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Abstract

We prove in this article new fixed point theorems for positive maps having approx-
imative minorant and majorant at 0 and oo in specific classes of operators. Then, the
new fixed point theorems are used to obtain existence results for positive solutions to
boundary value problems involving a generalized p(¢)-Laplacian operator.
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1 Introduction and abstract background

The problem of seeking positive solutions for boundary value problems (bvps for short)
having positive nonlinearities, is usually converted to that of finding solutions in the cone
of nonnegative functions C of some functional space X, to the fixed point equation, u = T'u
where T : C — C is completely continuous.

This formulation has motivated many works, where existence results of fixed points for
operators leaving invariant a cone in a Banach space, have been proved; see [1], [2], [7], [8]
and [12]. Krasnosel’skii’s theorems of compression and expansion of a cone in a Banach
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space (see Theorems 4.10, 4.11, 4.12, 4.14 and 4.16 in [11] and Theorems 2.3.3 and 2.3.4
in [10]), are among the best known and most used in the literature.

Inspired by the works in [2], [5], [6], [7] and [8], we prove in this paper new fixed point
theorems for maps leaving invariant a cone in a Banach space, and as in Krasnosel’kii’s
theorems, the main assumptions are on the behavior of the considered mapping at 0 and
co. More precisely, we will assume that the mapping has an approximative minorant at 0
and an approximative majorant at oo, or vice versa; existence of the fixed point is obtained
under additional conditions: it is required that the positive spectrums of the approximative
minorant and majorant are oppositely located with respect to 1.

We present at the end of this paper an application of the main results, to obtain existence
results for at least one positive solution to bvps involving a ¢-Laplacian or a p(¢)-Laplacian
operator.

We will use extensively in this work cones and the fixed point index theory, so let us
recall some facts related to these two tools. Let X be a Banach space. A nonempty closed
convex subset C of X is said to be a cone if (#C) c C for all 1 > 0 and CN(-C) = {Ox}. It
is well known that a cone C induces a partial order in the Banach space X. We write for all
x,yeX: x<yify-xeC, x<yify—xeC,y#xand x £yif y—x ¢ C. Notations >, >
and # denote respectively the reverse situations.

Let C be a cone in X and let N : X — X. The mapping N is said to be positive if
N (C) c C. In this case, a nonnegative constant u is said to be a positive eigenvalue of N if
there exists u € C \ {Ox} such that Nu = uu.

Let N : X — X be a positive mapping. N is said to be

i) increasing if for all u,v € X, u <v implies Nu < Nv,

ii) lower bounded on C, if there exists a positive constant m such that for all u €
C, |INull = m||u||. For such an operator N, we denote N = inf {||Nu| /[lull, u € C},

iii) upper bounded on C, if there exists a positive constant M such that for all u €
K, [[Nul|| < M||ul|. For such an operator N, we denote N/ = sup{[|Nul|/|lull, u € C},

Let N1, N, : X — X be positive maps. We write N| < N, if for all x € C, Njx < Npx.

A function f: Q c X — X is said to be bounded, if it maps bounded sets into bounded
sets, and it is said to be completely continuous, if it is continuous and maps bounded sets
into relatively compact sets.

At the end, let us recall some lemmas providing fixed point index computations. Let C
be acone in X. Let for R > 0, Cr = C N B(0x,R) where B(0x,R) is the open ball of radius R
centred at Oy, Cr be its boundary and consider a compact mapping f : Cr — C.

Lemma 1.1. If fx # Ax for all x € 0Cg and A > 1, then i (f,Cg,C) = 1.
Lemma 1.2. If fx # x for all x € OCg, then i(f,Cg,C) = 1.
Lemma 1.3. If fx £ x for all x € dCg, then i(f,Cg,C) = 0.

A detailed presentation of the fixed point index theory can be found in [10].
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2 Main results

2.1 Preliminaries

In all this section E is a real Banach space, K, P are two cones in E with P C K (it may
happen that K = P). We set

NI’;(E) ={N:E — E, N is continuous and N (K) C P}, and
QQ(E) = {N € NI]{)(E) : N is completely continuous}.

Now, for N e N ,’;(E) we define the subsets
AII\)’ ={1>0: there exist u € P\ {0g} such that Nu < Au},

®11\3/ ={60>0: there exist u € P\ {0g} such that Nu > 6u}.

Remark 2.1. Note that
i) 0 € ®Y and if 6 € @Y, then [0,6] c ©F.
ii) If 2 € AY then [1,+00) C AY.
i) ALY c A¥ and @) c OF.
iv) If 4 is positive eigenvalue of N, then u € @Y NARY.
V) If N1 (0) N K = {0g}, then AY = A¥ and ©F = ©F.

In all this paper, we set for N € N¥ (E),
Qg = sup @1[\,’

and when AY is nonempty
Ay =infAj.

Lemma 2.2 ([8]). Let N € QQ (E) and assume that N is upper bounded on K. Then the
subset Ajl\f is nonempty.

Lemma 2.3. Let N € le; (E) and assume that the cone P is solid. Then the subset AIIY is
nonempty.

Proof. Let ug € int(P), then we have from Lemma 3.7 in [13] that there is ag > 0 such that
a@oNug < ug, proving that @ le Ag . O

Lemma 2.4 ([8]). Let Ne N II; be upper bounded on K and assume that the cone K is normal
with a constant n. Then Hg < 0o,

Observe that if N € QQ (E), then for all R > 0, the permanence property of the fixed
point index implies that i (N, Kg,K) = i(N, Pg, P).

Lemma 2.5. Let N € Qﬁ (E) and let v, R be positive real numbers. We have
i) i(yN,Pg,P) =1, ify@ﬁ <1.
ii) i(yN, Pg, P) =0, if the subset Ag is nonempty and y/lg > 1.



Fixed Point Theorems for Positive Maps and Applications 115

Proof. i) Suppose that y@lg <1 and let u € 9Pg such that yNu > u. This implies that 1/y € G)]}\,’
and 1/y < Hg which contradicts ygg < 1. Thus, the hypothesis of Lemma 1.2 holds and
i(yN,Pg,P)=1.

ii) Suppose that the subset Aﬁ is nonempty and y/lﬁ > 1 and let u € dPg such that
yNu < u. This implies that 1/y € A} and 1/y > inf Al = A} which contradicts yA} > 1.
Thus, the hypothesis of Lemma 1.3 holds and i (yN, Pg, P) = 0. This completes the proof.

O

Lemma 2.6. Ler N € Q?(E) and assume that the subset AI}\,’ is nonempty. Then we have
AN <oy,
p=Yp

Proof. The case Hg = +oo is obvious and if Hg =0, then i (yN, Pg, P) = 1 for all y > 0 proving
that A = 0.

Now, to the contrary suppose that /lg > Hg >0andletye (1 JAN 1/ Gg ) We have from
1) and ii) of Lemma 2.5, the contradiction

. [ 1, since y8) < 1,
iGN K K) = { 0, since yAy > 1.
This ends the proof. O

Corollary 2.7. Let N € QQ(E) and assume that the subset Ag is nonempty and /lg > 0.
Then N admits at least one positive eigenvalue.

Proof. Letyy > 0 be such that yy > 1 //lg and let R > 0. We have from ii) of Lemma 2.5 that
i(yN,Kg,K) =0 # 1 and we deduce from Lemma 1.1 that there is u > 1 and u € dPg such
that yoNu = pu. This proves that u/yy is a positive eigenvalue of N. O

Lemma 2.8. Let N € N};(E) be lower bounded on P and assume that the cone K is normal
and the subset Ag is nonempty. Then we have Qg > /lg > 0.

Proof. Let A >0 and u € P\ {Og} be such that Nu < Au and let ng be the constant of
normality of the cone K. We have then

Np llull < [INull < An [|ull
leading to A > N, /ng and A} > N}, /ng > 0. O

Lemma?2.9. Let Ne N I’;(E) be upper bounded on K and assume that the cone K is normal.
Then we have 01[\,’ < +00,

Proof. Let A >0 and u € P\ {Og} be such that Nu > Au and let ng be the constant of
normality of the cone K. We have then

Allull < ng |INull < ng N |lull
leading to A < ng Ny and 8% < ngNj < +oo. o

Proposition 2.10. Let Ni,N, € N If; (E) and assume that Ny < N,. Then /1];,]‘ < /lg2 and Qg' <

.
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Proof. Indeed, we have
N N N N
0,' cOyand Ay C AR

leading to
N N
A< 2% and 63 < 6.

2.2 Fixed point theorems for positive maps

Throughout this subsection, we let 7 : K — K be a completely continuous mapping and we
want to obtain properties for the existence of fixed points of 7.

Theorem 2.11. Assume that the cone K is normal and there exists operators Ni,N, €
Qg (E), N1 € Q? (E), N> e Q? (E), where Py, P, are two cones contained in K, a> 0 and
three functions G1,G7;G3 : K — K such that le' <l< /11;/;, N1, Ny are uniformly continuous
on B(0g,2), Ni,N are increasing and for all u € K,

Tu<Ni(u+Gi(u)), .1
Ny (u—Ga(u)) < T(u) < aN; (u+G3(u)). '
If either
G1(u) = o(J|lull) near 0 and G;(u) = o (||ul|]) near co fori=2,3,
N - N - 2.2
lim,_,q 1) =Ny (u) and lim,_, 2 () = Ny (u) uniformly in 0B(0g,1), (2:2)
or
G1(u) = o(||lu]]) near oo and Gi(u) = o(||u||) near O fori="2,3,
N - N - 2.3
lim; 5400 1) = N (1) and lim,_, 2 () = Ny (u) uniformly in 0B(0g,1), 2-3)

then T admits at least one fixed point.

Proof. We present the proof in the case where (2.2) holds, the other case is checked simi-
larly. We have to prove the existence of 0 < r < R such that

i(T,K,,K)=1and i(T,Kg,K) =0,
in such a case, the additivity and the solution properties of fixed point index imply that
l(Tv KR AN KrsK) = l(T’ KRaK) - l(T9 Kra K) = _1’

and T admits a positive fixed point u, with r < [|u]| < R.

Consider the function H; : [0,1] X K — K defined by H\(t,u) = tTu+ (1 —t)N,(u) and let
us prove existence of R > 0 large enough such that for all 7 € [0, 1] equation H(¢,u) = u has
no solution in K. To the contrary, suppose that for all integers n > 1, there exist ¢, € [0, 1]
and u,, € K, such that

up =1, T (un) + (1 — 1) N2 ().
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Note that v,, = u,,/ ||u,|| € 0K; and satisfies

o T | N
o] o]
and
No(n) = Mo [, 288) ) 2(”")). (2.4)
T T

Because N, is completely continuous, N, is uniformly continuous on B(0g,2) and by the
homogeneity condition imposed on N, in Hypothesis (2.2), there is a subsequence of in-
tegers (n;), £ € [0,1] and w € P; such that limt,, =7, w = lim Ny (vy,) = im Na(u,)/ ||, || =
Km N3 (1, = G2 () / ||t || = Tim N2 (e, + G (4n,)) / ||| = w. Note that w > 0. Indeed,
if im No(up,)/ “um” = Og, then we have from

T (unl) < Ny (unl +G3 (unl))

~a
e |

and the normality of the cone K that lim 7 (uy,) / ||unl|| = 0g, leading to

limuy, = lim| 4, 24 1 (1 =g, N2 |
| |
contradicting ||v,,,|| =1.
At this stage, letting [ — oo in
N(,) = N (tn,M +(1 —tn,)M]

| |

> N, (tn N> (un, = G2 (un)) +(1-1, )Nz(unl)]

) S el 7 el

we obtain w > N> (w) and 1 € APIS’; contradicting ﬂ% > 1.Thus, our claim is proved, and for
such a real number R > 0, we deduce from the homotopy property of the fixed point index
and Lemma 1.3 that

(T,Kg,P) = i(H(1,-), Kg,K) = i(H1(0,), Kg, K) = i(N2, Kg, K) = 0.

In similar way, consider the function H; : [0, 1] X K — K defined by H,(t,u) =tTu+ (1 -
1)N1u and let us prove existence of r > 0 small enough such that for all 7 € [0, 1], equation
H,(t,u) = u has no solution in K. To the contrary, suppose that for all integers n > 1, there
exist ¢, € [0, 1] and u,, € 0Ky, such that

Uy =ty Tu, + (1 —1,)N(u,).
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Note that v,, = u,,/ ||u,|| € 0K; and satisfies

n N n
tn—u+(1 N1 tn) 1(”)
|74] lletnll

Then

Tu, Ni(u,
M) = N‘(’”u it )nl(un))

Because N is completely continuous, N; is uniformly continuous on B(0g,2) and the
homogeneity condition imposed on N; in Hypothesis (2.2), there is a subsequence of in-
tegers (n)), £ € [0,1] and w € Py such that limt,, = 7, imN; (v,) = HimN;(un)/ || || =
lim N, (uy,, + Gy (un,))/“un,” —w

Note that w> Og. Indeed, if lim N} (v,,) = Og, then we have from

T(”m) < Nj (”ﬂ/ +G (”nl))

| |

and the normality of the cone K that lim 7 (uy,) / ||u,,l|| = 0g, leading to

N- n
F(1=t) “2(””)] O,

limv,, = lim(t,, t)
|
contradicting ||vn,|| =1.
At this stage, letting / — oo in

Nl(un,>]

|
X [t N1t + G () )Nl(un,)]
Tl O el )

Ni(vy) = Ny [rn, T ””|) (1—1ty)

IA

we obtain w < Nj (w) and 1 € @1;’]1, contradicting 011\,]: < 1. Thus, our claim is proved and for
such a real number r > 0, we deduce from the homotopy property of the fixed point index
and Lemma 1.2 that

l(T$ K}’7K) = i(HZ(l,.)9Kr’ K) = l(HZ(O’),Kr,K) = l(NlaK}’7K) = 1

This completes the proof. O

Theorem 2.12. Assume that the cone K is normal and there exist operators Ni,N;, €
Qg (E), N, € Q (E), N, € Q 2(E), where P1, P, are two cones contained in K and func-
tions G1,Gy : K — K such that Ny, N, are uniformely continuous on B(0g,2), N, is lower
bounded, Hg‘ <l< AI;IZ,NI,NZ are increasing and for all u € K,

No(u—Go(m)) <T(u) <N (u+G(n)).
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If either

{ G1(u) = o(J|lull) near 0 and G;(u) = o (||u|]) near oo fori=2,3,
(2.5)

N (¢ - No(t .
lim,_0 1) =N (u) and lim;_, ﬂ = N, (u) uniformly in 0B(0g,1)

or

N N _
1 () 2U) _ N, ) uniformly in OB(O. 1).

= Ny (u) and lim,_

limt_)+oo

{ G (u) = o(||u|]) near co and Gi(u) = o(||u|]) near O fori=12,3,

then T admits at least one fixed point.

Proof. We present the proof in the case where (2.5) holds. The other case is checked sim-
ilarly. As in the proof of Theorem 2.11, we have to prove existence of 0 < r < R such
that

i(T,K,,K)=1and i(T,Kg,K) = 0.

Consider the function H3 : [0,1] X K — K defined by H3(t,u) = (1 —)Tu+tN,(u) and let
us prove existence of R > 0 large enough such that for all ¢ € [0, 1], equation H3(#,u) = u has
no solution in dKg. To the contrary, suppose that for all integers n > 1, there exist ¢, € [0, 1]
and u,, € K, such that

u, = H3(t,,up) = (1 = 1,)Tuy, + 1,No(u).

Note that v,, = u,,/ ||u,|| € 0K; and satisfies
T (up)  No(un)

vp=1-1,) n
el [letl

and
No(vp) = Na|(1=1,)

T (uy) NZ(un))' (2.6)

lall " Nt
Because N, is completely continuous and by the homogeneity condition imposed on N,
in Hypothesis (2.5), there is a subsequence of integers (n;), 7 € [0,1] and w € P, such that
limty, = 7, T Nt/ ||| = Tim N2 (s, = Go (1)) / [[in || = w- )

Note that the lower boundeness of N, on the cone P, leads to ||w| > Ni p > 0. Thus,
letting [ — oo in

- - T N-
Ny(vy) = Nz[(l—rn,) ||iun|l|)””’ ”2:”’[[)]
n n
. NZ((H N (tn, = Ga (1)) Nz(un,)]
- " [ " ]| )

we get w > Nr(w) and 1 € AIIYZ contradicting /11;]; > 1.Thus, our claim is proved and for
such a real number R > 0, we deduce from homotopy property of the fixed point index and
Lemma 1.3 that

l(T, KRaK) = Z(H?)(l’ ')’ KRaK) = l(H3(0, '),KRaK) = i(NZ,KR,K) =0.
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Arguing as in the proof of Theorem 2.11, we prove existence of r > 0 small enough
such that i(T, K,, K) = 1. This completes the proof. |

Remark 2.13. Theorem 2.12 holds true if we replace the condition K normal by the condi-
tion that N; is lower bounded on P;.

3 Application to bvps

We are concerned in this section with existence of positive solutions to the bvp

{ —(a()p (t,u' (1)) = f(t,u(1)), a.e. 1 €(0,1) 3.0

wW(0)=u(l)=0

where a,b : [0, 1] — [0, +o0) are measurable functions such that a(t) >0 a.e. t€ [0, 1], meas{b(t) > 0} >
0, ¢:[0,1]xR — R is continuous, ¢ (¢,-) : R — R is an odd increasing homeomorphism and
fe€C(0,1]x[0,+00),[0, +00)).

In all of this section, i : [0, 1] X R — R is the continuous function such that (z,-) is the
inverse function of ¢(z,-).

Throughout we assume that

da,B € (0, +c0) such that for all #,x >0 and s € (0,1)

P(t,%) < (1, 5%) < °G(1, %), (32)

leading to

Sélﬁ(t, x) <Y(t,sx) < stl* Y(t,x) forallt,x>0and s € (0,1). 3.3)

Let ¢*,¢~, 4"~ be the odd functions defined on [0, +o0) by

o[ xvifx<l o[ Aifx<
¢(x)‘{xﬂifx21 ¢(x)_{x“ifx21

w+(x):{ Aifr<1 w_(x):{ xifx<l

1. 1
xeifx>1 xPifx>1

and note that ~,y* are, respectively, the inverse functions of ¢*,¢™.

Typical examples of a functions ¢ satisfying (3.2) are: ¢ (t,u) = ij’l‘ i lulP O~ u, where
fori=1,..k, &> 0 and p; € C([0,1],(0,+0)) and ¢ (t,u) = X.'=* w; (1) |ul%~" u, where for i =
1,..k, g;> 0 and w; € C([0, 1], (0, +00)). This shows that the differential operator considered
in this section is more general that in [3], [4] and [9].

The main results of this section will be obtained under the following conditions on a
and b.

1 1 !
ur (—) €Ll (0,1], beL! [0,1) andT = sup (— f b(s)ds)dt <o, (34)
a reo.n\a®) Jo
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1 !
lim — =0. .
tgr()l a0 Jo b(s)ds=0 (3.5

Also, in all of this section, E is the Banach space of all continuous functions defined
on [0, 1] equipped with its sup-norm denoted ||-||, and K is the normal cone of nonnegative
functions in E.

A typical example of weights a, b satisfying (3.4) and (3.5) is

(1 - )”

a(t) = b(t) = ,mmneN,

(1-o"

Because of Hypothesis (3.4), the operator N : E — E, defined for h € E and ¢ € [0,1],
by Nh(r) = | : lﬁ(s, e Jyb@h(D) dr)ds is well defined and we have that N (K) c K, and
N is a completely continuous operator.

Let F : K — K be the mapping defined, for u € K, by Fu(t) = f(¢,u(t)) and note that F is
continuous and bounded (maps bounded sets into bounded sets). Set 7 = NF and observe
that 7 (K) C K, T is a completely continuous operator and because of Hypothesis (3.5), u is
a positive solution to (3.1) if and only if u is a fixed point of the operator 7.

Now, let 4 >0 and N7, NI,NQ,NB : E — E be the operators defined by

s b e
N7u() = f e (f() W(l )ds, Niu(t) = fl,” ( a(s)

Nou(t) = [ 1a(f0 b(T)ZZS()”(T))d )ds and Nﬁu(z)=ft‘¢p1/ﬁ(£%m)d&

|9—1 X.

fo s b(1) ¢~ (Au (7)) dr\ds.

where for 8 > 0, g (x) = |x
It is easy to prove the following lemma.

Lemma 3.1. Assume that Hypotheses (3.2), (3.4) hold. Then

i) for N = Ny, N7,No,Ng, N is completely continuous, N(K) C K and N is upper
bounded on K,

i) If p= fol Yyt (1/a(s))ds < oo, then N, (K) C Py, Ng(K) C Pg and Ny, Ng are respec-
tively lower bounded on P, and Pg where for v = a,, P, is the cone defined by

P,={uek, ult)>p,®|ul|| forall t € [0,1]}

1 (! 1 ! 1
pV(’)zp_yft"”‘( (s))d””de f l(am)

Lemma 3.2. Assume that Hypotheses (3.2), (3.4) hold. Then

Nt () Nt (yu)
AT AN @), im0

with

N7 (yw) Ny (yu)

lim, o = AN, (), limy_ e = ANj (u),

uniformly in 0B(0g, 1).
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Proof. 1t easy to see that

. *(6u) . " (0u)
timg o 2 = g ), timg e S5 = g0,
) ~(ou) . (Ou)
lims—o ¢6—ﬁ =@g(u), lims i —"— i sa P (),
uniformly for u in bounded intervals, and then
Su 5
limgoo -9 = =1 (), lims o M =61 (),
S S5
limg . M o (), limsog M ~ o1 (),
6ﬁ B 60 @

uniformly for u in bounded intervals.
Now, let € > 0 be small enough, that there exists dg > 0 such that, for 6 < 9y,

6'8(90,3(u)—8) < ¢ (ou) < &B(<pﬂ(u)+s) foruel[-1,1]
and
5% (90/1? (u)—s) <yt (6u) < 67 (90% (u)+8) foru e [-T(A+1) /AT (A+1)/4].

These inequalities lead to

N3 ((5u)(l) f"o (a( )fo b(T)((pB(/lu(T))+8)dT)ds+3

(3.6)
1
fﬂft eilamh b(T)(SO/.%(M(T))+(8//1))d7)ds+g

and
N7 (Gu)(t 1
(”)() f‘)" ( (s)fo b(T)(cpﬁ(/lu(T))—s)dr)ds—s

= ﬂft g (% jjb(r)(wﬁ(u(r))—(s/ﬂ))dr)ds—

for all u € 0B(0g, 1).
Finally, we have from (3.6) and (3.7)

3.7)

N7 (u) (1)
—e—Ac(B,e/) < B — ANpu(t) < e+ Ac(B,g/)

where ]
e ifg>1
(5)a+ertifp<l.

Thus, we have proved that lims_,o N/J{ (0u) /6 = ANgu uniformly for u € dB(0g, 1). The other
limits are checked similarly. O

C(e,B)— max ((pl()C'l'E) <p1(x)) {

Proposition 3.3. Assume that Hypotheses (3.2) and (3.4) hold. Then for all p > 0 the
operator N, has a unique positive eigenvalue u(p).
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Proof. Let (¢,) and (17,) be two sequences of real numbers such that 0 < &, <7, <1, (§,) is
decreasing and (17,,) is increasing. Let

| oa@) ifte(&,1) | b ifte0,n,)
a”“)‘{ sup(a(n).a(&,)) if 1€ (0.€,) b"(”‘{ 0if 1€ (7. 1)

and note that 1/a,,b, € L'[0,1]. Let us define for all n € N, Npn: E— E by Nj,u(t) =

ft ! ®1/p (#(S) fos by () pp (u(7)) dr) ds. Clearly N, , is completely continuous and N, , (K) C
K. By considering the restriction of N, , to the space Ey, we have that N, , (K¢ \{0g}) C O
where

Ey={ueC'[0,11:u (0) =u(1)=0|

O={ue€Es:u@) >0forallze€[0,1) and u’ (1) < 0}.
Thus, similar arguments to that used in the proof of Theorem 4.10 in [8] lead to Ny has a
unique positive eingenvalue u,, (p) with u, (p) = 911\(,”'" = /l];(’”‘”.

Since (u, (p)) is nondecreaing and bounded by I, it converges to some u(p). Also, we

have that

im||N, = Nyl =lim  sup  ||N, ) = Np,y )] = 0

ueB(0g,1)
and
i(yNp. K1.K) =1imi(yNp . K1, K) = 1 forall y < u(p) and
i(YNp. K1, K) =1imi(yNy. K1, K) = 0 forall y > u(p).
This shows that 1 (p) is the unique positive eigenvalue of N,,. This ends the proof. O

Set for v =0, 0

fv = hmlnf( min W) v — limSup(max lﬁ+ (f(t, M)))
umy \eelod] u u—y  \rel0,1] u
vk _ 1 W (f(t,u)
7 = imsupmax -2

and let u(p) for p = @, B, be the unique positive eigenvalue of N, given by Proposition 3.3.

Theorem 3.4. Assume that Hypotheses (3.2), (3.4) and (3.5) hold and y* (1/a) € L' [0,1].
If either

Fou@ <1<u®) fo (3.8)

or
fPu(e) <1<u(a) fo, (3.9)

then bvp (3.1) admits a positive solution.

Proof. We present the proof in the case where (3.8) holds (the other case is checked simi-
larly). Let € > 0 be such that (f+€)(8) < 1 < (foo — €)1(8). We have then

Ny (u—Gou) <Tu <Ny (u+Gyu)
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where

Niu= N(+f0+6) () Gi(u)=max {f(t, u(t) - (fo + 6) M(I),O} / (fo + E)

Nau=Ng @) G2 = - 5

and c is a positive constant large enough.
Furthermore, Lemma 3.2 guarantees that

N N
lim, e Y2 (6 ) Ny () = Nou and

y
N )
lim, o YL _ (70 +€) No () = Nyu uniformly in 9B(Og, 1).
%

Since Lemma 3.1 guarantees that Ny, N, are, respectively, lower bounded on P, and Pg,
and upper bounded on K and we have

o = (" +e)uB <1< (fa=Ou@) = 132,
Therefore, existence of a positive solution to bvp (3.1) follows from Theorem 2.12. O

Theorem 3.5. Assume that Hypotheses (3.2), (3.4) and (3.5) hold and either

Fou@) <1 <uB) foor f+ <00 (3.10)

or
fPu@ <1<p@)fo, [ <o, (3.11)
Then bvp (3.1) admits a positive solution.

Proof. We present the proof in the case where (3.10) holds (the other case is checked simi-
larly). Let € > 0 be such that (f°+€)u(8) < 1 < (foo — €)u1(8). We have then

Tu<Tu=<Ny(u+Giu)
Ny (u—Gou) 2 Tu < aNy (u+Gsu)
where
Niu=NE, o @ G1 (u) = max {f(t,u(r) - (f° + €)u(r),0} / (1° +e€)

Nau= N ) G2 = —

ot (L e __c
@y (¢ (foo_f )) G0= g

and ¢, C are positive constant large enough.
We have also

N (yu)

lim, 4o = (fio — € N () = Nyu and

Y
Ny (yu)
Y

lim, 0 = (f° + €) Ny (u) = Nyu uniformly in dB(0g, 1).
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Since Lemma 3.1 guarantees that

91_172 =(fo—OuP) <1 <(f0+6)/1(.3)=/1§1-

Therefore, existence of a positive solution to bvp (3.1) follows from Theorem 2.11. O
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