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Abstract. We study field equations of the Gelfand-Yaglom type

(~ifna—il~~—x) Y()=0

where ¥ transforms as a unitary representation of the inhomogeneous Lorentz
group. We construct a complete set of solutions of this equation. This set includes
solutions with spacelike momentum. Our method makes use of the decomposition
of unitary representations of the homogeneous Lorentz group into unitary re-
presentations of the little groups SU(2) and SU(1, 1). The covariant operators
I, are written as differential operators on homogeneous spaces. For some classes
of equations we calculate the mass spectrum explicitly.

I. Introduction

We study equations of the type
(~il s %) Wiy =0
“

where x is a real parameter different from zero, and ¥ transforms as a
finite direct sum of unitary irreducible representations of the homo-
geneous Lorentz group. This means that for any element ‘“‘a” of the
homogeneous Lorentz group SL (2, C), we have a transformation

V() —— V" (2),
V()= U, P(A; x)

such that ¥ is a vector in a representation space of S L(2, C') depending
on the argument x and U, is a unitary operator in this space representing
the element “a’’. Further we define

(Aax),u = Aal,z’zxv .

* Permanent address: CERN, Geneva.



Lorentz Covariant Field Equations 313

Covariance of the equation can be achieved by the requirement
vrtru, =421, .

We assume that the operators I', possess a common invariant dense
domain in the representation space.
In the momentum representation

P (x) = 2a)2 [ ereW(p) d*p

we can write the equation as

Pl — =) ¥(p)=0.
The four momentum p, appearing in this equation may a priori be
timelike,

@) = ()P =p*>0,
spacelike,

(P — (p)r=—2 2>0,
or lightlike,
() = ()?*=0.

Special examples of such field equations have first been investigated
by Magoraxa [1]. The general theory of Lorentz covariant equations has
been developed by GrELranD and YacroMm in a series of papers [2].
These authors study in particular timelike solutions and neglect the
spacelike solutions, which has been pointed out by Baremany [3]. The
aim of this article is to discuss spacelike and timelike representations
simultaneously and display a general framework which enables us to
obtain a complete set of solutions.

To illustrate what we mean by “‘complete set” in this context, let me
recall what the Plancherel theorem for a Lie group says. It asserts the
completeness and orthogonality of all matrix elements of a certain
subset of unitary irreducible representations of the group in the Hilbert
space of square integrable functions on the group. In addition, the theo-
rem defines a measure in this subset of representations, which tells us
how to sum up (in the discrete or continuous sense) the contributions of
different representations. This is the Plancherel measure.

The Plancherel theorem for the inhomogeneous Lorentz group has
been established recently [4]. Any solution ¥ (z) represents a certain
function on the inhomogeneous Lorentz group. If it is sufficiently regular
it can be decomposed into components belonging to irreducible unitary
representations of the inhomogeneous Lorentz group relying on the com-
pleteness and orthogonality of the functions specified in the Plancherel
theorem. These components have definite mass and spin. It turns out

1 A short review of the results can be found in Ref. [3], an exhaustive dis-
cussion in the textbook, Ref [5].

22 Commun, math. Phys., Vol. 6
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that in the case when the unitary representation U, of SL(2,C) is a
finite direct sum of irreducible representations, a finite number of
functions

M2 = M2(J)

exists which relate the mass M and the spin J of the components appear-
ing in a solution. The parts M2 > 0 of these functions are known since
the work of GELFAND and Yacrom [2]. Our solutions cover also the
domain of negative values M2

We do not want to study here which regularity properties a solution
must possess to be decomposable and how this decomposition converges.
Consequently we regard the definition of a ‘“‘complete set of solutions”
only as a technical term: We consider all plane wave solutions

¥y () = 2= (p)
such that ¥ belongs to any irreducible representation of the little group
corresponding to p which is contained in the reduction of the unitary
representation of the group SL (2, C).

In practice we proceed as follows. If the momentum is timelike we
may bring the equation to the form

(Top— ) P =0, us0.

We solve this eigenvalue equation for I'y which yields an eigenvector
Y (u) for any point u of the spectrum of the self-adjoint operator » .1y,
The spectrum of this operator is discrete, the eigenvectors are normaliz-
able. Any point p on the timelike orbit

{p: (@) — (0)* = p?, signp’® = sign u}
can be reached from the rest system by a pure Lorentz transformation
a(p) € SL(2, 0), h
ap) - p-a@) =up.
We may define ¥ (p) by
P(p) = Ut () -

To find the spectrum of I, we use the fact that [y commutes with
U,, where « is any element of the timelike little group S U (2). Schur’s
lemma implies that I'y reduces to blocks. If ¥ is decomposed in com-
ponents ¥,

V=Xeo¥,
j
]{,j:PjT,

where P; is the projection operator on the subspace which carries all
representations of S U (2) to the spin §, we may express Schur’s lemma as

7 7
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The projection P; is a well known operation [5]. The Peter and Weyl
theorem [6] for the group S U (2), which is the version of the Plancherel
theorem for bicompact groups, states explicitly how to construct this
operator.

We can proceed similarly in the case of spacelike solutions. We can
reduce the field equation to

L32—x)¥P(A)=0
such that 4 appears as the eigenvalue of the operator »/'y;~1, which is
again self-adjoint. The spectrum of this operator contains always a
continuum with corresponding non-normalizable eigenvectors. To find
the spectrum of I'; we must decompose the unitary representations of
SL(2, C) into irreducible unitary representations of SU(1,1). We do
this for the principal series of SL(2, C) with the help of the Plancherel
theorem for the group SU(1, 1) [7, 8].
We note that the mass square operator M2 can be defined by

e +22 - I'y=2, in the timelike,
~ |=#%-I'y~2, in the spacelike case .

Finally there are the solutions on the lightcone. In principle these
solutions present no further difficulties. The techniques used to find the
timelike and spacelike solutions can be generalized to yield also the
solutions on the lightcone. Since zero appears as an accumulation point
of both the positive and negative part of the M2-spectrum (see Section V),
the solutions on the lightcone are of no particular interest. Therefore we
do not go into the detailed construction of these solutions but state their
main properties:

o) the point zero has the same multiplicity as the spacelike part of
the M2-spectrum just below zero,

() half of the solutions lie on the future, the other on the past half-
cone,

) all solutions belong to representations with continuous spin, their
spins are equal.

The latter property is a consequence of the fact that the Plancherel
theorem for the little group U(1) x T, involves only representations
with “continuous spin”’. To illustrate our assertions we construct the
solutions on the lightcone for a simple example of a field equation
(Section V, subsection 2).

We present the material as follows. In section IT we quote funda-
mental results of GELFAND and NAIMARK on the unitary representations
of SL(2,C) [5]. The decomposition into irreducible representations of
SU(2) establishes the so-called canonical basis in the space of the

S L(2, C) representation. Finally we mention some results of GELFAND
and YacLoMm [2].
2%
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In section ITT we express the covariant operators I, as differential
operators on homogeneous spaces. Applying these operators to the
elements of the canonical basis, we find the matrices (I'y);, which yields
some of GELFAND’s and YAcLoM’s results for the positive part of the
M2-spectrum.

In section IV we decompose unitary representations of the principal
series of SL(2, C) into unitary irreducible representations of SU(1, 1).
This yields a new basis, the canonical pseudo-basis (some basis vectors
are non-normalizable).

In section V- we apply the differential operators of section IIT to
the pseudo-basis and complete the mass spectrum.

Our treatment of the matrices I', as differential operators uses
unpublished material from Dr. J. Wrss. After the completion of this
work we learnced of a recent publication [9] in which the decomposition
of unitary representations of SU (1, 1) is achieved with the same method
which we develop in Section IV.

II. Unitary Representations of SZ (2, C) [5]

1. Functions on Homogeneous Spaces

In this section we present standard methods and results which
enable us to simyplify and shorten the discussion of section IV.
We consider the group K of triangular matrices k& of the form

_ (e
= 5)

where A, ¢ are complex numbers. Points in the homogencous space
SL(2,C)K

can be characterized in different fashions; in general we may use any
element of SZ (2, C) in the rest class which represents the point considered.
One way to do this is choosing triangular matrices z of the form

10
z = (0 1) , 2z complex.

This is possible only for almost all points of SL(2, C)/K, because any
element “a” of SL(2, C) can be written

a="k-z
only if a,, == 0.
Unitary matrices u,

U U
2w = ( 11 12)
Uy Use
are another possibility. However, in the decomposition

a=Fk-u
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we may replace « by v - w where v is diagonal and unitary

e¢e 0
y = (O e—iw) .

The element « is therefore not unique. A third possibility will be intro-
duced in Section IV.

Unitary representations of SL (2, C) can be realized in Hilbert spaces
of functions over SL(2,C)/K. For simplicity we consider only the
principal series, the supplementary series can be handled similarly [5].
In the Hilbert space £?(Z) of square integrable functions f(z),

Jf@)Pdz <o, z=ua+1iy, dz=dady
we define the representation U, as

Udf (2) = a(za) /(')

with
oc(a) — Ia22{m+w—za22»m ,
and
pa =k, o ETOn
U122 + Uy

Any pair (m, p) where m is integer and p is real defines a unitary irre-
ducible representation U, of the principal series. We call it S (im, o). Two
representations S(m, g), S(m’, ¢') are equivalent if and only if

m' =m, o'=p or m' =—m, p'=—p.

« ~

Instead of these parameters we shall make use of another pair:

m

Jo=197"
P

¢ =1y signm,

which characterizes a representation uniquely. We use the further
notation
= signm .

Let us introduce functions ¢(u) satisfying the subsidiary condition
@ (yu) = etmp(u)
where y is diagonal and unitary as defined above. By
Jlo@)*dp(u) <o
we define a Hilbert space #2,,(U). The elements z and u are related by

10y (1‘1 ,u) (un u12>
2 1) V0 2) \ugy g
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which yields
2= Ugy * Ugyt
1
/1 — ug‘zl — eiw + iZ‘Z 2
with an arbitrary phase w. We can then map #£2(Z) on Z2(U) by

1
p(u) = w2 o(u) - f(z(w) .
With the parameterization of u (see appendix, subsection 2)

1 1
ayy = 1260w, = — (1 — £)2et%,
Uy = —Uyp, Usp = Uy,
we obtain
= (1 + [¢[3)~*

0,=0w, 0y=0—1vy, p=argz,
o(u) = eimo(l 4 |22yt
The invariant measure on SU (2) is
dp(w) =4 7 dtdbdly= 5+ G do.

This implies immedlatoly

[le@Pdu(u) = [lfE)]Pdz.
For the representation U, in #% (U) we find

(u
Uap () = °;<u) P )
where
ua =k u'.

2. The Canonical Basis
In the Hilbert space #2(U) of square integrable functions ¢ (u) on
S U (2) we may use all the matrix elements Dgp(u) of all unitary repre-
s % ,1,...asa basis. This is a special case of the theorem

of Peter and Weyl [6]. We use that form of Dj ,(u) which is defined in
the appendix, subsection 2.
With the “Fourier coefficients”

Ki (@)= [ (u) Dj,(u)du(u)

sentations j = 0

the series

+
@+1) Y Kiylg) Dy

1,... 9Lp=—]

wi=lg

j=0,

converges in the mean against ¢ (u).
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Our space Z2 (U) is a subspace of #2(U). The subsidiary condition
on ¢ (u) yields

Ky (9) = [ () Dl () d s ()

= [ ¢(yw) Diy(yw) d pu(u)
— gio(m— 2q)K§p(¢) .

We conclude: either K, = 0 or g = % . The space #Z (U) can therefore

be spanned by the normalized, orthogonal vectors

Fhiw) = @ + 12, Dy S, —j=p= .
2
The phase = ,,
j .
G gy te—2v
%m, ] v{Yj ) ng—l——41!2
has been introduced to bring the matrix elements of the generators into
convenient form (see appendix, subsection 4). The basis-vectors ¢, ()
form the canonical basis (this notation goes back to NATMARK [5]).
It is obvious that the basis vectors belonging to a fixed spin j span
a (27 + 1)-dimensional subspace of %2, (U) which carries an irreducible
representation of SU (2). We have thus established the following result:
In the decomposition of a unitary representation S(m, o) of SL(2, C)
nto unitary trreducible representations of SU (2), a spin | appears if and
only if
) = jo + mon-negative integer

and it appears just once.
Let us now give the corresponding basis in #2(Z),

i .
fiz) =7 2 o(u)t ¢l (u) .

With the results and definitions of appendix, subsections1 and 2 we

obtain
e 7 s VML
. j ——= !
i(z):[27+1. 2 ;l.%@)x
P 7 G+ pG—n)! e
X (1 + lz[z)i%—i—l Ijm (=, — 2) .
?,p

1 is the principal function defined in appendix, subsection 1.

|5~

2
3. The Covariant Matrices I',
The representation U, satisfying
UL, U, = (A1,
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can in general not be chosen irreducible but consists of different irre-
ducible parts, which are coupled by the operators [',. GELFAND and
Yacrom [5] were able to derive the fundamental theorem:

Two representations UL, UP can be coupled together by I', if and only
tf one of the following two conditions is satisfied:

%) [m® — m@| =2, o) = @,

ﬂ) m) = m®), Q(l) — 9(2) = +21.
The theorem applies to all unitary and non-unitary representations of
SL(2,C). If both representations belong to principal series, o is real
and only case «) applies.

If the equation

(_irﬂ—%- y) W(w) — 0

is also required to be covariant under parity reflections, this may also
result in an enlargement of the representation U, to be used. In gencral,
a parity reflection maps the representation S(m,p) on S(m, —p). If
these representations are inequivalent, they must be taken together to
allow a parity operation. We shall neglect this sort of complication in the
sequel.

IIL. Covariant Operators as Differential Operators in #7 (Z)

1. The Problem

We study operators 7', defined on a dense domain in the space of the
unitary representation S(m,, p;) of the principal series, with values in
the space of the unitary representation S(m,, 0,) of the principal series.
We require that 7' transforms as a finite-dimensional non-unitary
representation of SL (2, C):

UP T (2) UP = (@02 + ag)* (@57 + @) T'(2')

A, p are non-negative integers?, 2’ is as usual

,_ anztan
@ip2 + gy

T (z) is a polynomial in z of degree A and in z of degree u.
We are going to show that if

A+ p is even,
T(z) is a differential operator of order —;« (A+ u) acting in the space

L*(X) [v are triangular matrices] which carries both representations
S(my, 1) and S(my, g,). If 2 + w is even, T'(z) transforms as a Lorentz

? The connection with the familiar spins (jy, j,) is:

A=2j, p=2j,.
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tensor. The operators I', are a special case hereof. In their case

A=u=1
and

1

r,= —Z—Tr(o'ﬂf) Dn >
where in terms of the 2 x 2 matrix I
I'(@)=+1n—2ly,— 20y + [P L5
Another case of particular interest are the generators of SL(2, C) be-
lenging to A =2, p=0 and 2 =0, g = 2. Their differential operator
form can be found by more direct methods, it is given in appendix,
subsection 4.
2. The Differential Operators
In the case A = u we get, provided

my=m, Mmy=m-+2u

01 =00,
- S PRI ¥ T\
T(z)m—>9n+2u:(x"z)'u(x”'z) 2 2°72 B x
1 1 i1 )
% [_27:_%]?(54'#)(3:_2:)‘5 ?7"’—’2'0 7"j_)'(7~ r%‘),

in the case 4 < u we get, provided
my=m-+ 24, my=m,
91:02293
T R N7 Jagn
TRy rosom=(@—2}F—-2) 2" 2Tzl "M x

1 1 i 1
< [__ 2 »5%]5‘(3&‘ w) (7 — z)—gm— —50——5(1—#) .

Taking products of two such differential operators yields further co-
variant operators. In the case A = u = 1 we obtain:

. 1 3 - 0
TEnompz=—2 (g m—y0+1)@F-2)+ o~ 22 55],

T@)pyoosm = —20 [— (%qu -;; Q) (v —2) + |z — 2)? %] .

These expressions lead to

~
w
)
=
+
o
3
=
I
I
~
ey
1o
3
_‘r
o]
)
N——
1S
__]_
-
|
=
T
-~
QD
K1
[ER—'
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As a first example we study a representation with [1]
0=0, m=+41.
This is a case where U, can be taken irreducible, the representation
0=0, m=—-1

is equivalent to it. According to the two possible choices of m we can
build two different canonical basis:

@ +1) (j+”;‘)!(j_%)!}%_%(j)

&MW=[

n G+otG—p! Le *
% (14 |2is 7119 (@, —7)
+E,D
or
Co1Y, /. 1), 2
;;(x)(—)=|(2i+l) . (ﬁ?)!(?—?)!]z D
7 G +p)tG—n)! '@

X (Lt o) 779y (@, - ).
5
We define a unitary operator by
Vi@ = =i+ fi ) .

Then we define I, as the differential operators introduced above multi-
plied with V. This makes I'y diagonal on the basis f}, (z)). We make use
of the series expansions for the principal function I and obtain

(= i)
Tof%=+(?'+%)f§,,
=g 0+ 02w 4 2 - g

We shall continue the discussion of this example and others in
section V. We emphasize that our differential operators satisfy the
condition

lmy — my| =2,

01 =

which was required by the theorem of GELFAND and YacLoM if applied to
the principal series. The explicit form of the operators Iy and I'; as
matrices in the canonical basis in the particular example considered
above coincides with the analogous expressions of GELFAND and YAGLOM
(see [5], page 421).

”°

2
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We mention finally that I'y can be obtained from Iy by means of the
commutator

Iy= —i[ly, F,].

I, is one of the generators of SL(2, C) and is given in both differential
operator and matrix form in appendix, subsection 4.

3. Proof of the Differential Operator Forms

Though we need in principle only prove that the forms of the co-
variant operators 7'(z) given above satisfy the correct covariance re-
quirements, a derivation of these forms is of fundamental interest since
it can show us where the origin of restrictions like

|my — my| = 2 - min(A, u),

01 = 02
lies.

We mention that in a case when 7'(z) transforms as a unitary re-
presentation S(m, o) of the principal series, we can define 7'(z) as an
integral operator in #2(Z,),

F(z) = (h’ T(z)f) = f K (2,2, ) 5(21) f(zg) dzy dz,

where K is unique up to a constant [10]. If f and % are of bicompact
support in z and possess derivatives of arbitrary order, the integral can
be shown to exist in the sense of absolute convergence.

We can try to generalize this construction of 7'(z) in order to include
also spinorial transformation behaviour of 7'(z). The kernel K can for-
mally be determined by solving some functional equations (see the dis-
cussion in Ref. [11]). It is again unique up to a factor. The question
whether the integral converges is, however, not trivial.

In fact we can show that the convergence behaviour lies outside, yet
on the boundary of the domain of conditional convergence. Infinitesimal
changes in the parameters g allow us to approach the integral from inside
the domain of convergence. The integral tends to infinity. But dividing
through an appropriate function of the Casimir invariant leaves us a
correctly transforming, finite, “‘renormalized” integral. It possesses the
form

_ - 9 _ 2
P = [Te) P (225 B s ) 121) A2y
where P is a polynomial of z, Z, 2, Z;, 52— s % .
1 1

The kernel K is
K(z,20,21) = (20 — 29) 4 (27 — 2) 4 (2, — 2) ™42 %

A R ) R A
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with
1 ' ‘ 1
Awg(id— )1, B=g(utm—p)+1,
1 1
Ay =g (=2t h+l)+ 1, By=5(—p+ -+ p)+ 1,
1 1
dy=—5(A+h+2)—1, By=—5(u+p+p)—1,
and

Ay = —-;—mz- -+ }2—9,‘ -1, u;=+ —;mi tgoi- 1.
Since A, u satisfy 4 + p > 0, the functions
D,(z) = 2,712~ Brf (2, 4 2)
W, (2y) = By a2y~ Bel (25 + 2)
arc bounded and integrable. They possess Fourier transforms
B, () = @)t [ B, (z) dRED dz, |
P (w) = 27)1 [ W, (z,) Re@) gz,

We assume now that
B—4=0,

then the integral
f e-—iRe (zﬁv)z;A -8B (=

exists, provided Re4 < +1, and yields

22 B i B P4 1y (B w1
This allows us to express ¥ (z) by
F(2) = [ ¥, (z) Do) (21 — 20)~4 (3 — %)~ B dy dz
o 22mA-B i B P ) (DB
x [ %103“1@4"152(10) dw .
If we want 7'(z) to become a differential operator, we must satisfy the

conditions
B —1 = 0, integer,

A— 1= 0, integer .

Since Red < +1 was postulated above we have two contradictory
requirements. With small changes in the ¢’s we can, however, reach the
point 4 =: 1. The divergent expression I'(— A4 + 1) is factored out and
can be eliminated by the renormalization. This means we define a new
function

F)y= @, (w) wB-1Q, (w) dw
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and put 4 = + 1 everywhere. This implies

J= —;— (my —my), p== ——i; (my — my) + 2m ,
1
n::B—1=f-2*~(7L'1~M),
01~ Q2

Since
I llim lwlr | B, (w)] = 0,
w|—> oo

lim ol [, ()] = 0

|w]— oo
the integral ¥ (z) is finite. Using the Plancherel formula we obtain
Fe) = [ () (@ — )% (F—2) P x
B-1
x (=2igz)" @@ DR @ e
X
1f B, is not a negative integer or zero,
1
~ By~ B~ B+ 1=+5(u—4)
must be non-negative, in order that 7'(z) becomes a polynomial in
(x — z). Therefore we have a final condition:
w= A
it 4 — B = 0, we need only replace
A’sby B’s, xbyZz, zbyZz
and vice versa. In that case we get a final condition
A= p.

Inserting the values for 4’s and B’s leads to the operators given in sub-
section 2.

IV. The Canonical Pseudo-Basis

1. Points of the Space SL(2, C)/K Described by Elements of SU (1, 1)
As in section IT we consider the subgroup K of triangular matrices k,

At
k= (0 2)

SLE2, C)K .

In some of the restclasses we can find an element v ¢ SU(1, 1), in almost
all of the remaining restclasses there are clements of the type ¢-wv,

v SUL 1), .
£=10,= (?é)

and consider the restclasses
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In fact, almost all elements a € SL(2, C) can be decomposed as
a="Fk-v
or as
a=k-e-v.
Thus we can characterize points in the homogeneous space by points
of two groups SU(1, 1), and SU(1, 1)_. As earlier v and ¢ - v are not

uniquely determined. In fact any yv (or ev) is in the same restclass
with v (or & - v), when y is defined as

e¢® 0
V= (0 e—iw) .
Obviously is ye = gy~ L
We construct a Hilbert space £, of pairs of square integrable
functions

¢ = {9 9}
such that

lol* = J e+ @F + lo- (@)1 dp(v) -
@ (v) has to satisfy the subsidiary conditions:
@i (yo) = etime o, (v),
p-(yv) = e "o g_(v) .
The Hilbert space 9),, is the direct orthogonal sum
ﬁjm = g%z(V) ® cgz-‘m(v) B

where %2, (V) is made up of functions ¢, (v) and ¥2, (V) of functions
P_(v).

Let us find now the connection between the parameters z and
v, & .

In the case z = z(v) we have

(o) =lo 5 )
2 1) 7 \0 A \vy vy
Z:/UZI"U2~215

2= -eio

1
= et9(1 — [2]2)2 = vgt .

with the solution

This implies
lz(v)] < 1.
In the case z = z(ev) we find from
)= 5 6o (o)
z 1 0 A/ \7 0/ \wyy vy’
Z=vy v,

1
A=et(z]2 — 1)2 = (Tv,) L.
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In this case z satisfies
lz(ev)] > 1.

In both cases w is an arbitrary phase.
Writing
1@ =1@) 01— [z)) + f(z) - 0(]z] = 1)
we obtain a decomposition of #2(Z)
L) =L (Z)e L2 (2).
We map £2% (Z) on £2,(V) and £2_(Z) on £%_,,(V) by the relation

1
P (v) =72 a(v) - f(z) - O(L = [2]),

1
¢ (v) = 7% «a(ev) - f(2) - O(lz[ — 1).
We can easily show that this mapping is in accord with the subsidiary
conditions imposed on ¢ (v).
We introduce the parameters for v:
1. 1
vy =82 €%, v, = (s— 1)2¢f%,
12s<o0, 050,,0,<2m.

We normalize the invariant measure by
dp(v) = 5oz ds 46, d6, .

The parameters s, 0;, 0, are related with z, » by the following formulae.
If 2] < 1:

s=1—-[z»" Oh=w, 0,=0— vy, p=argz,

dpw) = 5oz 4 - dzdo

and if |2 > 1:
s=|z]2- (|¢]2 — D1, 01=—w+1p—g—, 02=——w~%, = argz,

dp) = 5o A4 dzdo.

Since in both cases

w(v) = (x(ev) =) |A|-m—ie+2. Jtm

we obtain
[o @)Fdu) =H£1lf(Z)12dz,
Jlp-@)2du() Tifllf(z)lzclz.
With the notation
1—¢
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we may finally write
a(efva)

Ua%(”) = « (7 ') %'('DI) ’

where
gva=1Fk- & .

2. The Canonical Pseudo-Basis in $),,

A Hilbert space #2(V) of square integrable functions on SU (1, 1)
possesses a pseudo-basis which consists of the matrix elements C%,(v) of
unitary representations y of SU (1, 1) where y is in the set:

1
2Em), 0<é<oo, n=0,5;
x=
x(k, £), k=1,~g~,2,...

(see the explicit construction of C%,(v) for these cases in appendix, sub-
section 3). In both cases we shall use the notation of

J——g i i g,
J=—k in y(k %).

With the Fourier coefficients
E(ghy= [ o) CF,() du()

the Plancherel theorem for SU (1, 1) takes the form [7, 8]:

‘P(v)zf C(&,0)d¢ Z‘oo K ()69 040 () +

0 P,g=—00

[e ) e _1_ l
rfoles)ae ¥ k@SR P w

B Pyg=—c0

+ oo
+ 0<k>{ 2 Ko 0D ) +
A 5 wr=k

Zyeen

=1

kol g

LY K Oé’fﬂv)}.

.p=—k
The right hand side converges in the mean square sense. The weights are
Ck)y=2k-1,
C (f, —;—) = 2f cthn &,
C(&,0)=2&thné.
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Both spaces #2,(V) and #2
subsidiary conditions yield

K gy = [ ge(v) C%,(v)
= [ ¢z(yv)

which implies

K(pi,=0, or p=(5.
This reduces the basis of Z2(V) to the basis of £2

_n(V) are subspaces in #2(V). The

C%,(yv) d pu(v)

= gtw(m=-2p) .

»(V) and we get

= [C(§0)dE 3" K(%)(E ,0) &9 (y) 4
0 -5

q-——oo

Jo -- o

+ X Oy X

lgl =k, k+1,...

2,’1

K(¢C)<k ,¢0) (&, ¢o) (v )

m

C~q C~

if m is even and a similar expression if m is odd. We recall that

0 =signm, fj,=

%’, signg=2¢{-0.

The sum over £ is finite, this is due to the fact that in %% both |q|

and |p| are not smaller than £.

In &2, (V) we define the pseudo-basis by

0(7%0) (’0)7 O<§<OO’
7,4
1
2k — 1)2-C%D (), k=1,2,3,...

5

B (1), 0 < £ < oo,

m
5

1
2k — 1)2- <,',3<f>(v) k=o, 2

5
2

for even m ,

for odd m .

Together with a corresponding pseudo-basis in #2_, (V) these vectors
define the canonical basis in $),,. The basis vectors of the discrete series

are normalized to one.

It is obvious that each £, (V) is invariant with respect to SU (1, 1)

transformations, each C%,
?:

(v) for fixed y spans a space for an irre-

ducible unitary representation of SU (1, 1). The decomposition of £,
into #2,(V)® L%_,. (V) removes the degeneracy in the continuous

series.
23 Commun. math. Phys., Vol. 6
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3. The Canonical Pseudo-Basis in L?(Z)
We make use of the relation between f (z) and ¢, (v) to find the pseudo-
basis in £2(Z). We obtain basis vectors f%¢(Z) which can be expressed
by the principal function IJ,(z, Z) (see appendix, subsection 1) as follows:

femt (z) = +n"%(l - Mz)i%—J—l -1, p(z, 7)-60 - |2)),
)

]‘gf”i)’“‘(z) — gm - n_% (|22 = l)z——J 1IJ p(z, z)-0(z| - 1),

5

where
1 .
J—:—?—i‘lé:,
o)y o [@k—=1) (k4 p =D G—Rk! 1L
fy “’"*[ = <k+¢o—1>z(1po|—k>!]2 %
- \zp)’%”—l-lﬁ @3 0=,
.
- AT@E—1) (B + |p| — 1)t (jo— k)!
[P0 =+ [ m (kFjo—1)! lpol—kw]z 8

lzgz—ly"” L. p(z,E)-B(lz]—l),

where in the last two cases

J=—k, signhp=4o0.

4. The Change of Basis in £?(Z)

The transition from the canonical basis to the canonical pseudo-
basis and vice versa can be performed by means of coefficients
o (#° '7’
my 0

which are defined as

Coe (5511) = [TF@ 1h06) dz = 850 [ TETG) fi(2) .

They satisfy certain orthogonality relations which can be read off the
orthogonality relations for the elements of the basis and pseudo-basis. We
give an example:

> Y e
j=doa=—i
Here §,,» means:

9) m) = 0y Opwr Oge -

0, =10, if ¥ and y’ belong to different series,
O & m) 0§ = &) 0y it y=pEm), ¥ =xE7),
Orw Osoy I =1k 0), ¥ =y, o).
Since these coefficients are of no further use we avoid the evaluation of
the complicated integrals.
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V. Mass Spectra

1. The Reduced I' Matrices

We denote the Hilbert space which contains ¥ and carries the
representation U, by $. We assume throughout that $ is a finite direct
sum, e.g. of the type

9= 0L .
S=1

Each 8 labels an irreducible unitary representation of SL(2, C) in the
space #2(Zg). Let the projection operator on the SU (2) invariant sub-
space of spin § in #2(Zg) be denoted P;(S). We define two other pro-
jection operators

"
PJ':‘:Z@PJ'(S)f
s=1

PS)= 3 @ P;S).
7=70(8)
We introduce the transition operators which map the spin space j of
Z*(Zg,) on the spin space j of £2(Zg,) by
E?S'lszE?.S:;,S. = 6ij'6Sszngst ’
Bl = P, ().
Since P; Iy = I'yP;, I, reduces to blocks (I);
(Fo):i:PjFoPa”
I, 0 2 ® ([7); -
j
Each block (I7); can be decomposed further by
(I =X & Bl,s,Bk,s, -
81,8,

By this formal procedure we get a matrix f% ¢, the reduced (I);
matrix (in the WicNERr-EckaRT sense), which is independent of p. This
reduced matrix is finite dimensional and hermitean, it has eigenvalues
M (j) belonging to eigenvectors oy (M).

Now we build vectors ¥j (M) in $, such that

P(8) W(M) = ok (M) fl(zs) -

If p varies from —j to +j, M (j) over all eigenvalues of §7 and § over all
possible values, we get a set of vectors {¥] (M)} which are complete and
orthogonal in §. Applying U, (,) to them we get a complete set of time-
like solutions.

Apart from the complications due to the continuous series we can

apply the same procedure to I’y and the SU(1, 1) invariant spaces
23* Commun. math, Phys., Vol. 6
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H%*% into which $ can be decomposed. We get again a finite hermitean
matrix %45 and eigenvalues A(y, {).

The computation of the f matrices and their eigenvalues is the last
problem to be tackled.

2. Two Simple Cases

It turns out that the case of irreducible representations U, is
particularly simple. In that case [ are numbers. In section III we
started the discussion of one such example, viz.

m=4+1, p=0.
Another case,
m=0, p=+1,

belongs to the supplementary series. Both yield identical matrix elements
of I'yand I',%in the canonical basis (see section IIT and Ref. [5] page 421):

. . 1 .
Fof%):-i-(ﬂ-?)f%,
. 1 . 1 . . 1 .
Lyf)y = —5 {06+ 12 = p2 12 fi7 0+ (72 = P20}

It is remarkable that I'; can be diagonalized immediately without
explicit use of the pseudo-basis. This is of particular interest, since by the
same method we find also the solutions on the lightcone. We proceed as
follows.

The matrix [’y depends only on [p|. We denote

n=j—lpl,
and for fixed p

This yields
1 1
[+ 1) (n+ 2[p] + DI2 pp + 2ppn + [n(n+ 2[p)]* oy =0,

with the eigenvalue y of I';.
The Hilbert space 12 of sequences {wn},

Iyl = 2 fpl® < oo,
n=0
is isomorphic to the Hilbert space & of entire functions with the norm
, 2
g2 == [ Kam 212) - 227 g )2 dz
K is a cylinder function with imaginary argument (Ref. [12]) equ. 8. 407).

3 The matrix elements are identical concerning the dependence on j and p, the
permitted values of j and p differ, however, in both cases.
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The isomorphism between 12 and % can be established by

_ SER
W0 [nln + 2[p|) 1P
This yields (see Ref. [12] equ. 6. 561. 16)

() 2.

o2 =3 tpul2 = o2

n=20
In the space & the eigenvalue equation for /'; takes the form of the
confluent hypergeometric equation

20" @A)+ o+ DR + +2u)g(R)=0.
There is one entire solution for any u, — oo < p < + o0,

X 1 . .
g(z):e’z@<lpl-!—§“@ﬂ’2lp\+1§_2m)
. 1 . 1\1-1
:4—‘1"[]3(\29[—{—”&%-—,IP“HH‘?)] o
+1 I 4 _1 3
X [T TR T TR ey

-1
@ is Kummer’s series (Ref. [12], equ. 9. 210. 1), Bis Euler’s beta function
(Ref. [12], equs. 8. 38) and the equality of the two expressions is asserted
in Ref. [12] equ. 9. 211. 1.
The integral representation of g(z) is particularly convenient to
expand g(z) in powers of z and to obtain y, (u). We can show that this
yields y, (u) with the asymptotic property

lim %2 |y, (u)| = constant = 0
H—>00

so that lgl® = Zolwn (W)[F = oo
n—
The spectrum of /', contains no proper eigenvalue!
The Casimir operator @ of SU(1, 1),
Q=F.F_+ H,— H3, (F_, Hy as defined in appendix, subsection 4).
yields
1
Qua () = (124 ) wal) = =TT + 1)yl
or
1 .
___"—"_2—_!_?’57 §=[ul-
Fach J is twofold degenerate. If we understand J to run over
J = j, + non-negative integer
J=—%+§, 0<é<oo

simultaneously, we may write the mass formula
2

M2 = ——ﬁ
(7+5)
valid for all J.
28a Commun. math. Phys., Vol. 6
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The sign of the energy in the timelike solutions is fixed and equal to
signx. The spectrum is drawn in Fig. 1.

[} A

r? J
n? .

1 ® i
I () - o™iey
~loy [2) oI
1o Fevioy

0 i 8

>J:—% +iE

-7 FE =1

Fig. 1. 8 = 8(1,0)

Let us consider now the solutions on the lightcone M2 = 0, in which
case the normal forms of the field equations can be defined as

1

(r0+ F33F—2—)w=0.
The two signs correspond to the future and the past half-cone,

sign energy = -+ signsx .
Just as above we can translate this equation into a differential equation
operating on % and solve it. We obtain the entire solution

g (1) = e (£2) 17 Ty (2] £ 2)
(0,+)
S f t=2121-Lexp (¢t + z(1 F £~1)) dt
27 p ’

J is a Bessel function, for the integral representation see Ref. [12],
equ. 8.412.2.
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If p runs over all possible values, the elements g, (z) (respectively
g_(z)) span an infinite dimensional space which carries an irreducible
representation of the little group U (1) x 7', a so-called “‘continuous
spin” representation. The point M? = 0 of the mass spectrum is twofold
degenerate, one solution corresponds to the future cone, the other to the
past cone. Concerning the degeneracy and the dimension of the represen-
tation of the little group, the solutions M2 = 0 resemble the spacelike
rather than the timelike solutions. This is true in general.

3. The Class S(m + 1, 0)® S(m — 1, ), m == 0
We consider now a big class of reducible representations consisting
of the two irreducible components S(m + 1, p) and S(m — 1, p). The
parameter p is arbitrary real, but should be taken equal zero if parity
covariance is required. The reduced I™-matrices f are 2 x 2 matrices.
With the two differential operators I defined in section I1I we obtain:

; Lo 1\2 1L /0 ei?
ﬁgn+1,m—1=+ [(7"“:2—) —?%]2 ' (eifp 0 )’

9]
%m)+1

) 50 . m
ety = 7 —— = ——r
+ x:}?—l > 70 [2
5 0

where

With the two differential operators Iy applied to the pseudo-basis we get:

m
0 ELi—
ﬁsg’v 1,m—1 = . m 2 s
E—1 5 0
5Sn +) l—m——l = 5<n€z’n+)’1+,-m~1 ’
,B(k’d) — |2 k_i'z?} 0+
m+1,m—1 {70 2 —13 0 ’
‘6(76,""0') - ﬂ(k,a)
m+1,m—1 m-+ 1,m—1 "
The mass formula can in all cases be written
XZ
M =

where J takes the values:

J = g, + positive half integer,
J is twofold degenerate, there is a positive and a negative timelike
solution,

J is fourfold degenerate, all eigenvalues M? are improper,
J = —j, + positive half integer, J = —1,



336 W. RinrL:

J is fourfold degenerate, there are two solutions of the positive and
two solutions of the negative branch of the discrete series of SU(1, 1).

The case j, = %is depicted in Fig. 2.

%- 3 F3
m? J
%2
~eq o e 4
=~ ®o L5
~|84 £ -6
1 A

0 ) o)

7
J:—§+ 1€

Fig. 2. 8, = 84, 0), S, = 8(6, 0)

4. Conclusion

Representations with three or more irreducible components yield
M2-spectra which are superpositions of spectra of the type found above.
They show the following typical properties:

«) The positive part is discrete and bounded from above with an
accumulation point at M2 = 0.
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5) The negative part consists always of a continuum which starts
at M? = 0 and in some cases of an additional finite set of proper eigen-
values.
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VI. Appendix: A Canonical Form for the Matrices
which Represent Elements of SU(2) or SU(1,1)

1. The Principal Function
We define a function
2m
— 1 ) ) _ . .
[Zz]p(z’ z) = ij et (p—a)9 [T+ ze‘l"’]"'p““*’ [1+2 6119]—p+J@129

13
]

for any complex J and parameters p, ¢ which are simultaneously integer
or half integer. In the case where p + J is integer, z and z may be con-
sidered as independent variables. If p + J is complex, w?+/ has a cut
from w =0 to w = co. If Z is considered as the complex conjugate of
z,wrtJ, @w-P+J is a continuous function along the path of integration
even for [z| = |7] > 1.

We call this function IJ, the principal function, since many other
functions can be regarded as special cases of it. We find the following
properties:

If,(2,2) = I{q,__p(z, zZ),
I7 (2, %) = 20470+ [T _ (31, 271)

It can be expanded into a series:
p=g 2, 27 < It

o
- —p+J\(+p+J g
Hen=3 (T00) () e

n=

g, |z, 7] < 1:

=3
A

- S (Fr+IN (=P +T\ L mpian
Hyem =3 (0,70) (L) e

p-aq=0, 2, > 1

B —pd J _
I e | PR e E—y

i

=20

p+qg=0, 7,z > 1:

B o AV et e A —
I, (2, %) 2_,( u )(n—q——pzn+p+Jz nta+d

I

n=0
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The principal function can also be expressed by Gaussian type hyper-
geometric functions:

J —
iiq) PR (=S e =S~ p - gt 1327),
—p + J

q9—Pp

p=q 17,7 =(

p=q: 12 = ( ) 2P (= 4 g, =T —pig—p 123).
2. Wigner’s Function D}, (u)
A unitary representation of the group SU(2) to the spin j can be
realized in a space of polynomials of order 25 of the variable z by
o [ Un? A Uy
Tuf(z) = (ure2 + ug)* f (m)

In this space we take as a basis the functions
H+p

) B e —— = —., *—‘.—%‘ 1, . .,ﬁ!"'..
L T I T !

With the formal scalar product

(fq’ .fno) = 6(17)
we define
D (u) = (fo Tufy) ,
L G—gt 1L 1 [ . .
B [T(;‘f;;H] g [ OO0 fun e

X [Ugpeti® + uyyli -2 dd .

We introduce the parameters

1
L 0 _
Uy = + 2 - et s Uge == Uy

1.
Uy = — (L= 8)2€%, uy =~y
0=t=1, 0=0,0,<27.
This yields
Dyp(u)y=1[1%"- e 0@+ M +i0e=p) gi (1),
where
2m L .
df“)(t) - E%_fei(p_q)a [£2 + (1 — t)2e i) tr x
0

1 1
% [(2 — (1 — Zetid)i—vd

N N ]

7 is integer or half integer, j 4- p is integer, z and z are regarded as
independent variables. In terms of hypergeometric functions (poly-
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nomials) we get:

i1 1o,
p=q dgp(t):=t7_2(p rl)(l__t)zw q)x

P+ . . 1—¢
X (p_q)'2F1<—7+ 77:‘7—%29-9“‘1;-"7—),

. R 1o,
p= g djy()= (=D R g
—p +7 . . , 1—t
< ( q__p?)'ZFl(_yT & —J—P;¢—p+1i—— )
We note that the phase normalization used here is identical with the
Condon-Shortley convention. From the integral representation for
di,(#) we find immediately the important relations

qap
dyqp(l - t) = (_‘ l)j—p d:':—q,p(t) s
a7, () = (=)e=2dl_, (t).

The normalized invariant measure on the group SU (2) is

() = 4oz dt A0, d0, .

3. Bargmann’s Function C%,(v) [7]

In the case of the group SU(1,1) we may proceed in the same
fashion.
. . 1
3.1. The continuous series y = y(&,7),0 <& < o0, n= 0,5 .

We define a Hilbert space of square integrable functions #2(€,;) by

LG = {f(w% w = €7, Oj”lf(w)l2 do < 00} .

In this space we realize a representation of the series y (&, ) by
et gLl — \iE—p—1 VW + v
Tof(w) = (vipw + 022)15 T2 (Vg ”22)16 e (T;Jiﬁ) ’
We define a canonical basis in #?(€,) by
_1
fm(w) = 27) 2w,

— oo < m < + oo, m integer .
For the element

we find
Tvq)fm = ¢! (’m—77)tpfm .

Therefore we introduce new labels by

p=m-—1
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and get
27

i n)( )= %fei(p—q)o C[om e o IP T et 4 vy 72 D
0
1 .
where J = — 5 + 7 &,
With the parameters

1
1. _
Uy = §2€7, Uy =Ty,

1
1. _
V= (s — 1)2€'%, vy =7y,

l<s<oo, 0=0,,0,<27,
we get
Cé%;") (v) = €00+ D) + 10:(a—D) cffg’,”)(s)
and
27

1 ) 1 1
ol (s5) = %fez(l“q)"[(s— 1)Z emi0 4 52 ]2+

% [(s — 1) eti? %] p+Jd 9

= ([ [T

From this form we get the relation

) = (o)

3

3.2. The discrete series ¥ (k, &), k= é—, 1,—2—, R

Let us define the Hilbert space Hi by

w=&w,

f analytic for |w| <1,
f continuous for |w| < 1,

1W~%—1f<“WW“WwM4.

lwef <1
We define the canonical basis by
fm(w) = N, - w™, m = 0, integer,
2k —1 4 m\1
N, = ( m )2

The representation x (k, +) can be realized on this space by

_ o ¢ (W T U )
T (1) = (oygw -+ o) 2 (S
so that

T'uwfm = e (m+k)‘p.fm
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With the new label
p=m-+k
we find

, B4+ p—D1G— B TL o oo 0o
O ) = [(k +g— 1! (p——k)!]‘“)ew‘(qw”w“q P offs(s)
with

27

1 ) 1 1,

WP (s) = gy [ 007 [s— 1T et 4 s2]0mk
0

1 1
X (s = 1)Z eti® 4 s2]-v-Fd

— s—171 Ts—171
)
The series y(k, —) can be realized by putting
CE= () = CHk,F) (v),
B (s) = ) (s) .
The invariant measure on SU (1, 1) can be normalized to

dp() = o5 ds 46, d0, .

4. The Generators of SL(2, C) in the Canonical Basts

The infinitesimal elements —;—ak, —;—Gk of SL(2,C) are represented
by operators H;, F) such that
Ua = 1 + ZZ 819ch+ 7’_{‘ nkF7c+ 0(82> 7]2) >
% %

&> My Teal .
In £?(Z) they can be written as the following differential operator
forms

H, =H +iH,, F,=F +iF,,

L Rk e BERE T S
H, = z2~aqz—~%-vklz,
H_—+%+22 aaz—/,LE,

H, = Fz;—z—i%—;(l—/«t),
F+:—zzz--aav+iaa_+zlz,

z z
Fo— i i i,
Fy— + iz + 7 — 2 (4 1)
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H, and. H, generate SU(2), F, and H; generate SU(1,1). The canonical
basis {f}} satisfies
H3f%} = pf';) s )
H+f;7 =+[-pG+p+ I)F f;;+11 5
Fofi=+Ci @I+ DRI+,
where C; ., is (see Ref. [5], page 117)

Z. [w—j%) (+ %) F

=7 452 —1

==

7
For the other matrix elements of the generators in the canonical basis
we refer to the same source, Ref. [5], page 117. In our phase convention
we have to insert, however,

1 o m
A= 557n
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