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Abstract

We consider the C*-algebra generated by Toeplitz operators acting on the Bergman
space over the upper half-plane whose symbols depend only on the argument of the
variable. This algebra is known to be commutative, and it is isometrically isomorphic
to a certain algebra of bounded complex-valued functions on the real numbers. In the
paper we prove that the latter algebra consists of all bounded functions f that are very
slowly oscillating on the real line in the sense that the composition of f with sinh is
uniformly continuous with respect to the usual metric.
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1 Introduction

Let IT = {z =re: r>0,0¢ (0,71)} be the upper half-plane and let du = rdrd6 be the
Lebesgue measure on IT. Recall that the Bergman space A>(IT) is a reproducing kernel
Hilbert subspace of L(I1,du) which consists of all square integrable analytic functions on
1. The reproducing kernel of this space has the form

1

K\(2) = T =2

(1.1)
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and the orthogonal projection of L, (I, du) onto AT is given by (PY(w) = (f, Ky).

The Toeplitz operator T : A2(I) — A>(IT) with defining symbol g € Lo,(IT) is given by
T,f = P(gf). Korenblum, Zhu, Grudsky, Karapetyants, Quiroga-Barranco and Vasilevski
[15,7, 8,9, 17, 18, 19] have found various families of symbols which generate commu-
tative C*-algebras of Toeplitz operators (see the summarizing book by Vasilevski [27]).
These families of defining symbols may be reduced to three model cases: radial symbols,
functions on the unit disk depending only on |z|, vertical symbols, functions on the upper
half-plane depending on Imz, and angular symbols defined on the upper half-plane and de-
pending only on 6 = arg z. In addition, Huang [14] showed that these commutative algebras
are maximal.

Sudrez [22, 23] made the principal step in the characterization of the commutative al-
gebra generated by Toeplitz operators with bounded radial symbols. His results are com-
plemented and generalized in [1, 2, 10, 16]. Recently, Herrera Yafiez, Hutnik, Maximenko,
and Vasilevski [11, 12] have given a description of the commutative C*-algebra generated
by Toeplitz operators with vertical symbols and show that it is isommetrically isomorphic
to the C*-algebra of functions uniformly continuous on the positive half-line with respect
to the logarithmic metric |In x—In y|.

This paper is devoted to the studying of the third (angular) case. A function a € L (IT)
is said to be angular if there exists b € Lo(0,7) such that a(z) = b(arg z) for almost every
z € II. Denote by Ay the C*-subalgebra of L. (IT) that consists of the bounded angular
functions. Introduce the operator algebra 7 (A ) generated by all Toeplitz operators T,
acting on the Bergman space A>(IT) with defining symbols a € Ae..

The main tool to study 7 (As) is an isometric isomorphism of AX(IT) onto Ly(R) con-
structed by Vasilevski [27, section 7.1]:

_ 1 2x —\—ix—1
R0 = =\ oo [ @ e, xer (1.2)

This isomorphism reduces every Toeplitz operator 7, with angular symbol a to the multi-
plication operator by vy, acting on L,(R), where the function y,: R — C is given by

2 7T
Yalx) = —2 f a@)eds, AeR. (1.3)
1— e—2x7r 0

More precisely, if a € A, then RT,R* = y,1. In particular, this implies that the C*-algebra
7 (As) is commutative and isometrically isomorphic to the C*-algebra generated by the set

® ={y,:a€ Lo(0,m)}. 1.4)

Hence, a natural task to be done here is to obtain an explicit and intrinsic characterization
of the commutative C*-subalgebra of L., (R) generated by the set ® and thus describe the
operator algebra 7 (Ax).

The main result of this paper states that the C*-algebra generated by ® coincides with
the C*-algebra VSO(R) of bounded very slowly oscillating functions on R, i.e. the func-
tions that are uniformly continuous with respect to the “arcsinh-metric” p(x, y) = |arcsinh x —
arcsinhy|. As a consequence, the operator algebra 7 (As) is isometrically isomorphic to
VSO(R). We also prove that 7 (A.) is dense in the C*-algebra of angular operators with
respect to the strong operator topology in B(A? (IT)).



C*-algebra of Angular Toeplitz Operators 153

The paper is organized as follows. In Section 2 we define angular operators and give
various equivalent characterizations of these operators. In Section 3 we give a criterion of
angular Toeplitz operators and show that the closure in the strong operator topology of the
algebra angular Toeplitz operators coincides with the C*-algebra of angular operators. In
Sections 4 we introduce the C*-algebra VSO(R) and show that for every angular symbol a
the function y, belongs to VSO(R). In Section 5 prove the main result, i.e. the density in
VSO(R) of the algebra generated by the functions y,.

2 Angular operators

Let B(A?(IT)) be the algebra of all linear bounded operators acting on the Bergman space
A>(ID). Given h € Ry, let D, € B(A? (1)) be the dilation operator defined by

Dynf(z) =hf(hz), zell 2.1

An operator V € B(A* (I1)) is said to be angular or invariant under dilations if it commutes
with all dilation operators. The set of all angular operators will be denoted by A:

WU:={VeBA(D): YheR,, DV =VD,}. (2.2)

Example 2.1. Let 2 > 0. We shall prove that the dilation operator Dy, is diagonalized by R.
Given ¢ € A*(IT) and x € R, by the equation (1.2) we have

_ b 2x Zy-ix—1 _
(RDy9) () =~ N fn @ 9(@) du(z) = Ex(x)(R@)(x).

RD,R* = My, 2.3)

Thus

Here and in what follows, we denote by EJ, the function R — C defined by Ej(x) = k¥, and
Mg, stays for the multiplication operator by Ej,.

The Berezin transform [3, 4] of an operator V € B(A%(ID)) is the function V:II—C
defined by
- VK,, K
V() = (VK. K)

= UKK 2.4)

The next theorem gives a criterion for a bounded linear operator acting in A*(IT) to be
angular. It is analogous to the corresponding criteria of radial and vertical operators [12, 28].

Theorem 2.2 (Criterion of angular operators).
Assume that V € B(A* (I)). The following conditions are equivalent:

). Vel
ii). RVR*MEg, = Mg, RVR" for all h e R,.
iit). There exists ¢ in Lo (R) such that V = R*MyR.

iv). The Berezin transform V depends on 3 = arg z only.
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Proof. i). — ii). The proof follows from (2.3).

i1). — iii). It follows from the well known characterization of the translation invariant
operators (see, for example, [13, Theorem 2.5.10]); see also [12, Lemma 2.1]).

iii). — iv). Given w € I1, with w = pe’®, consider the Berezin transform of V at the
point w:

(VKy.Kw)zeqry  (MyRK,,RK\)1,®)

V(w) = = (2Imw)? fR #(x)|RK,,(x)]* dx.

A direct computation shows that

—2xn ,(i-x)B ’ 2
mwe e X
(RKW)(X) = 2p1+lx 1 _ e_2xﬂ_ ’ X € R.

Combining the last two formulas we see that V(w) depends on § = argw only:

2x

1-— e—2xn dx’

V(w) = 47° sin’ 8 f P(x) e 2¥ B2
R

iv). — i). Given z,w €I, and h € R, by (1.1) and (2.1)

h 1w \2 1
(DK)() = hE,y(h) = =~ —h2) = =~ (% —z) =+ Ky (@).

Using this formula we calculate the Berezin transform of the operator Dj-1 VDj:

~ (VDK DK,y _ (VKR K) — —wy =
D, VDp(w) = = = (—) =V(w).
" (DpKy.DiKy) — (Kz.Kx) h
Since the Berezin transform is injective [21], D;-1VD, = V. O

Corollary 2.3. The set U of all angular operators on B(A> (1)) is a commutative C*-
algebra which is isometrically isomorphic to Lo(R).

3 Criterion for a Toeplitz operator to be angular

The next proposition gives a criterion for a Toeplitz operator on the Bergman space A>(IT)
to be angular. In what follows we denote by 5> the Lebesgue measure in R?, and dﬂRi (x,y)=
xydxdy.

Proposition 3.1. Let a € Lo,(I1). The Toeplitz operator T, is angular if and only if a is
angular.

Proof. Sufficiency. If a is angular, there exists b € Lo(0,7) such that a(z) = b(arg z) for
almost every z € I, then for all 7 € R, we get a(hz) = b(arg(hz)) = b(arg z) = a(z) almost
all z € I. Hence, the Toeplitz operator T, acting on A>(T) is unitary equivalent to the
multiplication operator y,I = RT,R* acting on L,(R) (see [27, Section 7.2]), in this way T,
is angular by Theorem 2.2.
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Necessity. Suppose that 7, € 2. Hence, for each & > 0 one gets that T, = D T,Dj-1 =
T,,, where ap(w) = a(hw). Equivalently, T,,_,, = 0 for all 4 > 0. This implies that for all
heRy a(z) =an(z) =a(hz) a. e. z €Il (see [12, Section 3, Lemma 3.1]), that is,

pur(Ap) =0, where Ay ={(x.0) R, x(0.7): a(xe”) # a(hxe™)}. (3.1)
Define @ : R2 x (0,7) — C by

O (x.y.0) = 0, %f a(xel:‘)) = a(yei.ﬁ);
1, if a(xe®) # a(ye),
and note that for all 7 € R,
{(x,0) € I1: D (x,hx,0) £ 0} = {(x, 0) € R, x (0,7) : a(xe') # a(hxe”’)} = Ay (3.2)

Accordingly, by (3.1) for all 2 € R, we get O(x,hx,0) =0 a. e. (x,6) € I1, and by Tonelli’s
theorem

=hx

f O(x,y,)xyd0dxdy = f O(x, hx, 0)x3hd9dxdh
R2 x(0,7) R2 x(0,7)

= f h( f d)(x,hx,e)xzdﬂn(x,e))dh:O.
+ 11

0 = pp2 ({(x,y) eR2 : a(xe) # a(yeig)}) = f D(x,y,0)xydxdy = f (e, e, 0)e* ™ didu.
* R2 R2

Therefore, for almost § € (0, )

It follows that
0 =g ({(t,0) € R? : (e’ €",0) # 0}) = pape ({(1,u) € R* : @0 exp(t +i6) # a0 exp(u+i6)})

a. e. 8 € (0,m). Now, there exists a constant c(6) such that a o exp(t + i6)) = c(#) for almost
t € R (see [12, Section 3, Lemma 3.2]), for this reason the bounded function 4 : (0,7) —» C
given by

bo) c(O), if pga ({(t.u) € R? : @oexp(t+if) # aoexp(u+i6)}) = 0;
B 0, otherwise,

satisfies the equality a(z) = b(arg z) for almost all z € I, which means that a is angular. O

Proposition 3.2. The C*-algebra T (Ac) generated by angular Toeplitz operators is dense
in the algebra of bounded angular operators W with respect to the strong-operator topology

in B(A*(ID)), i.e. SOT-closure(T (Aw)) = . (3.3)

Proof. By Theorem 2.2 U is isometrically isomorphic to {My: f € Lo(R)}, which is a
maximal abelian von Neumann algebra in B(L,(R)) (see, for example, [5, Theorem 1.45
and Proposition 12.4]). Thus U is maximal abelian von Neumann algebra in B(A? (1D)).
However, the von Neumann algebra W*(7 (A« )) generated by the Toeplitz algebra 7 (Ac)
is abelian maximal, and 7 (A ) is dense in W*(7 (A )) with respect to the strong operator
topology in B(A?(IT)) (see [14] ). Therefore A = SOT-closure(7 (Aw)). O
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4 VSO-property of the functions vy,

In this section we formally introduce the C*-algebra VSO(R) and prove that ® is a proper
subset of VSO(R). We denote by p the “arcsinh-metric” on the real line:

p(x,y) = |arcsinh(x) — arcsinh(y)]|. “4.1)
Definition 4.1. Let f/: R — C. The function €, r : [0, +c0] — [0, +0c0] defined by

Q. 1(0) :=sup{lf(x) - f(MI: x,y€R, p(x,y) <5} (4.2)
is called the modulus of continuity of f with respect to the metric p.

Definition 4.2 (very slowly oscillating functions on the real line). Let f: R — R be a
bounded function. We say that f is very slowly oscillating if it is uniformly continuous with
respect to the metric p given by (4.1), i.e., if (lgirr(l) Q. £(6) =0. In other words, f is very slowly

oscillating if and only if the composition f o sinh is uniformly continuous with respect the
usual metric on R. Denote by VSO(R) the set of all such functions.

The following result is well known in more general settings, namely, for bounded uni-
formly continuous functions on a general metric space. The idea of the proof may be seen
in [12].

Proposition 4.3. VSO(R) is a closed C*-subalgebra of the C*-algebra Cyp(R) of bounded
continuous functions R — C with pointwise operations and supremum-norm.

We are going to prove that v, € VSO(R) for every a € L. (0, ). Recall that

2x " —2x60
ya(x) = m A 0(0)6 do, xeR.
In the following proposition we introduce a metric £ on R which is in a certain sense, the
most “natural” for the functions y,. After that we will show that { may be estimated from

above by the arcsinh-metric p.

Proposition 4.4. Define {: R?> — [0, +00) by

{uy)= sup  |ya(x) = vaO)l. 4.3)
a€Ly(0,m)
llallo=1
Then . 5 5
_ X —2x0 _ y —2y6
[(x,y) = fo = e do. (4.4)

Proof. Forevery a € L,(0,7) and x,y € R we have

2x o2y o0
1 —e2xm 1—e2m

do.

a2 = yaO)| < llalleo fo

On the other hand, if x and y are fixed and x # y, we define ag: (0,7) — R by

. 2x _ 2 _
ap(0) = s1gn(—1 — e_z)me 20 _ T on e)izyﬂe 2y9)
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and obtain a € Lo,(0,7), |lall. = 1, and

2x —2x0 2y

-2y0
1 —e2xr 1= e—2yne de,

£G03) = [ (0 = Yo )] = fo

which completes the proof. O
Lemma 4.5. For every x,y € R, {(—x,—y) = {(x,y).

Proof. It follows from the identity y,(—x) = y;(x) where b is defined by b(0) = a(r—0). O
Lemma 4.6. Define the functions w: R — (0,+00) and 7: (0,+00) — (0,00) by

2
W= =22 b

Then w is strictly increasing on R and 7 is strictly decreasing on (0,+00). Moreover,
lim 7(y) =&, lim 7(y) = 1.
yq()Jr y—00

Proof. All statements of the lemma are easily verified with elementary calculus. O
Lemma 4.7. For every x,y € R,

{(x,y) < 2mp(x,y). 4.5)
Proof. Since both sides of (4.5) are symmetric, we assume that x <y. Then

_ 2x 2x o, 2 _
o230 _ o200 o0 _ Y o0

—2x7r 1 —e2xm + 1 —e2xm 1—e2m de
T
< w(x) f e —e72) df + (w(y) - w(x)) f e 2% 4g
1 w(x)
w( )(— - —)+( - a)(x))— = (1 - —)
w(x)  w(y) w(y) w(y)
The elemenatry inequality 1 -+ < In(z) holds for all # > 1. Applying it to 7 = 386 ; we get

1= 29 1nw(y) — In(@().
w(y)

Consider the case y > x > 0. By the Cauchy’s mean-value theorem, there exists ¢ € (x,y)
such that

no®) - e@l| . w) VT = x(e,

arcsinh(y) — arcsinh(x) B arcsinh’(x)|x_ ~ wlco)

where 7 is given in Lemma 4.6. Since 7(c) <« for all ¢ > 0, we obtain (4.5) for all x < y.
In the case x < 0 <y we apply the triangular inequality and Lemma 4.5:

{(x,y) < 4(x,0)+£(0,y) = £(0,—x) + £(0, ) < 27(p(x,0) + p(y,0)) = 27p(x, y). O
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Theorem 4.8. For each a € L(0,7), the function vy, satisfies ||yallc < |lallo and is Lipschitz
continuous with respect to the metric p. As a consequence, ® is a proper subset of VSO(R).

Proof. The inequality ||y,llc < llalle follows from the definition of y, applying the trivial
estimate |a(6)| < |lall. The Lipschitz continuity of the functions 7y, is a consequence of
Lemma 4.7. In order to justify the last statement of the theorem we note the function o
defined on R by o(x) := x!/3/(1 + x?) is uniformly continuous, but not Lipschitz continuous,
with respect to the usual metric. Therefore the function o o arcsinh belongs to VSO(R), but
it is not Lipschitz continuous with respect to p and therefore does not belong to ©. O

5 Main result

Lemma 5.1. Given o € VSO(R) and & > 0, there exists b € Lo (R) such that

sup |o(x) =y, (x)| < &, (5.1)
xeR
where -
750 =2y f b(t)e™'dr, yeR,. (5.2)
0

Proof. Let x,y € (0,00), by the Cauchy’s Mean Value Theorem the arcsinh-metric p satis-
fies p(x,y) < [In(x) —In(y)|. So one gets that ofg, € VSO(R,), where VSO(R,) consists of
uniformly continuous and bounded functions on R, with respect to the metric pj,(a,b) =
[In(a) —In(b)|. Therefore, there exists b € L. (R,) such that SUPyeg, |0() —yg(y)| < & (see
[12]). O

In the same manner as above we can see that given oo € VSO(R) and € > 0 there exists
h e Lo(R,) such that

sup |f(») - ¥ (-y)| < . (5.3)
yeR_

The inequalities (5.1) and (5.3) are very important, because it gives a way to approximate
functions in VSO(R) by functions in the algebra generated by the set of all ” spectral func-
tions ” y,. The following lemmas say us that a function in VSO(R) can be approximated by
functions belonging to ® in some subset of real numbers.

Lemma 5.2 (Properties of y,(x) for large values of x). Given a € L.,(0,7), we denote by
V4 the function

T

va(x) = 2x f a@e>ds, xeR. (5.4)
0
). Let a € L(0,7). Given € > 0 there exists M > 0 such that

sup [Ya(x) —va(X)| < &. (5.5)

x>M
ii). If a € Lo(0,7) be such that a() = 0 for all 6 € (n/2,n), then |y,(x)| < % for

e
each x e R.
Dllo
iii). If b € Lo(0,7) be such that b(6) =0 for all 0 € (0,71/2), then yp(x)| < 1”+“ — for each
e

xeR.
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Proof. i). The proof is based on the following observation y,(x) = v,(x) + e‘zx”ya(x). The
proof of ii and iii are straightforward. O

As a consequence of (5.5) and the equality y,(—x) = y5(x), where b is given by the
formula b(6) = a(m — 6), we get that for every € > 0 there exists m > 0 such that

SUP [7a() = Vateo) ()| = SUP [Yatro) (=) = Vagroy (=) < & (5.6)

x<-m

Lemma 5.3. Let 0 € VSOR). Given € > 0. there exist a generating symbol a € Ls(0,7)
and number L > 0 such that
sup |o(x) = ya(¥)| < €. (5.7

|x|>L

Proof. Given € > 0 there is b € Lo(R,) such that (5.1) holds. Write ¢ = (0 /2)b, hence

1£(0) = ¥e ()] < | £ =y )| + [y () = ve ()] + ye(x) = ve(x)] < ; +2][blo e

From this, there exists k > 0 such that sup . ; | f(x) —¥.(x)| < &. The same argument applied
above proves that there are 7 € L(0,7) with h(6) = 0 for each 6 € [n/2,7) and m > 0 such
that SUPy<_ | f(y) —vn(=y)| < €. However,

2xm

2 —2xm /2 2 T
ya(—x) = 2 f W) do = —=> f h(z—B)e 2 dp.
| 0 1- e‘z"” /2

Let g(6) = h(;r—0), thus g € Lo(0,7) with g(6) = 0 for each 8 € (0,7/2].
On the other hand, by Proposition 5.2 there are constants K, M > 0 such that

E E
sup [ye(x)| < 5 sup lys (VI < 5
x<-K =M

Taking a = c+ g € Lo(0,7), and L = max{K, M, k,m}, it follows easily that

sup |o(x) = ya(X)| < &,
|x|>L

which is the desired conclusion. O

Now, we are ready to prove the main result of the paper which states that the algebra
generated by the set of all “spectral functions” is dense in the C*-algebra VSO(R). We
denote by I' and I'[o 5 the algebras of functions R — C given by

I':=Alg{y,: a€ L(0,7)}=Alg® (5.8)

Ion = Alg {ya: a € Ly(0,m), such that él_l}}r a(@) and éi_r)r(l) a(6) exist} (5.9

Note that I'tp - C I'. It is proved in [27, Lemma 7.2.3] that if a € L, (0,7) and the limits
limg_,¢ a(6) and limy_, a(0) exist, then vy, is continuous on R and

lim y,(x)=lima(@), lim y,(x)=lima(b).
X—+00 6—0 X——00 0—m
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Thus I'jp -; may be considered as a subset of C(@), where R =R U {+oo}LJ {—c0}. Further-
more, it is proved in [27, Theorem 7.2.4] that algebra I'jo -] is dense in C(R) with respect to
the topology generated by the sup-norm || - ||, i.€.

C(R) = uc(jo.m)- (5.10)
Theorem 5.4. The algebra I is dense in VSO(R).

Proof. Let f € VSO(R) and € > 0. By Lemma 5.3 there exists a function a € L.,(0,7) and
a constant L such that SUP|y> 1, [f(x) —va(x)] < g Let g: R — [0, 1] be a continuous function
with g(x) = 1 for each x € [-L, L] and g(y) = 0 for each y € [-2L,2L]. Define

(f=va)(x), ifxe[-L,L];

h(x) = (f =ya)(x)g(x) = {0’ if x¢ [-2L,2L].

Note that 4 € C(R), it follows from (5.10) that there exists o € I'jg ) such that ||h — |, < &.
Writing y =y, +0 €I, one gets || f = ¥lloo = [I(f =¥a) = Ol < 1 -0l < &. m

The last theorem shows that C*-algebra of angular Toeplitz operators is isometrically
isomorphic to VSO(R), while by Proposition 3.2 its closure in the strong operator topology
coincides with the C*-algebra of angular operators, which is isometrically isomorphic to
Lo (R), see Corollary 2.3.
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