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Abstract

We investigate the initial value problem for an inhomogeneous nonlinear Schrédinger
equation with a combined power nonlinearity. We prove global well-posedness in the
defocusing case. In the focusing case, we prove existence of ground state and nonlinear
instability of standing waves.
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1 Introduction

Consider the nonlinear Schrodinger equation with an inhomogeneous combined power non-
linearity
ity + Au+ (I lulP ™+ Pl ) = 0, (1.1)

with initial data
u(0,.) = uop. (1.2)

Here and hereafter e € {x1}, N >2,b >0, 1 < p <q and u := u(t, x) is a complex-valued
function of the variable (¢,x) € Ry xRV,

When b = 0, the equation (1.1) models the propagation of intense laser beams in an ho-
mogeneous bulk medium with a Kerr nonlinearity. It was suggested that stable high power
propagation can be achieved in plasma by sending a preliminary laser beam that creates a
channel with a reduced electron density, and thus reduces the nonlinearity inside the channel
[9]. Equation (1.1) describes the beam propagation in an inhomogeneous medium, where
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u is the electric field in laser optics and |x|” is proportional to the electric density [12]. A
basic physical question is when can the condensate be unstable to collapse or exist for all
time?

A solution « to (1.1) formally satisfies conservation of the mass and the energy

M(1) = M(u(®) = (Dl z, = M(O);
1 p+l g+1
E(t) = E(u(1)) := 5||Vu(r)||§2(RN) —€ fR ) |x|b(|ul()zl| — Iuﬂ 1 )dx = E(0).

If £ = —1, the energy is always positive and we say that (1.1) is defocusing. Otherwise, (1.1)
is said to be focusing.

The Cauchy problem and the stability of standing waves for the inhomogeneous nonlinear
Schrodinger equation (INLS-equation) have been studied extensively, in particular Merle
[14] proved the existence and nonexistence of blow-up solutions to

i+ Au+ VOl 2u=0, xeRV, (1.3)

in the case of critical power p =2+ % and where V is bounded. Later on Fibich, Liu and
Wang [7], proved the stability and instability of standing waves for (1.3) under the assump-
tions p > 2+ 4 V(x) = V(elx]) with small € >0 and V € C*NL®. In the same context,
Fukuizumi and Ohta [8] obtained the instability of standing waves for the equation (1.3)
when the inhomogeneity V behaves like |x|~” at infinity with 0 < b < 2.

When V is unbounded, for example, V(|x|) = x|, b > 0 it seems that the standard
Gagliardo-Nirenberg inequality cannot be used any more. Recently, Chen and Guo [3, 4],
established a variant of interpolation inequality and used it to study (1.3).

In the present paper we study well-posedness issues of the inhomogeneous nonlinear
Schrodinger equation (1.1) with combined power-type nonlinearity. Our aim is to establish
local and global existence of solution, then we prove existence of ground state solution in
the focusing case and study the nonlinear instability of standing waves.

The plan of the paper is as follows. In the second section, we derive the main results
and some useful tools . Section three contains a proof of local and global existence of a
solution to the equation (1.1). Section four is devoted to establish existence of a ground
state. In the last section, we prove instability of standing waves.

Here and hereafter, we denote the Lebesgue space L” := LP(RY), the Sobolev space

H' := H'(R") and f.dx = &N .dx. If X is an abstract space, we denote X,4 := {u €

X, u(x) = u(|x])},. We mention that C is an absolute positive constant which may vary from

line to line. If A and B are nonnegative real numbers, A < B means that A < CB. Finally,
2b+4

we denote p. := 1+ =5~ ,po := max(1 + %,pc) and

77::{ M2y 2 if N>3;

+oo, if N=2.
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2 Background and Main results

In this section we list the main results proved in this paper and some technical tools needed
in the sequel. First, let us give some notations. For ¢ € H rl , and (a,pB) € R?, we define the
quantities

1 2 1 b 1 1 f b 1
J(p) = = -— PHldy — —— ™*dx,
@)= 3100~ f i ds=— [ Iaflods
_ 1
¢! =P, Lapl@):=000@ 0. Kagp = Lapl, Hopi=J=5pKap.
With a direct computation, we have
2a+(N-2)B
2

20+ N,B

1 N+b
Kog(d) = _opt )” ) f Pl dx

IVl + g1l

—a(q+1)+(N+b)’Bflxlblgbl"”dx;
g+1

B S 12 P (L g g
Hop(®) = 5 lVol + B b s [t as wr SO [ttt

We denote the quadratic and nonlinear parts of Ky,

20+ (N-2)B ﬁ
K2 y(¢) = — VI, + ——lI8ll5, KDy := Kep— KLy

Now, we list the main result proved in this paper.

2.1 Main results

Let us start with local well-posedness of the problem (1.1).

Theorem 2.1. Let N >2,b>0and 1+ % + % < p < q < p. For any initial data uy € Hrld,
there exists T > 0 and a unique solution u to the Cauchy problem (1.1)-(1.2) in the energy
space

C([0,T1,H}).

Moreover,
1. u e LY(0,T),W'$), where (a,p) is an admissible pair in the meaning of Definition
2.9;

2. u satisfies conservation of the energy and the mass;

3. if g < pe, then u is global.

In order to study the focusing problem associated to (1.1), we consider the stationary
equation
Ap=¢+x"glol ! + 1" lpl"™ =0, 0% e Hy,. 2.1
We prove that the previous elliptic problem has a ground state in the meaning that it has a
nontrivial positive radial solution which minimizes the action J when K, g vanishes. Let
the minimizing problem

mapi=_inf {J(9), s.t Kap=0]. (2.2)
0#pcH!,
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Theorem 2.2. Take a couple of real numbers (a,8) € Ry xR%, b >0 and N > 2, such that
po<p<gq<p.Then,

(1) m:=mgp is nonzero and independent of (a,p);
(2) there is a ground state solution to (1.1) in the following meaning

Ap—d+|xlPPlplP ! +1xPglpli™ =0, 0% peH,, m=J@).  (23)

The last result established in this paper is about nonlinear instability of standing waves.

Theorem 2.3. Take pg < p < q < p, then the standing wave solution of (1.1) given by the
previous Theorem is nonlinearly unstable.

2.2 Technical tools

In what follows, we give some standard results needed in the sequel. Let us start some the
Sobolev injections [6].

Lemma24. Let N>1and2 < p< % when N >3, 2 < p < oo when N € {1,2}. Then, the
following embedding is compact
H, — L. (2.4)

Recall the so-called Gagliardo-Nirenberg inequality [1].

Lemma 2.5. Let N >2 and 2 < q < q*, where q* = % when N > 3 and q* = +co when
N = 2. Then there is a positive constant Cy 4 depending of N, q such that for any u € Hrl oo

f 4l dx < Crg f IVuldn ™5 f P d) 25)

The following Strauss’inequality [16], will be useful along this paper.

Lemma 2.6. Let N > 2. There is a constant Cy > 0 depending of N such that for any

1
MEHrd’

6T u(x)] < Ci( f lul dx)s ( f \Vuldx)s  foralmostany xeRN.  (2.6)

Using the previous inequalities, we have [4].

Proposition 2.7. Take N>2,b>0and 1+ % < p <p.Then there is a constant Cy j, >0
depending only on N, p and b such that for any u € Hr1 ,

[t < Cupot [ Wiy [upan @)

Now, we give some estimates about solutions to semilinear Schrodinger equation. Let
us start with the so-called Virial identity [10].
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Proposition 2.8. Let ug € X := {u € H' s.t |xlu € L?} and u be the solution of the equation
iu+Au= f(u), u0,.)=up.

Then u(t) e X for all t € [0, T*). Moreover, the function
1 2
h:ite gllxu(z‘)ll2

is of class C* and satisfies for 0 <t < T*,

"o — » Np-D-2b , a_ Ng-1D-2b .
W = f [IVu() 3071 P! - = ! Jlax.  @8)

Definition 2.9. A couple of real numbers (g, r) is admissible if

N
+ — =

N
ro 2

qg,r=22, (g,r,N)#(2,00,2) and

SRS

Strichartz estimate [2] is a classical tool to study Schrodinger equation.

Proposition 2.10. Let T > 0 and (q,r),(a,B) two admissible couples. Then, there exists a
positive real number C such that

lllg gy < C(1aCO, Mgyt + Nty + Al ) (2.9)
where (a’,8') is the Holder conjugate of (a,).
In particular we have the following energy estimate.

Proposition 2.11. For any T > 0 there exists C > 0 such that

Sup [l g, < CIC0, g1+l + Al 1) (2.10)

We end this section with the following classical Pohozaev [15] result.

Proposition 2.12. Let ¢ € Hr1 4 @ solution to (2.1). Then

Kop(¢) =0, forany a,peR.

3 Proof of Theorem 2.1

This section contains three parts, local existence, uniqueness and global existence in the
defocusing case.
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3.1 Local Existence

Using the fact that

1+ 2b +4< <g<p
N1 N pP<4<p,
there exist o € (0, ﬁ) such that
2 N 1 2N
—2b<§<1+_ < TG
rP-1-7573 ol (N-2)¢q-1-77)

For T > 0, we denote the space
&r:=C(0,T),H,)n LU(0,T],W'¥)
endowed with the complete norm

lelr = llull s z2ynrg sy + IVull Lo a2nrswe).

where @ := 41(\’,—;4 and B := 20 +2. We denote by B7(r) the closed ball in & with center zero

and radius r > 0. Let w to be the solution of the free Schrodinger equation
iow+Aw =0, w(0,.) = ug.
We consider the map ¢ defined on Br(1) by ¥/(v) =: v, where
i0v+Av=f(w+v), ¥(0,.)=0. (3.1)

The source term stands for f(u) := elxl ululP~' + ulu?). We prove that for 7" > 0 suffi-
ciently small, the map ¢ is a contraction which leaves Br(1) stable.
Let u := v +w, applying Strichartz estimate (2.9), we get

Mz a2ynrews) < 1Ol o (1)

Taking 8 := 22C7H2 vields

- 2—-(N-2)o’
1 20 1 1 200 1
—=—4+—, —=—+4—.
@« 0 a B B B

Using Holder inequality, we obtain
F@l o gy < NllpeoalldPlal? ™" + Pl o
Sl ) La(1F) Fauk
<

by, 1p-1 by, 191
IIuIIu;uﬁ)(IIIXI lul?~| + {1l
L L

s £ % L )
a b a b
27 (L27) 27 (L)

Applying Strauss inequality (2.6), we get

NoL BB T
(I 2 fu) o™= < IVl o llull ) 7D,
o
S (Tt lluollg )=
T
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In the other side, we have

B

20

2b 2N

2 N-1USN-2

2b 1
(p=1-7=7) =+ —)(p-1-

Thus, using Gagliardo-Nirenberg inequality (2.5), we obtain

| |ﬂ(l’ e v ”M%(p—lz—%)m” H(2£(p—l—%)—1vz<%(p—l—%)—zn
u|2c T N-Tdx S u u
~ 12 12
RN
B 2
< (1+ 20 (P=1=§71),
S (L+lluollg )3
Writing
1L Nol BB B 2
Ixl”elP= 11177, = | (el ™7 L) 7D Juf 27 P17 dix,
Lo RV
yields
by, 1p—1 p-1
x|°|u <S(1+]||u .
IRl < (0 + ol )
Then
2
IxPllP ™M o 5 ST T (L+lugllg )P
L%(T(LF) rd
With the same way, we get
2
Il Ml o 5 ST (1 +luglly )7
L]%(T(L%) rd

Thus, we obtain

7N

20 - —
T (1 + ol Y7~ + (1ol gyt )" el )

20
20 g-1
T (U gl )0 Nl )

Hf(u)”Ll;’(lﬁ’)

A

Consequently
¥ -1
IPlipazinngas S T+ luolly ) lllzs ws)-

On the other hand, since

1+ 2b +4+ 2 <p<qg<p
N-1 N N-1 PTisPh
there exist o1 € (0, ﬁ) such that
2 <N<1+ 1 - 2N
pol=FE 2 O (N=2)g- 1= )
‘We denote also
4o +4 20’1(20‘1+2)
= , =201+2, 0= ———.
@ri= g o Pri= 2o YT T IN=2)o

(3.2)
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Applying Strichartz estimate (2.9) via Holder inequality, we get

||VV|L;°(L2)mLf;(Lﬁ) < ||V(f(u))||L<;'(lﬁ')
b -1 b -1
< WVullgg sy (1™ o 5 + Ul o 5 )
L2 (L27) L2 (L27)
b-1 -1 b-1 -1
Mol gy (I 0t o g+ o ):

L%o’ (LZ’TI ) L;"'l (Lm)

Arguing as previously, we obtain

20
ST

by, 1p-1 e -1 by, 1g-1 -1,
Nxlla”™ N o g ST o (L +luolly )P, Ml lul I (L +lletoll g )T
L%‘r (L20) rd L rd

o fr)
T

b=1y,1p-1 7 1 b-1y g1 e 1

M”00 ST At lluolly )P ™ ™l o g ST (1 Hluoll )T
LTerl (LH) r L;n-l (LH) 7

So,

20 _ _
VGl ey s T (A lluollgr )P+ (1 + ol ) IVallzg )

A

200 1
o e -1 g-1
0o (U Huoll g )P+ (L Hluollggn )4 el -

+

Then, using Sobolev injection (2.4), via the fact that oy € (0, ﬁ), it follows that

1
20 o _
V¥l a2z us < (TF + T+ ol )4 el

Finally,

A

2w o -
Vlz s (T +T1)A +lluoll g ) el

N

y &
(To+T 1)(1+|Iuo||Hr1d)q-

This implies that for 7 > 0 sufficiently small  maps Er(1) into itself.
Now we prove that i is a contraction. Let vi,v, € Br(1). Taking account of Strichartz
estimate, we get

v =vWllewanegws) S D) = fu)llp qp)-

Compute
)= fa)l < 1l (" = ool 4+ ey oy 71 = a9
< el (ln = el P+ el T+ oy = w1 + 1)
< g = (o 7 g 197 gl g,

With Holder inequality, yields

b -1 b -1 b -1 b -1
1f )= f@llpe gy < Vi =vallpe e lIIxP P + P lun ™ + P lual™ + )Pl o 5
T T L%{T(LZ‘T)

b -1
el o )
LTU— (LZ(r)

2
b -1
< v =vallzgas ) (Il o 5
=1 Ly (L)
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This implies via (3.2), that

20 _
1F @)= F @l gy S T A+ lltollgr )7 11 =valg -
Then, ,
) =l @2ynrz sy T 0 (1+ ||Mo||Hrld)q_1 v =vallz 1p)-
It remains to estimate the quantity ||V (v1) =¥ (v2))l| LS (LNLE(L):- Applying Strichartz esti-
mate (2.9), we get

1900 =Dl zpnrgae) S I V(&) = 80Dy gy + ™ () =Gy
T

where we denote the function g(u) := # f(u), we identify g with a real function on R? and
Dg denotes the R? derivative of the identified function. By Hélder inequality

2
b b -2 b -2 b

1{BY V(g(ul)_g(u2))||y;’(1ﬁ’) < ZIIVMz(Vl—Vz)(lxl lea P~ + x| g )IIL;'(LpfﬁIIIXI Dg(ul)V(w—w)llL(;

i=1
2
b -2 b -2
< Vil > (10 =v)lxl 2 0 5+l =)l il o
p L2 (L27) L2 (L27)

+ ||V(V1_V2)||L‘;(U3)”|x|ng(ul)“L

L s
77 (L)

We have for i € {1,2},

B _

b 2 N-1 B BN-D 2 4 Lpn

vy =)l P21, = f (X2 vy —va)2e x| 3 1Dy |20 (P2
L20

N-1 B N-1 B 2b _ B 1_2b
= f (12172 i = val) 2 (3] fugl) 2 BT =Dy 27 717550
Using Strauss inequality (2.6),
- 4 bt 5
(X2 i =vaD 2@ < (Vv =wall L lve = vall )% S v =vally”
With the same way
N-1 B (2 L Lop.ow B (2
(1= Jag) 2 T 70 < UVl el )2 BT < (1 + gl )2 =170,
Now, taking account of Gagliardo-Nirenberg inequality (2.5), we get

2

B 2b B b
f il 1D < (1 gl )Hr 1R,
rd

Consequently, for i € {1,2} we have,
b -2 20 )
N0 =Vl o 5 ST v =vallr (1 +lluoll 1 )P
L2 (L%7) rd
Using previous computation,

20 — .
IDgll & 5 ST +lluolly )7 for ie{l,2).
LTO'(LZO.) rd
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Since we have ||Vu2||L¢;(Us) < (1+ ||uo||H1d), we obtain

20 -
IV (g(at1) = gDl ey < TF (1 ol )0 vy = vl
Moreover, arguing as previously,

b-1 b-1 1 b1 1 1 1
™ (g 1) = g @)l o < Mve=wallger g ™l P77 4+ P a1 + |l el o

/3
]( ) 20'1 (l

2

b-1 1 b-1 1
< = vallgmnony O (I el o Il o,
i=1 L7 (L) L7 @)

_ _ 14071

< v = vallggs (U + ol Y™+ (1 + ol ) )T 201

This implies that
2 L7l -
IV @D =60 zaenmzws S T +TT 700 +lluollg )7 v = vallr
Consequently, we obtain
20 L7 g-1
D) =y O)llr < (T + T =20 +luollgn )T v = vallr.

Finally, for T > 0 sufficiently small ¢ is a contraction. The existence of solution to (1.1)
follows with a standard Picard argument.
3.2 Uniqueness in the energy space

In what follows we prove uniqueness of solution to the Cauchy problem (1.1)-(1.2). Let
uy,uy € C([0, T],Hr1 ;) two solutions of the Schrodinger equation (1.1), with the same data.
Take w = u; — uy, then

0w+ aw = f(u))— f(u) =0, w(0,)=0
With a continuity argument, take 0 < 7" < 1 such that
il oo < .
iI:I{li)Z(}”ulHL (0.T1H! ) S 1+ ”MOHHr'd
With Strichartz estimate, we have
Il 2ynzg @ < PG = FGlg gy
With previous computation, we have
20 -
Fu) = @l gy T U+ lltollgr ) Il ap-
So ,
20 g-1
IWllzg ey T 7 (L +lluollg )™ Iwllzg ey
Then, for T > O sufficiently small we have
Wllze (s = 0.

The proof is closed via a standard time translation argument.
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3.3 Global existence in the defocusing case

Take € = —1. Let u € C([0, T*),Hrld) to be the maximal solution to (1.1)-(1.2). By contra-
diction, assume that

T* <+oc0 and lim ||Vu(®)|[;2 = 400
t—>T*

Write the energy conservation

2 2
ﬁwmzdx = 2E(up) + —— ﬁx|”|u<z>|f’+1 dx+ —— ﬁxlblu(z‘)lq” dx.
p+1 qg+1

By the estimate (2.7), we get

b " N(p-1)-2b 1) 2b 2(p+D)-(N(p—1)—-2b)
fIXI lu(OIP™" dx < [Vu@l,, lu®ll,, ° ;
b +1 —1) 2b 2(g+1)-(N(g—1)-2b)
ﬁXI u@1"" dx < IIVu(t)II u@ll,, 2
With the conservation of the mass, yields
Np—l) 2b N(g-1)-2b
IVu(@)I2, < 2E o) +C[IVu@ll,, > +IVu@ll,, * |-

Therefore,

N(p-1)-2b—4 N(g—1)-2b—4

Va2 (1= CAVu@l,, * +IVu®ll, > )< 2EO0).

Since g < pe, it yields N(g—1)—2b—-4 < 0. Taking t — T™ in the previous inequality, leads
to a contradiction and finishes the proof.

4 Proof of Theorem 2.2

In this section we prove the existence of a ground state solution to (2.3).

Remark 4.1. Note that, in this section

D (@p) eRI\{(0,0)}.

2) The proof of the Theorem 2.3 is based on several lemmas.

3) We write, for easy notation, K = K, g, K< Kfﬁ, KN = K, ,8, L=L,gand H=H,g.
Lemma4.2. Let0# ¢ € H! , then

1) min(LH(¢),H(¢)) > 0;

2) A—» H ((p/l) is increasing.
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Proof. we have,

B . alp—1)+bB bt . alg=D+bB »
H) = LVl + [ atiopt e RS [ trorrt azso.

2a+(N-2)B
2

Moreover, denoting ¢ :=2a+ NS and a = , We compute

1
L(H(p)) = 2aH(p)+ ;(L —2a)(u—-L)J(9)
1
= ;(L =2a)(u—L)J(9).
Since (L-2a)IV4I7, = 0 = (L~p)ligll7,, we have (L ~2a)(L~pIl¢l>, = 0. Then, with a
direct computation "
1
LH(@) = ;(L —2a)(u-L)J(9)
_ Lap=D)+bp)(a(p-1)+p(b+2)) f|x|b|u|p+1 dx
7 p+l
, lag-D+ bB)(a(g—1)+B(b+2)) fIXIblulq” dx
H g+1
> 0.
The second point is a consequence of the equality 0, H(¢") = LH(¢") > 0. O

Lemma 4.3. Assume that 2a + (N —2)8 # 0 and take (¢,,) a bounded sequence of Hr] ,— 10}
such that liI-P K Q(¢,,) = 0. Then, there exists ny € N such that K(¢,) > 0 for all n > nyg.
n—+oo

Proof. Since a,8> 0 and 2a+(N-2)8 # 0,

2a+ (N -2) Qa+NpB)
K2 = 205,12, + BB 12, > v,
Applying the estimate (2.7), via the facts that

supllgnllgn <1, IVeall2 — 0,
n

we have

N N(p— 1) 2b N(g-1)-2b N(p—1)-2b
K@) < IVull,, * +IV8ull,, > < IVull,, 2
Now, w > 2 because p > py, thus
K(@w) = K%(¢n) > 0.
The proof is finished. O

Lemma 4.4. We have
meg= inf {H(¢), s.t K(¢) <0} (4.1)
0+peH!
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Proof. 1t sufficient to prove that m < mj, where m; is the right hand side of the previous
inequality. Take ¢ € H rl 4 such that K(¢) <0.
Assume that 2a + (N —2)8 # 0, then by the previous lemma, the facts that /llim K2¢H =0

and A — H(¢") is increasing, there exists A < 0 such that
K@¢h=0 H@YH<H@. 4.2)

Then, m < H(¢') < H(¢). This ends the proof.
Assume now that « = 0 and N = 2. When as A tends to zero

KN (A¢) = o( KN (9)) = 0(A*K2(9)).

So K(A¢) =~ 22K9(¢) > 0. Then, with a continuity argument, there exists A € (0, 1) such that
A¢ satisfies (4.2). The proof is achieved similarly. O

Proof of Theorem 2.3. The proof contains four steps.
Step 1. We prove that a minimizing sequence is bounded in Hr1 4
let (¢,) to be a minimizing sequence of (2.2), namely

O#¢,eH ,, K@)=0 and limH(¢,)=1lmJ(p,)=m. (4.3)

e First case 5 # 0. Since
B
2a+Ng

IVeull3 < H(pn) — m,

we get
sup|[Ve,ll2 < 1.
n

Assume that lim||¢,||;2 = co. Using the estimate (2.7) via the equality K(¢,) = 0, yields
n

2a+(N-2) 2a+NB

Igall2, < IVl + =gl
a(p+1)+(N+Db) a(g+ 1)+ (N +Db)
- B[ epiglr dx+ 24 o B[ il dx

N(p+1)=2(N+b) 2AN+b)+(p+1)(2-N) N(g+D=2(N+b) 2AN+b)+(g+D2=N)

S VGl > gl © IVl 2 el
2N+b)+(g+D(2-N)

< Ml

The condition g > pg implies that w < 2 and leads to a contradiction in the

last inequality if letting n — +oo. Then (¢,) is bounded in Hrl g
e Second case 8= 0.
In this case (¢,) is bounded in H}, because

10 = [ 187 416,007 5 Hiy) > m

Step 2. We prove that the weak limit of (¢,) is nonzero.
Using the first step, for a subsequence, still denoted by (¢,,), we have

N
¢, — ¢ weakly in Hrld and ¢,—>¢ in [P, forany 2<p<——.
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We prove that ¢ # 0. Arguing by contradiction, assume that ¢ = 0. Since 2 < p+1— % <
g+1-55 <755 then due to the compact injection (2.4), we obtain

+1-—
P —0:

f |xllpulP ! dx < f (121 "T [gul) T 1|¢n|P“—ﬁdx<cN||¢nn

—1

[ttt < [ 0, g,0071 R dx < cN||¢n||q+1 0
- 71
Thus
K2(¢y) = K" (¢) 0.

o First case 2a+ (N -2)5 # 0.

Using lemma 4.3, there exists ng such that K(¢,) > 0, for all n > ng, which contradicts the
fact that K(¢,) = 0. This implies that ¢ # 0.

e Second case @ =0 and N = 2.

Without loss of generality, we take 8 = 1. Now, 0 = K(¢,) via the estimate (2.7) yield to the

absurdit
’ b |(Z5n|erl |¢n|qul )
Ipull2 = f J( =) dx s Il

Thus ¢ # 0.

Step 3. We prove that ¢ is a minimizer and m > 0.

With the lower semi-continuity of Hr1 , horm, via the convergence, f P — P dx — 0
,we have

2+ (N=-2)B .. . 2a¢+NB .. .
202 fimin 9,1, B imint g2,

a(p+1)+(N+b),8 f| Pl dx— cy(q+l)+(N+b),8 flxlblfb 9+ g

\%

0 =liminf K(¢,)
n

p+1
2 N-=-2 2 N-2
> 2Dy 20 (e,
St DEW DB [ gy "(q””(mmﬁﬁ Pl dx
p+1
- K@)

Applying Fatou lemma, we obtain

“1)+h
m > liminf H(¢,) > liminf - V6,12 + liminf alp—1)+bp f x|l dxc
n n n

ﬂ
+NB (p+1DQa+Np)

o 1)+DB by g+
lim inf (q+1)(2a/+NB)f Il dx

B a(p—1)+bB i, ag-D+bB f by 4q+1
2a/+N/5’”V¢”2+(p+1)(201+N/5’)f|¢|p dx+ (¢+ D2a + NB) gl dx
H(®).

+

Then H(¢) < m and ¢ satisfies

0+¢pecH,, K<0 and J(¢)=H(p) <m.
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By (4.2), we can assume that ¢ is a minimizer satisfying

0+peHY, K()=0 and J(¢p)=H(p)=m.

Moreover
B a(p—1)+DB bigP*! 4 a(g—1)+bp +1
H(¢) = ﬁ” ¢ll5 + (p+1)(2(1/+Nﬁ)f|x| |1 (q+1)(2 +N,B)f| Plglet! > 0.
Thus
m> 0.

Step 4. We prove that ¢ is a ground state solution of (2.2).
Since ¢ satisfies (2.3), there is a Lagrange multiplier 7 € R such that J'(¢) = nK’(¢). Recall
that £(¢) := (9a¢s a0 and LI(@) := (31J(#}, g)ia=o- Then

0=K(@p) = LI() =< (), L) >=n < K'($), L($) >= nL2J($).

Moreover, with previous computation

—L2J(¢) — 2au)(9)

—(L-2a)(L-w)J(¢)
_ (0/(19—1)+b/3)(6¥(17—1)+l3(b+2))fl by, o+l
= x|7|ulP™ dx

p+1
(a(q—1)+b,3)(c¥(q—1)+,3(b+2))f|xlh|u|q+1dx
qg+1
> 0.

Because J(¢) > 0, it follows that = 0 and J'(¢) = 0. Finally, ¢ is a ground state and m is
independent of @ and S. O

5 Proof of Theorem 2.3

In this section, we prove that if ¢ is a ground state solution to (2.3), then the standing wave
e" ¢ of the Schrodinger equation (1.1) is nonlinearly unstable. Here and hereafter, we denote

Pi=Ky_, l:i=Kyg and ¢':= A2H(A.).
Definition 5.1. For € > 0, we define

1. the set '
Us(p):=veH, s.t inf [lv - "¢l < &).
te

2. If ug € Ug(¢) and u is the solution to (1.1)-(1.2) given by Theorem 2.1,
Te(ug) :=sup{T >0, s.t u(t)eUp), forany ¢e[0,7)}.

3. We say that e’¢ is orbitally stable if, for any o > 0 there exists & > 0 such that if
ug € Ug(¢) and u is the solution to (1.1)-(1.2) given by Theorem 2.1, then T(1g) = 0.
Otherwise, the standing wave e”¢ is said to be nonlinearly unstable.



A Note on the Inhomogeneous Schrodinger Equation 49

4. Define also the set

He(¢):={veUdg), s.t EW)<E@), [Vlp=I¢ll,2 and P(v)<O0}.

The proof of Theorem 2.3 is based on several Lemmas.

Lemma 5.2. Let ¢ a ground state solution to (2.3). If ('3%E(¢’l)| 1=1 < 0, then there exist
€ >0, o9 > 0 and a mapping

A:Ugq(¢) — [1-09p,1+090]
such that I(€%) = 0, for all ¢ € Ug, ().

Proof. If we assume that <I’(¢),(81¢”)M=1) =0, then (6,1¢A)|/1=1 would be the tangent at ¢
to the set
N:={0#¢eH, st I¢) =0}

Therefore, (J”($)(0A¢")1=1,(016)a=1) > O because ¢ is a minimizer. This implies the
contradiction

0> PE@ =1 = AT (@Y1 = (@) 016V =1, (020Va=1) > 0.

Therefore

IED 1629 = T (@),(02¢D=1) 20 and  [(Eo16=9 = 1(9) = 0.
The implicit function Theorem closes the proof. O
The next auxiliary result reads

Lemma 5.3. Let ¢ a ground state solution to (2.3). If 83E(¢’1)| 1=1 < 0, then there exist two
real numbers € > 0 and o1 > 0 such that for any & € U, (¢) satisfying ||llr2 = ||9llz2, holds

E(@) <EE)+(A-1)PE) forsome Ae[l—o,1+07].

Proof. Since aiE(q’)’l)l =1 < 0, with a continuity argument, there exist ¢, > 0 and o > 0
such that
REEY) <0, forany (1, e[l-oy,1+01]1xUg ().

Write the Taylor expansion of E(¢%) at 1 =1 and & € U, (¢),

(A-1)?

5 REE Y nel1 -0y 1404]-

E(€"Y) = E(€Yaz1 + (A= DOIEE 1 +

With a simple calculation, we have 0, E (fﬂ)| =1 = P(&). Then
EEHY <E@+PEA-1), forany (L& €e[l-01,1+01]1xUq(@). (3.1
By the previous lemma, we can take 0 < €] < €y and 0 < 071 < 07 such that

1EH=0, forany Ae[l-oy,1+0]xUg(d).
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The fact that &' € N implies that

JEY 2 J(@), forany Ae[l—oy,1+0]1xUq(d). (5.2)
On the other hand, for any & € U, (¢) satisfying ||€]/;2 = ||¢l|;2, we have

1€ = 1112 = NIl (5.3)

Therefore, by (5.2)-(5.3), denoting M(¢) the mass of ¢, it follows that
JEH - MY
J(@) - MY
J(p)—M(&)

= J(9)-M()
= E(9).

EEY

vVl

The proof is completed via (5.1). O
The last intermediary result is the following.

Lemma 5.4. Let ¢ a ground state solution to (2.3). If(')iE(¢/l)|/1=1 <0, then for any ug € I,
, there exists a real number oy = o(ug) > 0 such that the solution u to (1.1)-(1.2) satisfies

P(u(t)) < —og, forall 0<t<Tg(up).
Proof. Letuy €1Ilg,, so
E(uo) < E(®), lluollz2 =1l1gll;2  and  P(up) <O0.

Put 0 := E(¢) — E(up) > 0. It follows from the previous lemma that there exists 4 € [1 —
01,1 +01] such that

P(u(t))(A— 1)+ E(u(?)) > E(¢), forany 0<t<Tg (up).
By the energy conservation, we get
Pu(®))(A-1) > E(¢) — E(u(t)) = E(¢) — E(ug) = 02 > 0.

Thus
Pu@®)#0, forany (4,0)e(l-o0,1+01)X[0,Tg (up)).

Now, with a continuity argument via the fact that P(ug) < 0, yields
P(u(t)) <0, forany O0<t?<Tg (uo).
So, it follows that —o; < A1—1 < 0. Then

Pu(®) < -22 == -y <0, forany 0<r1< Ty (up).
g1

The proof is completed. O
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Now, we are ready to prove nonlinear instability.

Proof of Theorem 2.3. Since ¢ is a ground state solution to (2.3) and P = K N it follows
from Proposition 2.12, that

2N(P D-2b i1 Ng-1D=2b o _
P = [ [1v0P - S5 bt - T g | ax =0

With a simple computation, we obtain that

22 A PRCEIE
E((p/l) = ? ﬁv¢|2dx_ e ; ﬁx|b|¢|p+1 dx— q+—1 ﬁx|b|¢|q+1 dx.

Take the derivative

N(p—1)-2b__ Nep-D-20+1) N(g—1)-2b__ng-D-20+D
81E(¢/{):/1||V¢||iz—(%)/l = f|x|b|¢|P+ldx—(%)/l = f|x|b|¢|q+ldx.

We conclude that

N 1)-2b N 1)-2b
@ 1c =||v¢||iz—((2”(—)> f Pl dx (%’(—)> f Pl d.

Take the second derivative

2 Ay 3 _(N(p 1)-2b)(N(p—-1)— 2(b+1)) Np-D-26+2) bt it
REGH = IVl e [t ax
(N(g—1)-2b)(N(g—-1)— 2(b+1)) Nig=D-26+) bt gt
2+ D) f X"l dx.
Thus
(N(p—=1)=2b)(N(p—1)-2(b+ 1)) +
FEG e = VeI, - 2 4(p+”1) f gl dx
(N(g—1)-2b)(N(g—1)-2(b+1)) by g1
TR f IxI”lpl"" dx.

Since P(¢) =0 and pg < p,

2 Np-1D)-2b , +1_N(q—1)—2b bt oo+
o, = [ [FE gt - g ax

(N(p=1D)=2D)N(p=1D)=2(b+1) (| b o1

oD f gl dx

(N(g=1)=2b)(N(g=1D)=2(b+1) (| 1 gu1
D f |19+ dx.

So, we get (')iE (gb’l)| 1=1 < 0 and with a continuity argument (')iE (¢’l) < 0 for A near to one.
So 0,E(¢") is a decreasing function and

BAE(QS/I) < 6,1E(¢A)|/1:1 =P(p)=0, forevery A>1 neartoone.
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Arguing as previously,
E (¢/l) < E(¢), forevery A<1 neartoone.

Moreover, with a direct computation, for every 4 > 1 near to one

Cip@h = [ wep- TECISR A gy

2(p+1)
3 N(q 1)-2b N(q D2+ ‘1
2+ 1) fl 1|l
= O1E@")
< 0.

Finally, for A > 1 near to one

E(¢p") < E(¢), P(@H <0 and |l¢Yl,> = lIgll 2.

Now we take the initial data ug = ¢A, for some 1 — 17. Then, there exists 4 > 1 near to
one such that
Ug € HS] .

By lemma 5.4, there exists oo = 0-(1g) > 0 such that the solution u to the equation (1.1) with
the initial data ug satisfies

P(u(t) <—09, forany 0<t<Tg (up).

With the Virial identity (2.8), it follows that
1 144
g(llxu(t)lliz) = P(u(1)) < -0 <0.

Now if ei’gb is orbitally stable, T, (up) = +oo and P(u) < —o¢ on R,. This implies that
[lxu(?)||;2 becomes negative for long time. This absurdity finishes the proof. O
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