i) D is called an Ey-state if it is not an Ei-state and if the quotient
group G4 = G[Ng ts compact. In other terms an Er-state is an ergodic
state for which G4 is compact and contains more than one element.

(i) D is called Epz-state whenever G4 is not compact.

Remarks. We add some remark on Ej;-states over a weakly asymp-
totically abelian system {Q, «}; the proofs are either immediate or
easily deduced from what preceeds and the literature.

1°) If @ is an E,;-state it follows from (19) that

Eq):#;p: {'lp/ip E%¢, Ug’l/) =y all g eNd)} .
This property is trivial for E;-states, where Ny = @, and false in
general, though not always for Ejj-states.
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2°) Let @ be an ergodic state over {2, o} and 2 the set of all irre-
ducible components of the tensor products of finite subfamilies of X
(see Theorem 4). If E? 54 is separable and &, connected, the following
are equivalent

(1) 2= ézp?

(ii) @ is an K -state.

If we assume %4 to be connected, E?5#, separable implies that
{x| 7 €T, E,+ 0} is a countable subgroup of 7' (see equation (19));
whence the equivalence of X = é(p to the fact that 7' is countable (or
n = 0).

3°) Let A be separable and @ an Ej-state over {2, «}. Using the
methods of Section 5 in [2] (where some points of rigour need to be
fixed as will be done in a forthcoming paper), or alternatively of [4], one
can show the existence of an ergodic state @ over the weakly asympto-
tically abelian system {2, & | Ng} such that the unique decomposition of
@ into extremal Ng-invariant states can be written

O(4) = [ pe(4) dm(§)
Yo

where m is the Haar measure on %, and ¢; is defined by the relation

Pr(p) = @ O &y, gedad
with 7 the canonical homomorphism of & onto %,,.

An Ep;-state is thereby uniquely represented as the average of a state
with “lower symmetry”’.
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