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Abstract

The stationary Oseen equations are studied in R3 in its general form, that is, with a non-
constant divergenceless function on the convective term. We prove existence, unique-
ness and regularity results in weighted Sobolev spaces. From this new approach, we
also state existence, uniqueness and regularity results for the generalized Oseen model
which describes the rotating flows. The proofs are based on Laplace, Stokes and Oseen
theories.
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1 Introduction

We study the linearized Navier-Stokes equations at the steady state, that is, the Oseen equa-
tions
~Au+(a-Vu+Vr=f, divu=g inR>. (1.1)

Here u and m are unknown functions denoting the fluid velocity vector and the pressure
function, respectively. The data are the external forces f acting on the fluid, a function g
and a divergenceless function a.

The presence of a non-constant function a, which is motivated by the rotating flows,
does not allow the use of the potential theory. Indeed, we have no fundamental solution at
all. Under the assumptions that the datum f belongs to some weighted Sobolev spaces and
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the datum a belongs to some Lebesgue spaces, we will prove the existence of solution to the
Oseen model (1.1). Namely, we state the existence, uniqueness and regularity of solutions
when

(case i) a € L*(R?) with diva = 0,

(case ii) @ € L (R?) with diva = 0, satisfying

dk>0,dRy>0: a(x)=ke;, |x|>Ry.

Note that in the case ii, @ ¢ L*>(R?). Thus it is not included nor in the Oseen equations in the
general form (1.1) nor in the simpler form of the Oseen equations

—Au+k§—u+Vﬂ:f, divu=g inR3. (1.2)
X1

We refer that this classical steady Oseen model is studied by several authors [AR1, F, Fi,
KS]. Also the study of the linear Oseen problem with f = divF as a particular datum can be
found in [SY].

We also study the Oseen model in the form, for a constant k > 0, as in [FHM, KNP]

—Au+k§7”+(a-V)u+vn:f, divu=g inR3. (1.3)
1

The model (1.1) could be seen as a particular case (k = 0) of the model (1.3), however
the additional term k is not a difficulty but it helps the existence results. We refer to
[FHM, KNP] and the references therein, where the study of rotating fluids is based on the
decomposition of singular kernel in Fourier space and on the Littlewood-Paley theory.

Here we restricted our study to R? but by identical arguments it can be done to R” for
any n € N, n > 2, provided that a € L"(R").

The outline of the work is as follows. Next section we introduce the functional frame-
work in the scope of the weighted Sobolev spaces. We prove that the Oseen problem (1.1)
case i has a unique weak solution in a Hilbert space, a unique generalized solution under the
LP-theory, strong solutions and very weak solutions in Sections 3, 4, 5 and 6, respectively.
Section 7 is devoted to the proof of existence results of the weak, generalized and strong
solutions for the generalized Oseen problem (1.3). Finally in Section 8, we solve the Oseen
problem (1.1) case ii.

2 Preliminar results in weighted Sobolev spaces

Let us introduce the weighted Sobolev spaces with the logarithmic factor [AGG],
WIPRY) = {ue D'RY); VAe N,
0<|A <%, p* ™MW~ '(1+p?)D'u e LP(R?);
x+1 <A <m, p@"DY e LP(R))

for any positive integer m, real numbers p > 1, @ € R and

m-3/p—a if3/p+acil, -, m}
n= .
-1 otherwise ,
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and for m = 0, we set
WOPR3) = (u e D' (RY); pu € LP(RY)}.

Here p = /1 +[x|? denotes the weight function where x = (x|, x2,x3) € R? and |-| is the
usual euclidean norm in R3. Throughout this paper, the bold type characters denote vector
distributions or vector Sobolev spaces.

These spaces obey the following embedding

WP (RY) — W P(R?) (2.1)

ifand only if m >0 and 3/p+a # 1. Note that Wé P(R3) is a reflexive Banach space endowed
with the norm
—1

p 1
p e
llllyyrr g3y = (ln<1+P2> Lr(®3) *Iv ”Lp(R*) itp=3
0 (o™ ull), s, +IVEIY 57 otherwise.

For a detailed study of these spaces we refer to [AGG, K]. However, let us recall
some properties that we will need in this paper. It is known that the space D(R?) is dense
in W,"P(R3). So that its dual space, denoted by W_"" "(R3), where p’ = p/(p—1) is the
conjugate exponent of p, is a space of distributions. The embedding (2.1) also holds for
m <0 and 3/p+a # 3. Remark that WO_ L.p (R3) has the following characterization, for all
p>1

Wy PR = (f € D'®); f = fo+divf, fo € E, f e LP®Y),

where E is one of the spaces, W?’p R} if p #3/2, or
W?;{’(RS) ={ue L’R*); pln(1+p)u e LR}, if p=3/2.
For p > 3/2 we can take fy = 0 since the Hardy inequality holds

Vu e Wyl . Ilullyraggs, < ClVullyaes) i ¢ <3, (2.2)

Moreover, for all p > 1 , D(R?) is also dense in W_l’p (R3).
For 1 < p < 3, we have the Sobolev embedding W1 P(R3) — LPHRY), with - =
Consequently, by duality we have, for p’ > 3/2, L4(R?) — W_1 4 RY), Wlth 1-1, %

It is known that Wé 3(]1%3) < BMO(R?), where BM O(R3) is the space of locally inte-
grable functions v such that

sgplQlflv(x) voldx < oo,

where Q is an arbitrary cube and vy = ﬁ fQ v(x)dx is the average of v on Q.

For p > 3, the space Wg’p (R?) contains the constants and the weighted Poincaré inequal-
ity holds

AC=C(p)>0: Vue Wy ®), ul < ClIVul s ga). 23)

WP ®3)/R =
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For3/p ¢{1,---,m}, the spaces W(r)" P (R3) and W;"H’p (R3) contain the polynomial func-
tions Py,,_3/,) of degree lesser or equal than [m —3/p], where [s] stands for the integer part
of s eR.

Hence further C will denote a generic positive constant that may vary from line to line.

Let us recall the following results about the behaviour at large distances of some func-
tions. We begin by considering the case 1 < p < 3 (see [AR] or [G, pp. 60]).

Lemma 2.1. Assume 1 < p <3 and u € D' (R?) such that Vu € LP(R>). Then there exists a
unique constant u, defined by

1
U = — lim u(olxdo, 2.4)
4 x| >0 S,

such that u—uy € W(;’p (R3) and where S 5 denotes the unit sphere of R3. Moreover, we have
the following properties:

U— oo € L3P/CP(RY), (2.5)
with the estimate
”l/t - Moo”L3p/(3fp)(R3) < C”VM”LI’(R3)’ (26)
hm f lu(o|x]) — uco|do = hm |u(0'|x|) UsolPdo =0 2.7)
and
|u(ro) — ueo|Pdo < crP3 f |Vul?dx, (2.8)
S, {(xeR3, |x|>r)
with r > 0.

Definition 2.2. A function u will be said to tend weakly to a constant u., at infinity if

lim lu(or|x]) — ucoldo = 0.

| >0 )

Remark 2.3. Lemma 2.1 implies that, if 1 < p <3 and u € D'(R?) such that Vu € LP(R?),
then the previous definition is equivalent to

U~ tieo € Wy (R?).
We now give a result for the case p > 3 which can be obtained from the Sobolev in-
equalities.

Lemma 2.4. Let r and p be two reals such that 1 <r < co and p > 3. Let u € L'(R?) and
Vu e LP(R3). Then u € C(R?) and

Lxllim u(x) =0 pointwise . 2.9

Defining
X (R = (v e Wo"(RY); £ e W, P (RY));
XoT(RY) = (re Wy @) 2L e WP (R},
where a will be taken equal to 0 or 1, we recall that Z)(R3) is dense in Xé’p (R3) and Xcz,’p R3)

(see [AR1]). Note that the operator 9; : Xé’p R — Xé’p (R?) is continuous.
Finally let us state the following auxiliary results.
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Proposition 2.5. Foru e X(l)’[J (R3), we have
i)ifl<p<3, thenue LAP/G=P)(R3) N L3P/C-P)(R3) and the following estimate holds

||M||L4p/(4—p)(R3) + ”u“L3p/(3—p)(R3 C”M”Xl P (R3)" (2 10)

ii) if p = 3, then there exists a unique constant A such that u+ A € L'>(R3)NBMO. In
particular, u+ A € L"(R?) for any r > 12, and the following estimate holds

llee + Al g3y < C||M||Xl p 2.11)

R

iii) if 3 < p < 4, then there exists a unique constant A such that u+ 1 € L*P/¢-P(R3)n
C(R?) and the following estimate holds

llw + Allspia-p gy < Cliully 1 gs)- (2.12)

Proof. 1) This proof can be found in [AN]
i1) For u € X, L, 3(R3) we have —Au + ew, L 3(R3) From scalar Oseen theory [AR,

Theorem 4.4], there exists a unique v € Xé 3 R} N L2 (R?) verifying

A e e (2.13)
axl axl

By uniqueness argument, we show that Vu = Vy, that means, there exists a unique constant
A such that u+ A =v. As v e BMO, we obtain u+ A € L'>(R*) N BMO, and consequently
u+A€L'(R3) for any r > 12, verifying (2.11).

iii) Foru € X(l)’p (R3), similarly to the case ii, there exist a unique v € X(l)’p R3)NLP/G-P(R3)
verifying (2.13) and a unique constant A such that u+A = v. Then we get u+A € L*?/4-P)(R3)
verifying (2.12). Applying Lemma 2.4 we conclude that u + A € C(R?). O

Proposition 2.6. Foru € Xé’p (R3), we have

i)if 1 < p <3/2, then u € L**/@=P(R3) N L3P/C=2P)(R3);

ii) if 3/2 < p < 2, then there exists a unique constant A such that u+ A € L1(R3) for all
q=2p/2-p);

iii) if 1 < p <3, then Vu € LAP/G-P(R3) N L3P/C-P)(R3);

iv) if p =3, then there exists a unique A € Py, independent on xi, such that V(u+ 1) €
L2R3NBMO®R?). In particular, V(u+ 1) € L’(R3)f0r anyr>12;

v) if 3 < p <4, then there exists a unique A € P, independent on x1, such that V(u+A4) €
L4P/G=-P)(R3) N L®(R3).

Proof. The proof of 1)-ii) can be found in [AN], while iii)-v) easily follow from Proposition
2.5. O

3 Weak solutions in W(l)’z(]R3 )

Let us introduce the spaces
V=peDMR?}; divv=0 inR3;
H,={reL’(R%); divv=0 inR%};
=veW,P(RY; divv=0 inR%),

and we suppose in this section that a € Hj.
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Definition 3.1. We say that u € V, is a weak solution to the problem (1.1), with g =0, if it
satisfies

Yy € V,, f Vu : Vvdx +f Vu : (a®v)dx ={f,v), (3.1)
R3 R3
where () denotes the duality bracket W, (R3) x W (R3).

Remark 3.2. The Sobolev embedding theorem yields WS’” R} = LP*RY) if p<3. If

a € L3(R3), then foru,v € W(l)’z(R3), we have a®v € L2(R?) and the second integral in (3.1)
is meanful. Moreover, thanks to the density of ‘V in V; (see [AA]), we have the property

Yy € Vs, f Vv :(a®v)dx = 0. 3.2)
R3

Theorem 3.3. Given f ¢ Wal’z(R3), a € Hz and g =0, there exists a unique weak solution
u €'V, of the problem (3.1) and moreover u satisfies the estimate

and the energy equality

2 —
fR3 |Vll| dx = <f’u>W61‘2(R3)xW(1]’2(R3)'

Besides, there exists a unique function i € L*(R3) such that (u,n) solves the problem (1.1)
in the sense of distributions, and the following estimate holds

lIll 2 g3y < €L+ llallps@a)Iflly-12gs)- (3.4

Proof. Let {R,;}men be an increasing sequence of positive reals such that lim,,—,e R, = 00
and the sequence of approximate problems defined in the open balls centered at the origin
B, = Bg,(0)CR?:

Find u,, € J,, such that, for allv € J,,,,

f Vu,, : Vvdx +f Vuy, : (@@v)dx = f,v)g-1p,)xm(8,)> (3.5
By By

where
T = v e H{(By); divy = 0 in B,,}.

Note that if f € Wa ]’2(R3), then its restriction to B,, belongs to H~!(B,,) and it verifies

-1 s,y < Wfllyy-12)- (3.6)

The existence of a unique solution, u,, € J,,, of (3.5) is a consequence of the Lax-
Milgram Lemma and the property

Yy elJn, f Vv :(@a®v)dx =0.
Bﬂ‘l
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Let us take v = u,, as a test function in (3.5). Thus the energy equality holds

f \Va,[2dx = (f,u,) = — f F-Vu,dx,
B B

observing that f = div F with
FeL’®):  IFllm) < Clillyy-t2a)-
Consequently the estimate holds
V2l 25, < W2, IVl s,y < Cliflhy 1265, IVt s, -

Denoting by i,,, the extended function by zero in R3\ B,,, we have i,, € W(l)’z(R3) and

Vit nlly 2 w3y < Cllfllw-12r3)- (3.7)
From the estimates (3.7) and (2.2) then, extracting subsequences if necessary, we get it,, —
u in W (R?) and

||u||W(l)2(R3) < C|V||W612(R%)

In order to prove that u is a weak solution to (3.1), let v € D(R?) such that divv = 0.
Choosing n € N such that suppv C B, then for any m > n it follows

Yy eV, Vi, Vvdx+f

Vii,, : (a®v)dx ={f,v). (3.8)
R3 RS

So we can pass to the limit in (3.8) and therefore u satisfies (3.1), for any v € V. Thanks
to the density of V in V; (cf. [AA]), it is clear that (3.1) holds for any v € V,. Hence, the
estimate (3.3) arises.

The solution u is unique using the standard argument of taking two solutions u and u,
to the linear weak formulation (3.1). Indeed defining w = u; —u,, by (3.2) it verifies

|Vw|2dx =0,
R3

thenw =0 and u; = u,.
Since a®@u € L2(R?), so that f + Au —div(@®u) € Wal’Q(R3). Hence, we have

YveV,, (f+Au-div@®u),v)=0.

Therefore, De Rham Theorem in weighted spaces (cf. [AA]) guarantees the existence of a
unique pressure m € L*(R?) such that (u, 7) satisfies the Oseen problem (1.1) in the sense of
distributions. Moreover, we get

||V7T”W61’2(R3) < |If”W6"2(R3) + C(””Hw(l)’z(RS) + ||a®u“L2(R3)) :
Using the estimate (3.3), it follows

19125 < C (1200, + e Bl e ).
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Applying Holder inequality, Sobolev embedding and using again the estimate (3.3) we ob-
tain

”Vﬂllwalvz(R.%) < C(l + ||a”L3(R3))|V'||W61s2(R3)-

Finally, using the fact that the operator gradient is an isomorphism from L?(R?) to W, 2R3y L

V (see [AA]) we conclude (3.4). The previous notation means the subspace of W, 1’Z(R3)
orthogonal to V», i.e.,

W @) LV2 = (f € Wyl P®): Yv e Vo, (F0) = 0)
(W' 2@)/Vs)

O

Theorem 3.4. Given f € Wal’z(R3), a c Hz and g € L*(RY), there exists a unique solution
(u, ) € Wy (R®) x LAR) of the problem (1.1) such that

IA

C (2 + Neliaos(1 + e := M (3.9)
M(1 + llally3®3))s (3.10)

Ilullw(l)z(R3)

IA

Il 2 r3y

and satisfying the energy equality

fR Vuldx = ()i e fR mgdx. (3.11)

Proof. Given g € L%(R3), since the operator div is an isomorphism from W(l)’z(R3)/V2 to

L*(R?) (see [AA, Proposition 2.2]) there exists w € Wé’z(R?’) such that divw = g with the
estimate

”wllw(l)z(RS) < C||g||L2(R3)
Since f —divia®w) € W, 1’2(R3), then we can solve the Oseen problem:
~Av+(@-Vv+Vr=f+Aw—div@®w) and divv=0 inR>.

Indeed, the existence and uniqueness of v € V, and 7 € L*(R?) follow from Theorem 3.3.
Moreover, we have

”v||w(l)’2(R3) < C(|lf”W61’2(R3) + ||Aw||W61‘2(R3) + ”a”L3(R3)”w||L6(R3))

Il z2r3y < CAIF + AW”wall(M) + ”a®w||L2(R3))(1 + ”a”L3(R3))-

Choosingu =v+w € W(l)’z(R3) then (u,7) € W(l)’2(R3) x L*(R?) is the required solution and
it satisfies (3.9) and (3.10). O
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4 Generalized solutions in W(l)’p R3)

Let us state the following generalized result using the known Stokes theory in R3.

Lemma4.1. For 1 <p <oo, letf € W, 1’Z(R3) ol Wa L.p (R3) satisfy the compatibility condi-
tion: foranyi=1,2,3
<ﬁ’ 1>W61-P(R3)XwésP/(R3) = 0 #p S 3/2, (41)
g€ LX (RN LP(R3) and a € H3. If additionally a € L/ ¢~P)(R3) for 1 < p <6 ora e L*(R?)
or p > 6, then the solution (u,r) € WI’Z(R3) x L2(R?) given by Theorem 3.4 is such that
0
u € Wy (R®) and nt € LP(R).

Proof. Considering that f € W;"*(R?), g € L*(R®) and a € Hj, Theorem 3.4 yields the
existence and uniqueness of (u,) in the space W(l)’z(R3) x L2(R?) verifying

—Au+div@®u)+Vr=f and divu=g in R3, 4.2)

taking into account that diva = 0. From the Sobolev embedding (cf. Remark 3.2), note that
u € LSRY).

Case 1: 1 < p <6. We have a®u € LP(R?) considering that a € L%7/©6-P)(R3). Then
f-div@®u) Wal’p(R3). Moreover, we have, forall i = 1,2, 3,

fi= div@n). 1)y gy sy = 0. i p<3/2.

Thus the Stokes theory [AA, Proposition 3.3] guarantees the existence of a solution (v,n7) €
W(l)’p (R3)x LP(R3), where 7 is unique and v is unique, up to a constant of R3 if p > 3, of the
Stokes problem

~Av+Vnp=f-div@®u), divv=g inR>. 4.3)

Thus the uniqueness argument implies first that the harmonic function n — 7 belonging to
L”(R?) + L>(R?) is necessarily equal to zero and with similar argument, we obtain also
Vu =Vy e LP(R3)NL2(R?). Note thatu =vif p<3andu=v+ke W(l)”’(R3) with k € R3,
if p>3.

Case 2: p>6. Forall 2 <q <6, we have f € ng’q(R% and a®u € L>(R*) N LORY).
Then we can apply case 1 to obtain u € W(l)’q(R3) for all 2 < g < 6. In particular, we get
u € LOR3) NL®(R3). Then a®u € L2(R?) NL®(R3) — L’(R?) and arguing as in the case
1 we conclude the proof of Lemma 4.1. O

Lemma 4.2. Let 1 < p < oo and a € H,. Then, there exist y € V, such that
a=Vxy, 4.4)
and a sequence {a,,}men C V such that

a,—a inLPRY. 4.5)
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Proof. Forae H,, we get Vxae ng’p(R3) L Pp1-3/p1. From Laplace theory (see [AGG]),
there exists ¥ € Wy (R?) such that —Ay = V xa in R? with
VUL g3y < CllallLygs).-

Then, we have divy € L?(R?) such that A(divy) = 0 in R3. Thus it results that divy = 0
and consequently ¢ € V,. Since diva = 0, we deduce that

AV X ) = -V x (Vxa) = Aa.

Takingw =Vxy—acl? (R3) we obtain Aw = 0 and we conclude w = 0 and (4.4) holds.
Since D(R?) is dense in Wé’p (R3), we have

g= lim y, inWP®, y,eDR.

m—+00

Taking a,, = V Xy, € V, we obtain clearly (4.5). O

The following results deal with the existence to the problem (1.1) under the data into
Banach spaces with p—exponent.

Theorem 4.3. For 1< p<3,letf e W, LP(R3) satisfy (4.1), g € LP(R®) and a € Hj. If there
exists a positive constant K, only dependent on p, such that

llally3r3) < K, (4.6)
then the Oseen problem (1.1) has a unique solution (u,m) € W(l)’I7 (R3) x LP(R?) such that
”uHW(l)’”(R3) Il Lrgsy < CK(”f“W(;'»P(Rs) +11gllLrws3))- 4.7)

Proof. By (4.1) and [AGG], we have f = div F with F € LP(R3)®3. Then, there exist
sequences {F,,} ¢ DR3)>3 and {g,,} ¢ DR?) such that

frn=divE, > finW,"P(R%) and g, — gin LP(RY),

with f, satisfying the condition (4.1). From Lemma 4.2, we can take a sequence {a,,} C V
convergent to @ in L3(R?). Thanks to Lemma 4.1, there exists a unique solution

U, € WEARHNWPR?), 7, € LR NLP(R®)
satisfying
—Au,, + Vi, =f, —div(a,®u,), divu, =g, inR>. (4.8)
From the Stokes theory [AA, Theorem 3.3] and applying Holder and Sobolev inequalities,
we obtain
Hum”wé"’(R3) + ||7Tm“LP(R3) <
< c(“f’"llwal”’(R-*) +llam @umlly w3y + 18mllLrw3))
< 1lflly- o) + el e lmlier @) + 18l @)

< Cl(”f”w(‘)lsp(RS) + C2||a||L3(R3)”um||w(l)~P(R3) + ||g||Lp(R"5)),
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where c1, ¢y > 0 are the Stokes and Sobolev constants, respectively. By the assumption
(4.6), it follows
(1 - C1C2K)|Ium||w(1).P(R3) < Cl(”fllwaLP(R3) + ”g”LP(R3))7
”7Tm”LP(R3) <ci (”f‘HW(;lp(Rg) + “g”LI’(R3))'

Taking 0 < K < 1/(cic2), we can extract subsequences of u,, and m,,, still denoted by u,,
and m,,, such that

w, —uin WoPR?) and  m, — min LP(RY),

where (u,7) € W(l)’p (R3) x LP(R3) verifies (1.1) and the estimate (4.7) holds. So the proof of
Theorem 4.3 is finished. O

Remark 4.4. Forall p<3andu € W(])’p (R3), as @ € L3(R?) then we have a®u € L”(R?) and
divie®@u) e W, P (R?).

Finally the following existence result can be stated via a dual argument.

Theorem 4.5. For p >3, letf e W, LP(R3), ¢ € LP(R3) and a € H; satisfy (4.6). Then the

Oseen problem (1.1) has a solution (u,n) € W(l)’p (R3) x LP(R3), where u is unique up to a
constant vector, such that

gy e, L) < COlflly e + gl (4.9)

Proof. We will follow the duality argument already used in [AG]. On one hand, Green
formula yields, for all v € Wy” (R?) and (u,7) € W (RY) x LP(R?)

(=Au+(a-Vyu+ Vﬂ',v>wal,p(R3)XW(l),p’ ®) =

= <u, —Ay — diV(a ®v)>W(l)’p(R3)><W51"’, ®3) - <7T, div v>L"(R3)><LI" (R3)>

taking into account that @ € H3 and v € W(l)’p ,(R3) s L3P/Cr-3R3) imply that a®v €
L” (R?) and consequently div(@®v) € W(; Ly (R3).
On the other hand, for all n € L”' (Q),

W VIt s e 1 gy = SV o @3y @),

Then the Oseen problem (1.1) has the following equivalent variational formulation:
Find (u,7) € WP (R?) x LP(R?) such that for all v € Wy (R%),n € L (R),

{u,—Av —divia®v) + Vn)wéﬁp(w)xwalipf ®) " (rmr,div v)Lp(Rs)XU,/ ®3) =
= oV hwotr@apewt @) ™D L@y @) (4.10)
According to Theorem 4.3 applied with p’ < 3/2, for each (f',g") € Wal’p / RHX L' (R?)

satisfying

’ —
i 1>W51"’"(R3)xwg"’(R3) =0,
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there exists a unique solution (v,7n) € W(l)”7 /(R3) x LP'(R3) such that
~Av—(a-Vv+Vn=f', divv=g inR’

with the estimate

Wl sy + Wy < Crl g )+ 18 ey )

Observe that the mapping

T:(f,8)m <f’v>Wal’”(R3)><W(')’”’(R3) - <g777>LP(R3)><LP'(R3)’
is linear and continuous with

TG0 < Wl Py gy + o il e

< Coe Ty, ) (1 g1 g + 18 e )

Note that f* belongs to w, Lp ,(R3) and f/ L R3. Thus the Riesz representation Theorem
guarantees the existence of a unique (u,7) € (W(l)’p (R?) /Pri=3/p) X LP (R3?) such that

T80 = WS Dyt @) ~ 8 dr@operr @y
with
”uHW(l)’p(R3) + ||7T||L17(R3) < CK(”f”wal‘l’(RB) + ||g||Lp(R3))
By definition of 7', it follows
SVt @ pewts @) ~ (&M@ @)
=u.f '>wé"’<R3>xwg W gy ™ 8 D@y @)
which is the variational formulation (4.10). O

Remark 4.6. Supposing that the data f € W PR3N w, M4(R3) satisfies

<ﬁ, 1>W()_|'[7(R3)XW(;'[’,(R3) = <ﬁ, 1>W0_1’q(R3)><W(;'q,(R3) = 0 lf p.q < 3/2,

gel? (RN LI(R?) and a € Hj satisfies (4.6), from Theorems 4.3 and 4.5 there exists a
solution (u,7) € (WP (R?) N Wy (R?) x (LP(R?) N LY(RY)) to the Oseen problem (1.1), for
any 1 < p,g < 0.

5 Strong solutions in Wg’p (R3) and in W?’p (R3)

We begin by proving the existence of a unique strong solution in Wé’p R3) x Wé’p (R?) for
1 < p < 3 in the following sense.
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Theorem 5.1. For 1 < p <3, let f e LP(R?), g € WS”’(R3) and a € Hj satisfy (4.6). Then

the Oseen problem (1.1) has a unique solution (u,n) € (W(z)’p R/ Pra-3/p1) X Wé’p (R3) such
that

||ullwésP(R3)/P[2_3/p] + ”ﬂ-llw(:vP(RS) < C(l + CK)(”f“LP(R"‘) + ||gllwéP(R3))' (51)
Proof. Forall 1 < p <3, Sobolev embedding holds
W(l)»3p//(3+P,)(R3) PN Lp’ (R3)

and by duality we obtain
LP(R3) s w61s3p/(3_17)(R3)‘ (52)

Since g € Wy (R?) < L¥/G-P(®R3) and f € W, /P (R3), Theorems 4.3 and 4.5 guar-
antee the existence of a solution

(u,ﬂ') e W(1)’3p/(3_p)(R3) X L3p/(3—p)(R3)
to the Oseen problem (1.1) with the estimate
eellyy13016-r g3 13y F WPl L3P R3) < Cx(fllLres) + 81l s))-

Note that the compatibility condition (4.1) is not required because we have 3p/(3 — p) >
3/2. Besides, we have (a- V)u € LP(R?). We can apply the Stokes regularity theory (cf.
[AA, Theorem 3.8]) to deduce the existence of (v,n) € W(z)’[J (R3) x Wé’p R?) verifying (4.3),
unique up to an element of Pjp_3/,) X {0}.

Moreover, the estimate holds

inf ||y + |2 + 1, <
/16]?[2,3/” ” ”WOP(R3) ”nHWO P(R3)

< C(”f“LP(R3) + ”a”L3(R3)”Vu||L3ﬁ/(3—p)(R3) + ”g”WS*”(R%)’

with C denoting a constant only dependent on p.
Letw =v—u and 6 = n—m, then

-Aw+V0=0 and divw=0 inR3,

with 0€ L7/C-P(®R3) andw € W P/CP(R?). As 40=0inR?, then 6= 0 and w € Pjp_3) C
W(Z)’p (R3). Consequently, u € W(Z)’p (R* and 7 € Wé’p (R?) and we obtain the estimate (5.1).
O

Remark 5.2. Observe that Theorem 5.1 does not include the case p > 3, under its assump-
tions, that is, f € LP(R%),g € Wé’p (R%) and a € H3. Indeed if it would be possible to find

u € W' (RY) and 7 € W, ”(R?) such that
(a-Vyu=Au—-Vr+f e LP(RY),

it would happen a contradiction, since a € L3(R%) and Vu ¢ L3P/G-P)(RY).

In order to present a strong solution for p > 3, we state the following results.
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Theorem 5.3. For p >3, let f e LP(R?), g € W(;’p(R3) and a € Hj satisfy (4.6). If we
additionally assume f € LI(R3), ge W&’q(R3) anda € L3pq/(q(3+p)_3p)(R3)for some 3p/(3+
p) < q <3, then the solution (u,n) € W(z)’q(R3) X W(;’q(R3) given by Theorem 5.1 belongs also
to W(Z)’p (R3) x Wé’p (R®) and it satisfies

el g5, 5, Il res) < €A+ COU sy + 18l e (5.3)

Proof. Since f € LY(R?) and g € Wé’q(R3), for 3/2 < g < 3, we can apply Theorem 5.1.
Then there exists a unique solution (u,7) € (Wg’q(R3)/R3) X Wé’q(R3) satisfying the Os-
een problem (1.1). Thus it results (a- V)u € LP(R?) since Vu € L3/G-9(R3) and a ¢
L3Pa/@B+P)=30)(R3) for some 3p/(3 + p) < g < 3. Next proceeding as in the proof of Theo-
rem 5.1 we can conclude that (u,7) € (W(z)’p (R3)/Ppa-3/p)) X Wé’p (R3) verifies (5.3). o

Note that in Theorem 5.3, @ € L*(R?) if ¢ = 3p/(3 + p), and if ¢ is close to 3 then

3pq/(g(3+ p)—3p)is close to p.
Finally, we take f in weighted L”(R?), more precisely f € W(l)’p (R%), and the data g in

the corresponding weighted Sobolev space Wl1 P(R3).

Theorem 5.4. Let p # 3/2, f € WP (RY) satisfy (4.1), g € W, " (R?) and a € H3 NL®(R?)
satisfy (4.6) and

L
AL >0, l|ax)| < E aex eR3. (5.4)
X

Then the Oseen problem (1.1) has a unique solution (u,m) € W?’p (R3)/]P[1_3 /pl X Wl1 P(R3)
satisfying

Hu”Wf”’(R%/PU_W] + ||7r||W11~P(R3) S C(l +LCK)(”f”W(1)sP(R3) + ||g||W11'p(R3)) (5'5)

Proof. Since W,"”(R%) < LP(R?) and for p # 3/2 we have W)?(R?) — W;"”(R?), thanks
to Theorems 4.3 and 4.5, there exists a solution (u,7) € W(I)’p (R?) x LP(R3) to the Oseen
problem (1.1) satisfying (4.9).

Considering the assumption (5.4), we get (a-V)u € W(l)’p (R3). Moreover, we have, for
alli=1,2,3,

(@- V)it fis Dgyongayyort oy = 0 i p<3/2.

Thus the conditions of Stokes regularity result are fulfilled (cf. [AA, Theorem 3.1]) and
we can conclude the existence of (v,n) € Wf’p (R3) x Wll’p (R3), unique up to an element of
Pp1-3/p) X {0} and satisfying

inf  |v+ 4|2 + 1, <
/IEP[]_3/I,J ” ||W1 P(RS) ||]7”‘,V1 I’(RB)

< C(”fHW?-p(Rs) + LIVullp sy + ”g”Wll-p(Rs))-
Then the proof’s conclusion of Theorem 5.4 is identical to the one of Theorem 5.1. O

Remark 5.5. Observe that W)""(R%) < LP(R?), W, ”(R?) < W ”(R?) and if p > 3 then

W?’p (R3) — L4(R?) for all ¢ € [3p/(3 + p),3[. The assumptions on a stated in Theorem 5.4
are also stronger of those in Theorems 5.1 and 5.3.
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Remark 5.6. i) It is known that L*(R3) < L>*(R?) and 1/|x| € L>*(R?), where L>*(R?) is
the space of measurable functions v defined on R? satisfying

AC>0, VYr>0, rmeasfx R vx)>1<C.

ii) When p = 3/2, the previous existence result holds provided we suppose that f € W?’3/ 2(R3) N
W, 2(®R3) (see (2.1)).

6 Very weak solutions in L?(R?)

In this section we show how very weak solutions to the problem (1.1) can easily been
obtained from the existence of strong solutions as in Section 5 via a dual argument. We
begin by precising the meaning of very weak variational formulation.

Lemma 6.1. For p > 3/2, the problem of finding a pair (u,n) € LP(R¥)x Wal’p(R3) verifying
(1.1), withf € Waz’p R3 and g € W, Lp (R3), has the following variational formulation

L} u-(-Av—-divia®v)+Vn)dx — (x, divv)Wal,p(R3)XW(;,,,f(R3) =

= Vw2 mopew? @) ~ & Myt gyt @) (6.1)

forallve W' (R%) and € W' (RY).

Proof. By a density argument of D(R?) into respectively Wg 7 (R3) and W& 7 (R3), we have
the following equalities

ALY yyorn a2 o) = W =BV Lo @)
<V7T, V>wa2,p(R3)Xw(2fp/ ®) = —<7T, dlvv>W51”’(R3)><W$>"/ ®)

(divu, n>WO_"”(1R3)><Wé"” ®) = —(u, V77>Lp(R3)><Lp’ (R3)-

Since a € H3 and p > 3/2, on one hand a®Qu € L3P/G+P)(R3) — Wal’p(R3) and (@-V)u =
div@a®u) € ngp /G+P\(R3Y s Wgz’p (R3). On the other hand, for any v € W(Z)’p "(R?) we
have Vy € W(l)"’/ (R3) — L3P/r=3)(R3) and div(a®v) = (a- V)v € L”' (R?). Then we obtain

(div(a®u),v)w_z,,, —(a®u,Vv)W_1,p
0 0

R)XW2 (R3) R)XWA' (®3)

(u, —diV(a ® v)>LP(R3)><Lp/ ®3):

Thus Lemma 6.1 holds. O

Definition 6.2. We say that (u,7) € L? (R3) x Wo_ L.p (R3) is a very weak solution to the
problem (1.1) if it satisfies (6.1).

Theorem 6.3. For p > 3/2, letf € W(_)z’p (R3) satisfy the compatibility condition: for any
i=1,2,3

i Dyaegopanzs’ @y =0 P <3, 6.2)
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ge Wa L.p (R3) and a € Hy satisfy (4.6). Then the Oseen problem (1.1) has a unique very
weak solution (u,m) € LP(R?) x W(; L.p (R3) such that

”u”LP(R3) + ||7T||W(;l’p(R3) < C(l + CK)(”f”w(;zvl’(RS) + ”g”WEIP(R"é)) (63)

Proof. In accordance to Theorem 5.1 for p’ <3, f' e LP (R¥) and ¢’ € Wé’p ' (R3), there exists
a unique solution (v,7) € (W(Z)’p "(R3)/ Ppo-3/p7) X WS”’ "(R3) to the problem

~Av—(a-Vv+Vnp=f', divv=g inR’
satisfying the estimate
/ ’
Wl sy Iy sy < OO COUF gy + 18y o)
Define the mapping
Cf — ’
T . (f 7g ) = (f’ v>W62s1’(R3)Xw(2)’F’ (R3) <g’ ]7>W(;1’1)(R3)XW(§’]} (R3)

Then T is linear and using (6.2) T is continuous with

! ’
|T(f ag )l S |If||W62'p(R3)||v||W(2)’p,(R3)/P[2,3/pl] + ||g||W(;1fP(R3)||77”W(1~,P'(R3)

< C(l + CK)(|V||WEZP(R3) + ”gllwglvl’(RS))(Hf/HLP/(Rz’) + ||g,”Wé’p/(R3)) .

Thanks to the Riesz representation Theorem, there exists a unique (u,7) € LP(R3) x
W, "P(R?) such that

T(".8") = WS Ipeopar @) = T8 Dy gt sy

and the estimate (6.3) is satisfied. By definition of T, it follows the very weak variational
formulation (6.1). O

Remark 6.4. Using Theorem 5.4 with p” # 3/2 and similar dual argument we can conclude
that for p > 3/2 such that p # 3, f € W:?’p(R3), g€ W__ll’p(R3) and a € Hj satistying (4.6)
and (5.4), there exists a very weak solution (u,7) € Wg’f (R3) x W:ll P(R3) to the problem
(1.1) in the following sense

u,-Av-divia®v)+Vn)

W Exw @)~ T AV gt oy )
= SV gawss’ @) ~ o gapant @)
for all v € W?’p , (R?) and ne Wll P ’(R3). Indeed the above weak formulation has meanful

for p > 3/2, since @ € Hs and Vv € W} (R?) < WO PP I (R3) we have then div(a®v) =
(@ Vv e W7 (R3).
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7 The generalized Oseen problem (1.3)

In this section, we study the generalized Oseen problem (1.3):
ou . . 3
—Au+k6—+(a-V)u+V7r=f, divu=g inR’.
X1

As in sections 3, 4 and 5 where we applied the Stokes theory, here we can apply the theory
concerning the Oseen system (1.2).
We introduce the following Banach space

.
Z,(R) = (v e LP(RY); —— € W, 2P(R%)}.
P 0x1

Next we prove some useful results.

Lemma 7.1. Foreveryl <p<ooandge€ ZP(R3) verifying

og
Yae P[2_3/pf], ( /l) -2,; =0, (7.1)

®)xWe? ®3)
there exists w € X(l)’p (R3) such that divw = g in R and satisfies the estimate
Wt s, < Clgllz e (72)

Moreover w € L¥/G-P(R3)NLP/C-P(R3) if 1 < p <3, we LR NBMO if p =3, and
w € L/G4-P(R3) N L (R3) if 3 < p < 4 with estimates corresponding to (2.10), (2.11) and
(2.12).

Proof. Letge ZP(R3). From g € L”(R?) there exists v € Wé’p (R3) verifying
Av=ginR?

where v is unique up to a polynomial function of Pj>_3/,) (see [AGG]). We can choose v
such that there exists a constant C; > 0 satisfying

1991yt < Cullgllooes: (7.3)

From (;9 f € W_2 P(R3) L P|p_3/,7) there exists a unique z € LP(R?) verifying

0g

=5 inR3
X1

Az =
and it is such that the following estimate holds
g
”VZ”W(;LP(RS C2||Z||U(R%) < C3” ” _ZP(R’%) (74)

Then ;V -z€ W1 P(R3) + LP(R?) is harmonic and ﬂ — 2z € P1-3/p), that means, 3 =zif
i)
p <3and TVI —z = constant if p > 3.
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Next let us take w = Vy. Hence w € W(l)’P(R3), divw = g and g V(a‘ )=Vze

W, PR3
Using (7.3) and (7.4) it follows

”w”X(l)J’(R'S ||wllwll’(R'§ + ” ||W 117(R3) — maX{C13C3}||g||Z (R3

Consequently we get (7.2). Applying Proposition 2.5 we conclude the proof of Lemma
7.1. m|

Remark 7.2. The condition (7.1) is equivalent to

dg

— : 4
<a_x19x1>W52,p(R3)XWg,p’(R3) = 0, lfp 2 3.

Indeed for all A € P|2_3/,| such that % =0, we have

g ol
a /l> —ZP(RS)XWZP (R3 <g’ >LP(R3)><LP ®R3 ~ 0

(7=

taking into account the density of D(R?) in X(z)’p "(R3).

Lemma 7.3. Let g € ZP(R3) verifying the compatibility condition (7.1). Then, there exists
a sequence g,, € D(R3) satisfying (7.1) and such that g,, — g in ZP(R3).

Proof. Let g€ ZP(R3). Applying Lemma 7.1 there exists w € X(l)’p (R3) verifying divw = g
and (7.2). Since D(R?) is dense into X(l)’p (R3), there exists a sequence {W,}yen C D(RY)
such that w,, » w in Xé’p(R3). Taking g, = divw,, € D(R?) it follows g, — g in Z,(R?).
Observe that g, satisfies (7.1). O

The first existence result to the problem (1.3) concerns the Hilbertian case p = 2.

Proposition 7.4. Assume thatf € W 1’Z(R3), g € Z>(R?) and a € Hs. Then the problem (1.3)
has a unique solution (u,n) € (X(l)’2 RIHNLAR?)) X L2(R?). Moreover, the following estimate
holds

||ullx(1)~2(R3) + ||u||L4(R3) + ||7T||L2(R3) < C(”f”walz(R?) +(1+ ||a||L3(R3))”g“ZZ(R3))' (7.5)
3 . . 1,2 3
Proof. Let g € Z>(R”). Applying Lemma 7.1 and Remark 7.2, there exists w € X;“(R”)

satisfying divw = g and (7.2) with p = 2. Next let us take the unique solution (v,r) €
(X 2R3 NL*(R?) x L2(R?) to the Oseen problem (cf. [AN, Lemma 4.1])

v ow . .
~Av+k—+(a-Vw+Vo=f+Aw—k— —(a-V)w, divv=0inR?,
8x1 6)61
satisfying the estimate
||vllx(1)~2(R3) + ||7r||L2(R3) < C(”f||w(;1s2(R3) + ”wllx(l)-z(RS) + ||a||L3(]R3)||w”w(l)s2(R3))-

Letting u = v +w, we obtain u € X(l)’z(R3) that satisfies (1.3) and (7.5). O
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Proposition 7.5. Assume that 1 < p < o, f € Wy 2(R)NW, P (R?), g € Zo(R*) N Z,(R?)
satisfy the compatibility conditions (4.1) and (7.1), respectively, anda € H3. Ifa € L4P/G-P)(R3)
for 1 < p <4 andaeLPR3) for p >4, then the pair (u,n) € X(l)’z(R3) x L*(R3) given by
Proposition 7.4 belongs also to X(l)’p (R3)x LP(R3). Moreover

u e L?/G-PRIHNLSRY) ifp<2; (7.6)
ucL*RHNLP/C-PRY)  if2<p<3; (7.7)
uecL/(R?), Vr>4, if p=3; (7.8)
u e LR NL®(R3), if p>3. (7.9)

Proof. Under the assumptions on f, g and a, Proposition 7.4 yields the existence of a unique
(u,m) e X(l)’z(R?’) x L*(R3) verifying

0
—Au +k%+V7T =f-div@®u) in R3.
1

From Proposition 2.5, we have u € L*R3>)NLOR?).
Case 1: 1 < p <4. Considering that a € L*/#-P)(R?), we get a®u € LP(R?) and then
div(a®u) € W(_)l’p R3 L Pr1-3/,1- From the Oseen theory [AR1, Theorem 2.2] there exists

a unique solution (v,7) € X(l)’p (R3) x LP(R?) to the problem
o - -Lp 3 - o3
—Av +k8_ +Vn=f-divi@a®u) € W, " (R7), divk=ginR’. (7.10)
X1

Moreover v € L*/(4-P)(R?). Then a uniqueness argument implies that 7 = 1 and next u = v.
Thanks to Proposition 2.5 it follows (7.6)-(7.9).

Case 2: p>4. Asf e Wy 2(RH)NW,(R?) and g € Zo(R*)NZ,(RY), forany 2 < g <4,
thanks to the case 1 we getu € X(l)’z(R3) ﬁX(l)’q(R3) and 7 € L2(R})NLIR3) forany 2 < g < 4.
In particular, choosing 3 < g < 4 we obtain u € L*(R?) and then V- (a®u) € Wa Lp (R3)
and also (7.9) holds. From the Oseen theory [AR1, Theorem 2.2] there exists a solution
v,n) € X(l)’p (R3) x LP(R3) to the problem (7.10), where 7 is unique and v is unique up to
an element of R3. By a similar argument to the case 1, we show that (Vu,n) = (Vv,n) and
(u,m) € X, (R?) x LP(R?) verifying (7.9). O

Now we are able to prove the existence result in the non-Hilbertian case p # 2.

Theorem 7.6. Assume that 1 < p < oo, f € W(_)l’p(R3), ge ZP(R3) and a € Hj satisfy (4.1),

(7.1) and (4.6), respectively. Then the problem (1.3) has a solution (u,rm) € X(l)’p R3) x
LP(R3), where rt is unique and u is unique if 1 < p <4 and up to an element of R® otherwise.
Moreover, we have the estimate

ou
”u”W(l)”’(R3)/P[1,4/p] + ”a_'x]HWSIsP(RS) + ||7T||LP(R3) < CK(|VI|W61’p(R3) + ||g||ZP(R3))

and also that u € L*?/G-PRIHNLP/CPR3Y) if 1 < p<3, u e L'(R?) forall r> 12 if p =3,
and u € L*/G-DRHNLOR3) if 3 < p < 4.
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Proof. By (4.1), we have f = div F with F € LP(R*)>3. Thus, there exists a sequence
{F,,} ¢ DR such that F,, — F in LP(R?). Set f,, = divF,,. Then f,, satisfying the
condition (4.1) and f, converges to f in W Lp (R3). Using the density properties of D(R?)
into Z,(R3) (cf. Lemma 7.3) and of V into Hj (cf. Lemma 4.2), there exist {g,,} € D(R?)
and {a,,} C V such that

gm— gin ZP(R3) and a,, — ain Hs.

Applying Proposition 7.5, there exists (@,,,7,,) € X(l)’p (R3) x LP(R?) solution of the problem
Ouy, . . . 3
—-Au,, + ka— +div(a,, @uy) +Vn,, =f,,, dive,=g,inR",
X1

where f,,, gn and a,, converge to f,g and a in W(_)l’p (R, Z,,(R3) and L3(R?), respec-
tively. Now applying the Oseen theory [AR1, Theorem 2.2], there exists a unique solution
Vs i) € X7 (RY) X LP(RY) satisfying

ov
—Av,, + ka—’" + Vi, =f,, —div(a,®u,), divv, =g, inR>.
X1
Moreover, the estimate holds

Vi <
”vm||w(l)’p(R3)/P[l—4/p] + ||6_X]||W(;LP(R3) + ||77m||U(R3) =

: 3
< C(“fm - le(am ®um)||w(;1’P(R3) + “gm”LP(R3) + ||a_xI:l||W(;2’p(R3))'

By the uniqueness argument, it is clear that (Vv,,,n,,) = (Vu,,, 7). In order to obtain an
estimate independent on m we split into two cases.
Case 1: p < 3. Observing that u,, € W(l)’p (R3?) — LP*(R3), we have

”div(am®um)||wal»17(R3) < ”am ®um”LP(R3) < C”am“L3(R3)”um||w(1)~17(R3)-
Case 2: p > 3. Observing that (a,, - V)u,, € L’?/G*P)(R3) — Wal’p (R3), we have
1@ - Vttmllyy -1 g3y < Cll@n - Vttmlipsricenes) < Cliamllis g lmlly o gs)-

Hence in both cases it follows

ou,,

- <

||um”W(1)’p(R3)/P[1_4/p] + ” axl ||W01'p(R3) + ||7Tm||LP(Rz) -

< C(||fm||W61P(R3) + ||am||L3(R3)”um||w(1)-P(R3) + ||gm||Zp(R3))
< C(“f”wall’(RX) + ”a”L3(R3)”um“W(l)J’(R3) + ”g“Zp(R3))

Then, proceeding as in the proof of Theorem 4.3 and also using Proposition 2.5, we con-
clude Theorem 7.6. O

Remark 7.7. 1If 3 < p <4, Lemma 2.4 yields that the solution u given at Theorem 7.6 is a
continuous function satisfying (2.9). If p < 3, the unique solution to (1.1) in accordance to
Theorem 7.6 tends weakly to zero at infinity (cf. Lemma 2.1 and Definition 2.2).
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Next, let us state the existence of strong solutions to (1.3).

Theorem 7.8. Assume that 1 < p <3, fe LP(R?),g ¢ X(l)’p (R3) and a € H3 such that (4.6) is
satisfied. Then the problem (1.3) has a unique solution (u,n) € X(z)’p (R3) x W(;’p (R3) satisfy-
ing

Vu e LY@ PR nLPC-P®RY); (7.11)
u e LP/C2D@R)NLPICP®RY) if p<3/2; (7.12)
ueLIR?), Vg>2p/Q2-p) if3/2<p<2. (7.13)

Proof. As 1< p <3, note that LP(R?) — W(_)l’3p /G=p )(R3), see (5.2). Under the assumption
ongwegetge Wé’p (R3) < L3P/G=P)(R3) and the embedding W§’3p 16P=3)R3) sy Wé’p "(R3)
implies that ;—)‘f’] ew, LPRr3y s W, 23p/G=P\(R3). Moreover for 1 < p <3 we get 3/2 <
px =3p/(3— p) < co. Thus Theorem 7.6 guarantees the existence of a solution (u,7) €
X(l)’p*(R3) x LP*(R?) to the problem (1.3). Then (a-V)u € LP(R?) and we can apply the
Oseen regularity theory [AR1, Theorem 2.6] to conclude that (u,7) € X(z)’p (R3) x Wé’p (R3).
Moreover, by Proposition 2.6 we have (7.11)-(7.13). O

Theorem 7.9. For p >3, let f € LP(R?), g € Wg”’(R% and a € Hy satisfy (4.6). If we
additionally assume f € LI(R?), g € Wé’q(R3) and a € L3P4/4G+P)=30)(R3) for some 3p/(3 +
p) < q <3, then the solution (u,n) € X(z)’q(R3 )X Wé’q(R3) given by Theorem 7.8 belongs also
to Xé’p (R3) x Wé’p (R3) and it satisfies

Vu € L¥/G-D(R3) N L3/C-D(R). (7.14)

Proof. Since f € L4(R?) and g € Wé’q(R3), with 3/2 < g < 3, we can apply Theorem 7.8.
Then there exists a unique solution (u,7) € Xé’q(R3) X Wé’q(R3) satisfying the generalized
Oseen problem (1.3). As in the proof of Theorem 5.3 it results (a- V)u € L?(R?). Analo-
gously to the proof of Theorem 7.8, applying the Oseen regularity theory [AR1, Theorem
2.6] we can conclude that (u,7) € Xé’p (R3) x Wé’p (R3), and it verifies (7.14). o

In order to prove the existence of stronger solutions of the generalized Oseen problem
(1.3) under smoother data, let us state the following result.

Lemma 7.10. i) For every p #3/2 and g € X:’p(R3) verifying

YAe P[2_3/pf], =0, (7.15)

8
<6_)C1 > /1>W1_|"7(R3)><W_I'lp, (R3)
there exists w € X%’p (R3) such that divw = g in R3 and satisfies the estimate
”wHX%sP(RS) S C”g”)(}vP(RZ%)'

i) If moreover g € Zq(R3) verifying (7.1), with p changed in q, then we can choose w €
X?’p RHN X(l)’q(]R3) with the corresponding estimate.
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Proof. i) On one hand (cf. [AGG]), from g € Wl1 P(R3) there exists v € W13”7 R3) verifying

Av=ginR®,  with [[V¥lgergs) < Cliglhytrgs),

On the other hand (cf. [AGG]), from 3% € W, "(R®) L P|p_3,/) there exists a unique
z€ WP (R?) verifying
g .

6g
3 1
AZ =—inR 5 with ”cZ”W?’p(R3) < C”—l ||

-1, .
X Wy @)

Then (?TVI —z€ le’p(R3) + Wll’p(R3) is harmonic and (%Vl —z € P[j_3/p), that means, (?TVI =zif
p <3and (%Vl —z = constant if p > 3.

Next let us take w = Vv. Hence w € W%’p(R3), divw = g and 37“’1 = V(aa—;l) =Vze
W(l)’p (R3). Thus we can proceed as in the proof of Lemma 7.1 to conclude 1).

i) Using a similar argument as in i), we can choose w also belonging to X(l)’q(R3). O

In accordance with Oseen theory, we can prove the following regularity result.

Theorem 7.11. Let p > 3/2, g = 3p/(3+ p), f € WIP(RY) "W (R?) satisfy, for all i =
1,2,3,

fis 1>W51“’<R3>xwg’q’<R3> =0, if3/2<p<3, (7.16)
g e X|P(®3)NZ,(R3) satisfy (7.15) and

og

G Dwstasyaie @ =0 <312 (7.17)

and a € H3 satisfy (4.6) and (5.4). Then the Oseen problem (1.3) has a unique solution
(u, ) satisfying

ueXP®HNXPRHNXJIRY);  me W PRHNLIRD). (7.18)

Proof. In order to apply Theorem 7.6, we consider the embedding W?’p R3) — Wal’p (R,
for p # 3/2. Then there exists a solution (#,7) € X(l)"}7 (R3) x LP(R?) to the Oseen problem
(1.3). Thus the assumption (5.4) implies that (a-V)u € W?’p R3).

We can also apply Theorem 7.6 for the existence of a solution (z,7) € Xé’q(RS) x L1(R3)
to the Oseen problem (1.3). Since g =3p/(3+ p) <3, we getz =u and i = . Thus we have
(@-Vyu € LX/CTO®R3) s W M (R).

Since g € XI’p (R3) ﬁZq(R3) satisfies (7.15) and (7.17), considering Lemma 7.10 there
exists w € Xf’p ®R>)N X(l)’q(R?’) such that divw = g in R3. Set now v = u —w, then v €
X, P ®)NX (R and

ow

P
Ak Va=f—@-Vu+rw -k divw = 0in R>. (7.19)
oxy Ox1
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Since the function F :=f (@ V)u + Aw — k2% € W' (R%) n W, (R?) satisfies the
compatibility conditions, for 3/2 < p <3,

Fis Dy gapewty’ oy = Fio Dyytaggaynt oy = 0

then applying the Oseen regularity theory [AR1, Theorem 2.12] we deduce thatv € X?’p R3)

and 7 € Wll’p(R3). Then we conclude that 7 and u = v +w satisfy (7.18). O

Remark 7.12. The solution u found in Theorem 7.11 also belongs to L” (R3HNLI2P/(2+p) (R,
Additionally, if p < 4 then u € L*?/4=P)(R?), and if p < 3 then u € L3P/G-P(RY),

8 The Oseen problem (1.1) with a not in L3(R?)

In this section we study the Oseen model (1.1) case ii). For the sake of simplicity, let us set
k =1, which means that a € LfOC(R3) is such that diva = 0 and

ARy >0: a(x)=e;, |x|>Ry, (8.1
are satisfied.

Theorem 8.1. Letra €L} (R?) satisfy diva=0and (8.1). Forf € Wy *(R?) and g € Zx(R?),
there exists a unique pair (u,n) € (X(l)’z(R?’) NL*R3)) x L2(R3) solving (1.1) such that

Ou
||u||W(1)’2(]R3) + Ha_xl“walz(RK) + ”ﬂ”LZ(R3) < C(”f”walz(R?) +(1+la— el”L3(R3))”g“22(R3)) :

Moreover such solution verifies the energy equality (3.11).

Proof. First note that div(a —e;) = 0 in R3 and supp(a — e1) is a compact set into the ball
Bg,. Then we obtain a —e; € H3. We can apply Proposition 7.4 with k = 1 to the problem

0
—Au+a—u+((a—e1)-V)u+V7T =f., divu=g inR’,
X1

concluding the existence and uniqueness of the required solution to (1.1). Moreover such
solution verifies the energy equality (3.11), taking into account that

ou

<a_xl’u>WEI’Z(R3)XW(1{2<R3) =0 and LS Vu:(@a—-e)udx =0.

O

Remark 8.2. The condition @ € L3(R?) is then not necessary to the existence of a solution
(u,7) € X 2(R?) x L*(R?) of the problem (1.1).

Theorem 8.3. For 1 < p < oo, let f € Wal’P(R3) and g € ZP(R3) verify (4.1) and (7.1),
respectively. Let a be as in Theorem 8.1 such that

lla—eilles s, < K, (8.2)
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where K is the constant introduced in (4.6). Then the Oseen problem (1.1) has a solution
(u,m) € X" (R?) x LP(R?) such that

Ou
||u”w(l)’p(R3)/P[1,4/p] + II(()_X]HW(;LP(RS) + ||7T||LP(R3) < CK(”fIIwalsP(R3) + ||g||Zp(R3))

and also that u € L*?/G-PD(RIHNLP/IC-PRY) if l < p<3, uc 'R forallr>12if p=3,
and u € L*/G-PDRHNLYR3) if 3 < p < 4.
Proof. We proceed as in the proof of Theorem 8.1, taking
c=a—e; € Hs.
Next we observe that ||¢|y3g3) < K. Then according to Theorem 7.6 there exists a solution

(u,m) € X(l)’p (R*) x LP(R3) to (1.1) which concludes the desired existence result. |

Remark 8.4. Similarly to Theorem 7.8, for 1 < p < 3, if f e LP(R?), g € X;’P(R% and a as
given at Theorem 8.3, then the Oseen problem (1.1) has a unique solution (u,x) € Xg’p (R3)x
Wé’p (R%) as in Theorem 7.8. Analogously to Theorem 7.9.

Remark 8.5. Analogously to Theorem 7.11, for p > 3/2, f and g under the conditions of
Theorem 7.11 and a as given at Theorem 8.3 and satisfy

L
AL>0: \/(al(x) —1)2+a2(x)+d(x) < —, ae.xeR’,
2 3 |x|

then the Oseen problem (1.1) has a unique solution (u,7) € (Xf’p (R3)/P1-4/p)) X W1] P(R3)
as in Theorem 7.11.
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