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Estimation of integral functionals of a
density and its derivatives

BEATRICE LAURENT

Université Paris Sud, Bat. 425, 91405 Orsay Cédex, France

We consider the problem of estimating a functional of a density of the type [¢(f, f', ..., £09).
The estimation of [¢(f, -) has already been studied by the author: starting from efficient estimators of
linear and quadratic functionals of f and its derivatives and using a Taylor expansion of ¢, we
construct estimators which achieve the n=%/2 rate whenever f is smooth enough. Moreover, we show
that these estimators are efficient. We also obtain the optimal rate of convergence when the n~%/2 rate
is not achievable and when k > 0. Concerning the estimation of quadratic functionals, more precisely
of integrated squared density derivatives, Bickel and Ritov have already constructed efficient esti-
mators. Here we propose an alternative construction based on projections, an approach which seems
more natural.

Keywords: estimation of a density and its derivatives; projection methods; kernel estimators; Fourier
series; semi-parametric Cramér—Rao bound

1. Introduction

Let X1, ..., X, be i.i.d. random variables with common density f defined over a compact set
S of R. Our purpose is to estimate quantities of the type T(f) = [¢(f, f',..., (&), .) where
f is assumed to belong to some Sobolev space of index s> k. This problem is motivated by
statistical applications. For example, let f, be a kernel estimator of the density f: f,(x) =
nh=1 31 K((x — X;i)/h). If f is a regular function, the optimal value of the parameter h in
order to minimize the mean integrated square error depends on integral functionals of the
type [(f ¥)2, as shown in Deheuvels and Hominal (1980). The same type of functional
occurs in penalization estimation related to smoothness (see Wahba 1990). The knowledge of
J(f )2 allows the original problem to be converted into a constrained estimation problem
(see Gu 1994). Moreover, the estimate of the Fisher information [(f "2/ will give a value
for the Cramér—Rao bound in a translation model.

The estimation of integral functionals was first studied by Levit (1978), who constructed
efficient estimators of this kind of functional under regularity properties for the density f
which are not optimal. It is also worth mentioning the paper by Ibragimov et al. (1987)
which deals with differentiable functionals in Gaussian white noise. The problem of
estimating [(f )2 has already been studied by Bickel and Ritov (1988) and by Donoho
and Nussbaum (1990). The same results are obtained in these papers: if s>2k + 3, [(f (V)2
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may be estimated at the semi-parametric rate n~/2; if k<s < 2k+}1, the rate of con-
vergence has order n=4-X/(+4s) Moreover, Bickel and Ritov show that their estimator is
efficient and that the nonparametric rate of convergence is optimal.

In this paper we generalize the results obtained in Laurent (1996) concerning the problem
of estimating [ ¢(f, -). Before stating our results, we shall explain how our methods work:
¢ is assumed to be a smooth function. So, finding the Taylor expansion of ¢ up to terms of
second order provides an expression for T(f)— T(f), where f is a nonparametric
preliminary estimator of the density f, constructed with a small part of the n-sample. With
the remainder of the sample, we construct estimators of the terms, up to the second order,
which appear in the Taylor expansion. Some of these terms are linear functionals of f and
its derivatives while others are quadratic functionals of the type [f@WfUIK;;(f). So, a
crucial point in making our methods work will be the construction of estimators of
quantities of the type [ f (W f Uy where y is a fixed smooth function, since we shall work
conditionally to f. This will be the purpose of Section 2. The estimator of [ f () f () that
we propose is based on the orthogonal projection of f on the Fourier basis. f and vy are
supposed to be periodic functions defined on a compact set. For certain functionals, this
assumption of periodicity is necessary to achieve the rate of convergence that we obtain.
The main idea of the construction of the estimator is to take a linear combination of several
estimators of [ f(f Uy in order to reduce the bias. The order of the expansion on the
Fourier basis will be determined by the usual trade-off between the bias term and the
variance. For the particular problem of estimating [(f (¥)> we obtain the same results as
Bickel and Ritov, and as Donoho and Nussbaum; moreover, the formulation of the estimator
is very simple.

Our main result is stated in Section 3, and may be summarized as follows. We can
construct an estimator T, of T(f) such that:

(i) if s>2k+4, Vn(Th — T(f)) — N(O, C(f, ¢)) where N(0, 02 denotes the
normal distribution and nE(T, — T(f))? — C(f, ¢), with

2 2

k k
C(f, ¢)) = J Z(_l)j(qji(f! £, f(k)’ .))(D f— ZJ¢](f’ £ f(k), i (J)
=0

=0

in which ¢(Xo, ..., Xk, t) = (X, - .., Xk, 1)/9xj and (pi(f, ', ..., £, )D is the deri-
vative of order j of the function x — ¢J(f(x) f/(x), ..., fRX), x);
(i) if k>0 and k <s <2k +1, then E(T, — T(f))2 O(n~—8(s—k)/(1+49)y

In case (i) C(f, ¢) is the semi-parametric information bound for the problem of estimating
the smooth functional T(f) when f is assumed to belong to a set of regular functions of order
s as is shown in the Appendix. Hence our estimator is asymptotically efficient. On the other
hand, the rates which appear in (ii) cannot be improved for most functionals T(f), as shown
in Birgé and Massart (1995).

When k =0 and s<‘—11 we do not obtain the optimal rate. Our estimator converges at the
rate n—3%/(+29)  Actually, in this very case the remainder term in the Taylor expansion is
precisely of the order n—3%(+29 So it is necessary to do the Taylor expansion up to the
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third order and to estimate [ f3y. Kerkyacharian and Picard (1996) gave an estimator of
| f3y with the optimal rate of convergence n—4s/(+4s),

This paper is organized as follows. In Section 2, we construct an estimator for the
quantity [ f@fUJ9. In Section 3, we propose an estimator for T(f). The proofs of the
theorems are postponed to Section 4.

2. Estimation of [f(f Ny

We will first set out some notation. The expression A, ~ B, will mean that v; <
An/Bn < v,, where v; and v, are positive constants. We shall denote (j, j’) by J and
JE@ Wy by T, For any function g defined over S = [, xt], we define:

X _—
lole = suplg0), gl = sup 9% =90
XeS X#YyeS |X_ y|

for0<a =<1
Definition 1. Let s= p+ a, where p € N and a € ]0, 1]. We shall denote by Fsc the set of
densities f with support on S = [—m, 7] satisfying the following conditions:

(i) fO@) = fO(=m) forall 1€{0,..., p—1};
(i) [f ], <C

When necessary, the function f will be extended by periodicity. C(S) will be the space of k-
times differentiable functions on S.
Let (pi, i € N) be the orthonormal Fourier basis of L2([—m, mt]):

CO0S iX sin ix

1 .
Po(X) e T P 1(X) = w3 for i>0.
We set Smf(x) = 31", ai(f) pi(x) with ai(f) = [ fpi. When no confusion is likely, we shall
write a; instead of aj(f).

We wish to estimate T, = [T fUf{ )w(x)dx We assume that j< j' <s, y € CI'(S)
and that () (m) = (O (—x) for al 1e {0,...,j —1}.

The problem of estimating [ f 2y has already been studied in a more general framework,
including the multidimensional case in Laurent (1996). Moreover, in order to estimate
[f?yp, we do not have to suppose that f and i are periodic functions since these
assumptions are used to carry out integration by parts. The construction of the estimator of
7 fOfWy(x)dx will be of the same type. We recall that the estimator of [ f 2y pro-
posed in Laurent (1996) is

21()_

m(n) n

T :n(n 52 2. PP(XLy(Xe)

i=0 I;£I=1

mn) n
- n(n— 1) > pi(xll)pi'(xlz)J pi piry

i,i'=0 1 #1,=1
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Let us write m instead of m(n). The bias of this estimator is equal to —[(Smf — f)?y. We
shall look for a similar bias for the estimation of Tj). More precisely, we wish the bias to be
equal to

_Jn (S — £ D) (S, )Y — Uy = Jn (f (S, 1)) 4 £0)(S, ) D)y

T TT
— J (SmF)V(S, )Yy — J f O£ U,
— -
Indeed, by special properties of the Fourier basis, this bias will be equal to
—[(Sm(f Dy — £ D)(Sp(f UI) — £ ). Moreover, when f is a regular function of order s,
the L2-norm of (Su(f(M) — M) is well controlled if | <s. Hence, the aim of this
construction is to provide an estimator with small bias, which will lead to the optimal rate of
convergence in most cases. The problem is to find an estimator with expectation

J (FO(s,, 1)) + f(j')(smf)(j))w_J (S H)D (S F) Dy,

Since f((m) = fO(—n) and () = ypO(—m) for all 1€{0,..., j’—1}, repeated
integration by parts leads to [* fU(Syf)y = (=1) [ ((Smf)Ip)Df. It is therefore
easy to see that the estimator

’/’1 n(n -1)

Z Z pi(X 1) (1) (p ) (X 1)

i=0 I1£=1

Z Z pi(X 1) (D)7 (pPy) (X 1,) 2.1)

n(n -1 i=0 l3£l,=1

will have expectation [ (f(S,f)0) 4+ fUY(S,f)D)y. To obtain the term
— 7 (SmF)D(Sp )y, we propose the estimator

T, = DS JC LRI T 22)
n(n—l)” =0 I £1,=1
Theorem 1. Let X1, X3, ..., X, be i.i.d. variables with density f belonging to the set F; ¢ de-

fined by Definition 1, and let 1 belong to CI'(S) with j’ <'s and satisfy () (x) = y()(—x) for
all 1 € {0, ..., j' = 1}. We wish to estimate T, = [T fOf Wy, with j < .

Define T =T, +T%2, where T,, and T, , are given by (2.1) and (2.2) respectively,
with m ~ /(”4;1)} Then:

(i) f s>j+j +% and Ay = supi_q._j [[)"], we obtain

1 and Ay =supi_o,.,
R CiA?

EF) —TY)2 <2171 2.3

Ty =Ty - (2.3)

Assuming that £ satisfies the same assumptions as v, let TJl be defined as T

,» replacing
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(J J) by (ju, ji) and by & and T}t = [T fODfUDE Let s>sup(j+j +5 ju+j5+3),
j1=]1 and
= supl S Ol T 0); S (||§"’|Ioo 1EDT;

,,,,,,,,,,

then
INET), — TOTE = T2) — Ay, (f, v, O] < Clud(me  mititirii=2e) (2.4)

where

Au(f, . 8) = J((—l)j(f D) 1+ () (F D)D) ((~1) 2 (F W)

+ (—D)E(f Udg)lyf — 4Jn ff (i’)wr fU)f g,

- —7

(i) If s<j+j +1 and

(M (M (M
12:5[],[,( NV S VT R VLT R )
|=l

—0,..,p—] mt/6 I0,.,j; MU' =sHAl

then
E(F) — T))? < Cpadn(-Bstaian/das (2.5)

C1,C1 and C, are absolute constants.

Comments

@ IFj=j, s<2j +% and v is either positive on S or negative on S, the rate of
convergence is optimal (see Birgé and Massart 1995). Otherwise, we do not know
whether the optimal rate is n(-8s+4i+41/(+4s) or not.

(2) For the estimation of 6 = [(f W) the expression for our estimator is very
simple:

k n(n_1);Iﬁézl;lm(k)pl(xh)pl(xlz),
where qi(k) = [T (p{)? = (=1)% [ _p® ) pi. Hence qi(k) = qai_1(k) = i?* for all i>0,
Qo(k) =0 if k=1, qo(0) =1. It has the same properties as Bickel and Ritov’s estimator.

(3) In the next section, v is a random function depending on n. This explains why
we need bounds depending explicitly on 1. In particular, the technical results (2.4) and
(2.5) are formulated in this way with a view to proving Theorem 2.

(4) The assumption of periodicity for f and its derivatives is necessary: suppose that
we want to estimate 2 [ ff'. This is equal to f?(x) — f?(—mx); hence, this problem is
the same as estimating the density at one point. Farell (1972) showed that the rate of
con\//éergence for the problem of estimating the density at one point never achieves the
n—1/2 rate.
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3. Estimation of integrated functionals of f and its derivatives

3.1. MAIN RESULTS

The purpose of this section is to estimate T(f)= " @(f(x), f'(x), ..., f®(x), x)dx
efficiently when this is possible. Assuming that f € Fsc defined by Definition 1, and k <s,
we also give the rates of convergence of the estimators when the n—1/2 rate is not achievable.
We would like to start with some preliminary estimator f of the density f constructed on a
small part of the initial sample and do a Taylor expansion of ¢ in a neighbourhood of

(f(x), ..., f®(X), x). In order to give a sense to this expansion, we shall assume the
following:
Assumption Al. ¢ belong to C**3(Q) for some open set Q and for all 0 <i=<Kk,

f 0(S)  [ai, bi] where a;, b; € R and H, olai, bi] X § C Q. For instance, if the functlonal
to be estimated is the entropy [ f log () or the Fisher information [(f')?/f, we assume that
f is bounded from below by some positive constant.

Since [X, f((S)x S is not almost surely included in Q when f is a standard
preliminary estimator of f, such as a kernel or projection-based estimator, we shall have to
modify it in order to get a feel for ¢(f(x), f'(x), ..., f ¥(x), x). Moreover, we will need
some periodicity conditions for f to carry out integration by parts. In order to control the
remainder term of the Taylor expansion, we will also require that the quantities
E(If O — f(')||g) achieve the optimal rate of convergence. More precisely, for f € Fsc
satisfying Assumption A1, we will need a preliminary estimator f verifying the following
conditions:

Conditions A2

@ fec?ves), fOm)=fO(—x) forall 1€{0,..., 2k —1}.
(b) fO(S) c[ai—e¢ bi+¢] forallie{o,...,k}, where ¢ >0 satisfies [T, [ai — ¢
bi +¢] XS C Q.

© E(fO - tOdy < pi(@n{" "2 for all I < p, and all 2 < q<c,
@) E(If V%) < yo(q)1 + ;' VA2 for all ' <s and all 0 <1 <2k, q= 1,
@) E(If O < ya(a)(@ + niHesVA25) for all s <s and 0 < | <2k, q=1,

where y1(q), v2(0), vs(q) are absolute constants independent of f € Fsc.
Such estimators exist. This is the purpose of Lemma 1.

Lemma 1. Suppose f € F¢c satisfies Assumption Al. Let f be an estimator of f based on
projection methods constructed with the n; last observations:

=2 3 Z pi(X ) Pi(x),

] n—ni+1 i=
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where my ~ n;/™?)_ et A, be the event
An={fOS)clai—¢ b+, Vie{o ..., k}},

where ¢>0 satisfies K, = Hé‘zo[ai —¢ biw+€ XS CQ, and let fy a density which
satisfies Conditions A2(a) and A2(b). We define

f = f~1An + fol/.\f].

Then f satisfies Conditions A2, as will be shown in the Appendix.

For f satisfying Conditions A2, ¢(f(x), f'(x), ..., f®(x), x) is well defined, and it is
legitimate to carry out a Taylor expansion of ¢ in a neighbourhood of (f(x),
, T (9(x), x). We shall use the following notation for partial derivatives:
2
9

8yjayj (yO’ DR yk+1)

)= —(yo: oY) ef =

||¢(I)||OC = Sup Sup |¢(I) j|(y0! LR yk+1)|'
Jreeen J1€{0,0 0 K} (Yorooos Yir1)EK, e

The expansion of T(f) using Taylor’s formula is

. Kk
T(f) = J¢(f(x), oy F0), x)dx+ZJ¢j(f(X), oy FO), x)(FD — D)%)
j=0

k k
3D [Ap - 1900, (D — FO)(F D) - £+,

i=0 j'=0

where T’ is a remainder term which will be proved to be negligible compared to the linear
and quadratic terms. It is convenient to write T(f) as follows:

T(f) = JG(f)+ZJH (H)f D 4 Z JK (HFDFW) 41

j,i'=0
where
k
G(f)=o(f, ..., £, )= gi(f, ..., fO,. )il Z op(f, ., £00, )FOFD),
j=0 ]j =0
(3.1)
A~ ~ ~ k ~ ~ A
Hi(f) = ¢j(f, ..., £0, ) =S gf(f, ..., £, )f O, (3.2)
i'=0
K (f) = Ka(f) = 2pf(f, ..., £, ). (3:3)

We have to estimate two types of terms: H j = [ H;(f)f @, which is a linear functional of



188 B. Laurent

f; and TY(K,(f)) = [7 Ky(f)f @02, which is a quadratic functional of the type we have
studied in Section 2.

Before stating the results, let us present some ideas about the estimation of these terms.
Since fO(m)=fO(—m) for all l1e{0,..., k—1}, and fO(@) =fO(—x) for all
I €{0,..., 2k — 1}, assuming that ¢j, and ¢, which are functions of k + 2 variables
are periodic, with respect to the last variable, as well as their partial derivatives up to order
k — 1, we obtain by repeated integration by parts,

| Hiheo = [ ayimyinor.

Setting n, = n — ny, we can estimate H j by H j = 1/n {312, (= 1)I[H;(H)]D(X,) with the
data mdependent of f.

As to TI(K(f)) = [ fDFUIK (), its estimation has been studied in the previous
section. K;(f) is a random function based on the n; last observations and T?(K;(f)) has
to be estimated with the remainder of the n-sample, which leads to

() = gy Z Z pi(X 1) (=D (I K (F)D(X1,)

i=0 I1£=1

Z Z pi(X1)(=D)7 (K (F)T(X,,)

nz(nz -1 i=0 Iy £l=1

- nz(nz_l)z 3 p(xh)pr(xh)J o K, (F)(4) .

L 0|17‘5|2 1

Theorem 2. Let X4, X5, ..., X, be i.i.d. random variables with common density f belonging
to Fsc defined by Definition 1. T(f) = [@(f(x), ..., f®(x), x)dx is to be estimated with
k <s; let us assume that Assumption Al holds and that ¢}, ¢ji, are 2z periodic with respect
to the last variable for all j, j' € {0, ..., k} as well as their partial derivatives up to order
k—1.

Consider a preliminary estimator f of f satisfying Condition A2 and based on the n; last
observations where n; = n/log (n). Let

T k N2 . N .
o= | e+ Z%Z(—l)J[H,-(fn“)(x.)

n2

* Z Zn (n ) > DT ) IK () P19 ,)

j,j’=0 i= L #£l,=1
n2 T
_ . y ) () 3
,Zo..z e 1)|;2_1p.<xh>p.<x.z>J 0 B () i,

where G, H;, K; are defined by (3.1), (3.2) and (3.3), and m = n?/{+4)_ The following
properties hold:
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(i) If s>2k+1 then
V(T = T(f)) = N, C(f, ¢)) 34)
nE(, — T(f))? — C(f, ¢), (3.5)
where C(f, ¢) is given by
x| 2 Kk n ?
C(f,qs):J [Z(—1)1(¢3(f, L B0, -))0')] f— [ZJ pi(f, ..., £, ~)f(j)] :
-7 |'j=0 j=0J-m
(i) If k>0 and k<s =2k +1 then
E(Tn — T(f))? = O(n-86-1/0+4).

Comment. When k>0 and k <s < 2k +4—11, assuming that T is not degenerate, Birgé and
Massart (1995) have proved that the rate of convergence that we obtain is optimal; moreover,
in the semi-parametric case, the asymptotic variance is optimal, as will be shown in the
Appendix.

3.2. FISHER INFORMATION ESTIMATION

As an example, let us give the precise expression of our estimator of j f'2/f. Using the
Taylor expansion of ¢(f) in a neighbourhood of (f, f'), we obtain

7T 12 T 12 7T ' 7T 12 TT 12 7T ’
J f =—J f f+2J f—f’ J fA f2+J f —2J f + T,
a f af2 af x f3 a f . f2

4 f/Z fu 7T f\12 g f 12 7T f!
= =2 f+J . f2+J A—ZJ — ff' + T,
J_n(fz f> L f3 N )
We have to suppose that f is bounded from below by a positive constant (Assumption Al);

Condition A2(b) ensures that f is also bounded from below by a positive constant. The
estimator has the following expression:

. 1 ny f/2
S (LTS

=1 j,j’=0 i=0

nz

> DV PG p(F) P19 (X,)

l1#l,=1
ny .
- Z Z nz(ng Z pi(XIl)pi’(Xb)J pEJ)pIJ)K (),
J,J’=01i,i"'=0 |76I2:1

where Koo = f'2/f3, Ko1=Kio=—f'/f2 Ky3=1/f. The remainder term T, is
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bounded by the product of [|p®| . and quantities of the type E(|f " — f F) for 1 =0, 1,
which are controlled by Condition A2(c). We obtain the following result. If s>2,

. R T f’2 2 7T 2" f/Z 2 7T f!2 2
ime(t-| ) =L ) L)

2
E(T’n _J ff2> — O(n 8- D/(L+49)y.
-7

Ifl<ss%,

4. Proofs

4.1. PROOF OF THEOREM 1

We recall that s = p+ a, where pe N and a € ]0, 1]. The following lemmas will prove
useful.

Lemma 2 (Lorentz’s inequality).
e 5 ) ) CZ J.l:20c+l
SUp{ Z i“P(ag;(f) +a_4(f)), f € Fs,c} = T2a (m)
i=m+1
00 JTZOL+1C2
sup {Z i2Pt2P(ad (f) + a3, ,(f)), f € FS,C} <1 for all 0 <B<a.
i=1

This lemma is proved in Bary (1964 vol. 1, pp. 215-216).

Lemma 3.
sup {[f V|, 1=0, ..., p, f € Fsc} <oo.
See Bickel and Ritov (1988) for the proof.

In order to prove Theorem 1, we use the classical decomposition:
E(T;, — T;)° = (Bias(T}))> + var (T}).

In the proofs, we shall write m for m(n) and assume that m is even.
We first examine the bias. We noticed above that

|Bias (T;)| = Un (Smf)D — £ D)((Spf)I) — f<i’>)¢‘

& 1/2 /m _ _
< Illl (J_ (Smf)W — f<J>)2) (J_ (Smf)d) — fu'>)2>

1/2
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We claim that, since m is even
m . ., m .
ST (y) = 01 eV ) picy)- (4.2)
i=0 i=0
This equality implies that S,,(g") = (Smg)", for all g € C'(S). Hence
Bias (F)2 < [l > a2(t®) = 2t M)y =|pl2 > aha? Y ai(i)a?,
i=m+1 i=m+1 i=m+1 i=m+1
where gi(j) = 02i_1(j) = 1%} for all i>0. Since 0 < q;(j) < i?J, we obtain
Bias(T)P < i, 3. PPaiiie Yo ivatitl 2
i=m+1 i=m+1

From Lemma 2 and the fact that j— p<0 and j' — p < 0, we derive

[Bias (7)) = O[5, (m?+21~49)).

Here, and in the remainder of the proof, the Os are independent of i and its derivatives, and
of f € Fs¢c. Since j =< j' <5, the bias is alwa}/s a decreasmg function of m.

Turning now to the variance, we have that T, =1 "t +T) 2 @s defined by (2.1) and (2.2).
We shall first prove (2.3) and (2.5), so we just have to determme the order of magnitude of
var (T;)). We notice that T, can be written in the following form:

. 1 n
T)=— " hii (X1, X1,)
Y n(n . 1) IH;F:L 1l 1 2
where hj; is symmetric. More precisely,
R 1 n
Tl‘/]),l :ﬁ Z (Hij + H:{J)(Xh* X|z)+(Hi{] + H:{.J)(Xb* x|1)
n(n ) |175|2:1

where HI'(x, y) = 31, pi(x)(—l)i(p“’>w)<i>(y). Moreover,

T)2= ml ;1('4“ + HI)(X), X))

with HI'(x, y) = Sori—oPi)pir(y) [T, p plIy. We notice that HY'(x, y) = HI(y, x). h
is defined by

hir (%, ¥) = 3IHY + HINx, y) + (HY + HID)(y, %) = (HY + HID)(x, vl

TAjj is thus a U-statistic; it follows from Hoeffding’s results concerning the computation of the
variance for U-statistics (see Hoeffding 1948; or Serfling 1980, p. 183) that

) 2
var(Tfp) n(n-1) St n(n — 1) %2

where & = var (hj;(X1)), & = var (hj (X1, X2)), and hj(x) = E(hjj(x, X2)).
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We will see that in case (i), when s> j+ | + 1 , the main contribution to the variance is
made by the term 4&;/n, which can be viewed as a linear term. It is of order A2/n. In case
(i), the term (2/n(n — 1))&, is dominant, it is an increasing function of m, so the optimal
value of m makes the trade-off between this term and the square of the bias. In this case,
the rate 1/n is not achieved.

We first compute hjj(X1).

E(HY(x, X2)) = E [Z pi)(—1)!(py )(D(Xz)]
= zm: pi(x)J pWyf®  integrating by parts.
=0

= f(—l)"’ p%"”(x)wa Wp by (4.).
i=0

= (-1)I's{ [y D)(x).
By similar computations, we get
E(HY (X2, ) = (=1))(Smf D) D(x)
E(HY (x, X2)) = (=1)ISm[((Sm T)Dp) ] (x).

Denote
Y = (~0) st Oy)(xy) (4.2)
Y¥ = (-1)i(Saf Oy)D(Xy) (4.3)
YV = —(—2)IS[(Sm F)Dp)V](X1) (4.4)

3 .y .
() = 2 >0+ ],
It follows that -
3 Ly .
& = var [hy (X1)] < E[(hj(X1))’] < gz ELCY )2+ EL(Y{ )AL

We will now bound from above the quantities E[(Y)?] for | € {1, 2, 3}.
For E[(Y¥)2] we can write

EfY 21 = [0t 0.

Ifs>j+j +}1 (case (i)) then p= j+ " and fis j+ j' times continuously differentiable, so
we can write, using the fact that Sp(g™) = (Smg)®,

LY 21 = [Shlwf Ol
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< [ flucll@f D)DZ since Sy is a projection

I aY o
< IS (4 )y o
1=0

Since by Lemma 3, sup {|[f V]|, I=0, ..., p, f € Fsc} <oo, we obtain
E[(Y])?] = CuA,

where C; is independent of y and f € Fc.
If s<j+j +21 (case (ii)) then p<j+j'. If p=j+j’, as above, we can write

Moreover, by definition of 4,

s Ol = e

Let us now consider the case where j+ j'> p. In this case we also have j+ j’ = s. Using
the fact that Sy, (g") = (Smg)(", where g is | times continuously differentiable, we obtain:

ey 21 = [T DLt e Dy
m . .,
< ||f]w Z i21T21'=2Pp2 py orthogonality of the p; and their derivatives,

i=0

where b; denotes the ith Fourier coefficient of the function (i f (0)(P=1) We will evaluate the
a-norm of this function in order to apply Lemma 2.

p—] ;
(pf D)P-D) = Z( P I— J)w(')f (p-1).

1=0

Using the fact that for any functions g, h, [[ghlle < [|g|l~/[hlle + [[h]lxlglle, we obtain

p—) :
o f D)P-D, < 2( - J)(Hzp“)noonf D)+ Jy Ol Plc).

1=0
=O( _sup _(||1/f“’||oo +[ly®].) by Lemma 3.
By definition of A,

s (Ol o+ 9Ol < 2om
p

From Lemma 2 and since j+ j' = s> p+ f for all 0<p <a, we derive

ZIZHZJ 2pb2 ZIZHZJ —-2p-2B; Zﬁbz

i=0
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= O(m2it2i'=2p=2B |y f (J))(p—j)”i)
_ O(Azml/3m2J+2j 25+2m 1+2(a— [3))

Since § is arbitrarily close to a, m/3m~%/2+2@=£) _, 0. Collecting the above evaluations, we
obtain, for s < j+j +3

EI(Y V)] < Coaj(m?i20-27%),

Turning now to E[(YZ)2], we have
E[(Y])4] = j[(smf D) 0Pt < |1fcll(Smf D)V

=0l Sup OIS m Y],

Ifs>j+j +3 L (case (i)) then p = j —|—j and since f is p times continuously differentiable,
by Lemma 3 we get E[(Y))?] < A2

If s=< j +J +}1 (case (||)) we shall consider two subcases. If j+j — 1< p then
it follows that

..... 00!

E[(Y) )2]—0( sup. JwOIE) = o@smeia ),

If however, j+j — 1= p+1=s, then

m
[y O ISn DU I = Ol Y 222
i=0

m
< [lpOI%, N ipiter-aizpapizetaial for all 0<f<a.
i=0
Since j+j —1=s>p+p, forall 0<f<a, and by Lemma 2, we obtain

N
9O ISn U -DE < [y e e2i—2-20-255 " 20:2g¢
i=0

= O[(”w(l)”m m7|)2 m2j+2j’—2 p,zﬁ]
= O[ﬂ/2 m2j+2j’72 P*Zﬁ]’

The above equality leads to E[(Y)2] < CoA3(m2it2i'-2st3),
All that is left is E[(Y1)?],

EL(Y )7 = j[sm(smf Dy)OPt < [f | l(Snf D)V,

and the computation of this term has just been done above.
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Of course, the above results hold for E[(Yf'j)z], I =1, 2, 3. It follows that

5 < CiA? s>j+j +4 (4.5)
1= Cziz(mZJJrZJ 25+2) § < J + J 41 7 (46)
We now bound &;:

&> = var (hjp (X1, X2)) < E(h (X1, X2))

< BE[(HY (X1, X2))2 + (HI (X1, X2)2 + (HE (X1, X2))2].
The inner bracketed terms will be evaluated separately, beginning with E[(HJ (X1, X5))2:

2
E[(HI' (X1, X2))?] = j J [Z P (x)(p“)w)“)(y)] f(x)f (y) dxdy

< 12| 35 piprae? )P (p ) ) axay

i,i'=0

m HG .
<123 J[(p%J Jp)P2  for orthonormality

i=0
2 LN 1) (i =1 ,
<IRS| S0 (1) (3) pirioptr oy,
i—0 Y I.I'=0

since || p{"|lc =< i' our expression has order
0 2Oy | = 0 m”’”’( mly ||°o> |
1,I'=0 i=0 1=0

Turning to E[(H¥ (X1, X2))?], we have that

m

EL(HY (X1, X)) = > Jp.p.l inrpi{fjp“’pf”wjpf?pfj)w

i,i’,i,i{=0

2
J( pf” oy ) 50 pif(y)> F00 1 (y) dxdy

m "
< || Z Jp“) ”VJJ Wy by orthonormality

7

< ||t llio” (Z o) p?"’(t)) <Z o(2) plf >(t)> P@Y(D dtdz

By the Cauchy—Schwarz inequality, this expression is bounded by
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) , i ) 1/2
11l [“ (Z p(2) pE”(t)) dtdz“ (Z @) p?r"')(t)> dtdz] :
i=0 i'=0

Moreover, by orthogonality of the p“)

m ) ) 2 m ) )
J J S oP@pP () ) dtdz<d" i < mt,
i=0 i—0
It follows that E[(HY' (X1, X2))2] < || f||% [ ]°, m-+21+2i" Hence we obtain
LY )
CoAsmit2i+2 s < j4j +1 (4.8)
We recall that
. 4(n—2 2
var(T)) = ( )§1+ &2

n(n—1) n(n—1)
From (4.5) and (4.7) we obtain, possibly enlarging C;, that
) ) ., 1 . 1 m1+2j+2j’
if s>j+j +4_1 then var('l'j)) < Cl/li(ﬁJrT)'
From (4.6) and (4.8) we obtain, possibly enlarging C,, that

m2it2i'=2s+3  pl+2i+2y
n2 '

. P .
if S$J+J’+— then var(ri))g CaAj

We recall that Bias? (Tw) = O(||1/)|| m2i+2i'=4s) and that m ~ n?/@+49) which is the value of m
minimizing the sum Bias? (Tw) + var (I'w) Hence

12
A i ir 1
B(Ty — Ty < Cln SZIH)
Czlg n(-8sH4H41)/(H48) s < j4 Jr[_11'

This completes the proof of (2.3) and (2.5). We shall now prove (2.4).
We first notice that when s>sup(j+j' +% j1+ji+3 then j+j <p and ji +
ji+ p. We recall that

n

. 1
7)== hijp(X1,, X1,),
v n(n—l),;l::1 FpRfte 2

where hj;.,, is symmetrlc We now write hj,, instead of hj since TJ is an estimator of
[ £ f Iy while T estimates [ f U f (g, Since

E(T) —Tw)(rg1 —Tgl) = Bias () Bias (fgl) +cov (T}, fgl)

we shall use the following lemma:
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Lemma4. Let T and U be U-statistics respectively defined by

! > alXy, Xy, u-_ > b(Xj, Xi)

n(n—1) e n(n—1) 4=,
where a and b are symmetric. Then
_4(n-2) 2
cov (T, U) = iy s+ o =gy &

where &3 = cov [a(X1), b(X1)], & = cov[a(X1, Xz), b(X1, X2)], a(x) = E[a(x, X)] and
b(x) = E[b(x, X2)]-

This equality is a generalization for the covariance of U-statistics of Hoeffding’s formula for
the variance. The proof is immediate and will be omitted (for more details, see Laurent
1993). It follows from Lemma 4 that

E(F) ~ T2 — T2) = nBias (1) Bias (1) + 0Dy 4 2 g,

where &3 = cov [hjj,(X1), hj, je(X1)], & = cov [hjy (X1, X2), hj, je(X1, X2)] and hjjry, ()
= E(hjjy(X, X2)]. Using the results obtained in the first part of the proof, we obtain

n[Bias (7 2) Bias (T )] < C4[yo | &llcnmi T+ i85 < Cpdmbrisi'iri-2s
since n ~ m#t2. We want to prove that (2/(n — 1))&, is bounded by a similar quantity.
Es < (E(N, (X1, X2))2(E(NE (X1, X2))Y2.

From (4.7), which is actually an upper bound for E(h2,
enlarging Cj.

(X1, X2)), we derive, possibly
iy

2
n—

-8 < Ci /;l MUt E = o2 mbti 2,

It follows that the asymptotic covarlance Ay, (f,y) can only come from the term
(4(n —2)/(n — 1))&;. Since, |&;| < Ciu? (this result follows from the computation of &), to
show (2.4), we just have to prove that [4&3 — Ay, (f, v, &)| < Ciuim—.

We recall that

_ 13,
hjj'w(xl)ZEZ(Yf' +Y1)

where YU 1=1,2,3, are defined by (4.2), (4.3) and (4.4). We have to keep in mind that
Y " depends on  while Y1*¥ depends on &.

4cov (Rjyp(X1), hjpe(X1)) = Z cov (YU 4y 10y, (v Iy iy
LI'=1

We claim that for all I, I’ € {1, 2, 3}?
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lcov (Y + Y1), (Y 3BE 4+ Y ) — e Au,(F, v, &) < Cirm® (4.9)
where
e =-1if (I, I"NY=(1,3), (2, 3), (3, 1), (3,2
e =1if (I, I"Y=(1, 1), (2, 2), (3, 3), (1, 2), (2, 1).

Of course, this concludes the proof of (2.4). Since, the proof employs standard arguments, we
content ourself with sketching it (a complete proof for the case | =1, and I’ = 3, is given in
Laurent 1993). To prove (4.9) in the case | =1, and | = 3 for example, we have bound from
above by CiuZm~* quantities of the type

Usm((f )YNS (S f W)Y f — J(f My)D(f W g)U £
Introducing auxiliary terms, this quantity is bounded by

Craa[l[Sm((Smf W&)I) — Spu((F W)l + [Sm((F W E)I) — (£ Wg)I,].

We bound this term from above by CiuZm~* using the fact that for any function g,
Sm(9) — gll2 = O(|g/l.m~*) by Lemma 2. This concludes the proof of Theorem 1.

4.2. PROOF OF THEOREM 2

Before proving properties (i) and (ii), we first control the remainder term T'y:

|rn|gé||¢(3)||C>C Z J|f(1)—f(1)||f“)—f(1)||f(”—f(J)|(X)dX.
§inir=0

2
E(r2) — (supE [(Jlf(” _ £ O F 0 )£ f<j")|) D
i

Using the generalized Holder inequality and Cauchy—Schwarz, we get
E(TY) = O( sup E(IfD — 1 0[R)).
j=

.....

Hence,

Using Condition A2(c), which ensures that the quantltles Eg|f(') fO]3) achieve the
optimal rate of convergence, we see that E(F )= O(n’ (s=k/+ S)) where n; =~ n/(log (n)).
Thus:

if s>2k +% then E(I2) = O<r11>’ (4.10)

1
if —< s =<2k +3 then E(T'2) = o(n—8(—K/(+49)), (4.11)

This proves that in both cases the remamder term is negligible. We are now in a position to
prove properties (i) and (ii).
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Taking case (ii) first, we first look at the order of magnitude of E(T, — T(f))? in order to
obtain the rate of convergence in the nonparametric case, that is when s <2k +; 1
Tn— T(f) is composed of a sum of a linear term, a quadratic term, and the remainder term
Tn:

k n,

ST(f) = Zniz((—l)j(Hj(f»(D(xl) - [ witr “))

j=0 2131 -n

k
+ Y (UK (F) = TK(F)) + T
j.j’=0
The expectation of the square of the linear term is

0]

- sup E(IHINIOIE )]

2]{ .....

As to the evaluation of the quadratic term, we shall apply the results of Section 2. In Section
2, we studied the properties of estimators of [* f () f Ny, Here, v is the random function
KJ(f) and T?(K;(f)) is estimated mdependently of f. Therefore, working conditionally on
f, we can apply the results of Section 2. T7(K;(f)) will now be denoted by T7 for short
We have to determine the order of magnitude of E(||(K,(f))"]2, ) and E(||KJ(f))(')|| ) for

e {1, ..., k} in order to apply Theorem 1. We recall that Ky(f) = 1(;) (f, . ), )
(KJ(f))(') is the derivative of order | of the function x — 3¢ (f(x) f(k)(x), X).
It involves a sum of term of type L 1¢(ﬁ1') (f, f(k) )f(jl+”1) X e X
fU+m1, .- where the indices ji, ..., ji belong to {0,1, ..., k}. Since
¢ < Ck+3(K) 9@ < oo for aII ic{l, ..., k} and we have to determine the order
of magnltude of E(|f (rtm) x . f(l-+”)|| ) and E(|f (rrm)x ... xfGitm)|%) where
n+---+n=1Puth= l/(l+2$) for short. By Condition A2(d) of Holder’s inequality,

it foIIows that

E(||f(jl+n1) X ... X f(ji+ni)||io) = O[(h&S—i=m) 1 1) x . . . x (h%—ii=m) 4 1)]

_ for all s’ <s.
Let k<s'<s, since {>°,_; n, =1 and j, < k, we obtain
E(||f(h+n1) XX f(ji+ni)||io) = O(h2' k=0 4 1), (4.12)
As to the evaluation of the a-norm, E(||f (rtm) x ... x fUrtm|2) we use the equality

(FUim) .o x f(ji+n.))(x) — (fUtm) s £ Andy(yy

io=0 1=1 i1=i—ip+1

i—ip—1 i
_[ H f(ii1+ﬂi1)(x) H f(i-1+ﬂ-1)(y)] )

i1=1 i=i—ip
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This leads to

i
[F G . x fam), < Z(H f(ji1+ni1>||oc>
i1#io

ip=1

f(ii0+ni0)||a_

It follows from (4.12) that

E<H

i17#io

¢ (i 2 _k—
f(JI1+nll)||ocl{Zil7£i0 ni1:|*ni0}) = O(h2(s k—1+ni;) + 1)

Moreover, by Condition A2(e) we obtain

ip=1

i
E(IF 0 x . .. x fUEME)— O lZ(hZ‘S’kH"-o) (R 1)

— O(h2(s’7kfafl) 4 1).

So,
E(I(Ka(F)OIE) = O + h2e—k-h),
E(I(Ka (PO = O + h2ts =1,
By similar arguments, we can see that for all j € {0, ..., k},
E(IH;(F)DIZ) = o(h?* % + 1).
Hence, the expectation of the square of the linear term has order O((h®~*k +1)/n,) =
O(n=86—k/(+4s) 4 n=1) since s’ is arbitrary close to s and n/n, — 1.
We can now apply the results of Theorem 1 to obtain the order of magnitude of

E(T? — T7)% Since s <2k + % we have to consider two cases corresponding to cases (i)
and (ii) of Theorem 1. First, if j+ j' +1<s, then

sup E([[(Ks(f))V[Z) = O(h=*=17) = O(h?*~*) since j' < k.
1=0,....j'

Hence, by Theorem 1,
2s'—4k

E(T-J _ TJ)Z < Cl < Cln78(57k)/(1+45).

2

Second, if j+ j' +;11 = s we have to evaluate the order of magnitude of E(ig) for all j, j'. We
want to prove that E(12) = O(h?i-2¥). To do this, we shall prove that

[II(KJ(f DO+ (<o (O]

g — O(h2i-2¥); (4.13)

I (FYOIZ _ 2j-2k
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To prove (4.13), we observe that, for all 1=0, ..., p— ],
£ [0 ENOIE, + (Ko () s~k pti-)
m/3 T

_ O(h2j72k)(h25’72 p—2a mfl/S)‘

Since s’ is arbitrarily close to s = p + a we get lim,_,, h®*~2P~2¢m=1/3 = 0. Thus (4.13) is
proved.
To prove (4.14) we first assume that 2j + 2j' — 2s+3 < I. Then we have to show that,

for all 1 < j,
GO 2i- 2k
E ( m@i2i—2s+d) | O(h™).

From the above evaluations of E(||(K,(f))®[%), we derive

E KK (F)©DI, - 14 h2s-2k-2l

_ O(h2j72k)(h2k72jm72j72j’+257—+ th -2j— 2Im 2j-2j +257—)
Since j =<k, S<j—|-j +1 h—0 and m— +oo, we obtain h2k-2im-2i-2i"+25-3 _, 0
Moreover, for all | < j',

T I oi_ ot i o 1 i o ’
h25 —2172Im721 2j'+2s—3 < hZS —2j-2j m—2]—2] +25—; < (mh)2572172j hZS 725m71/2.

Using the fact that mh — +o0o and that s < j+ j’ +}1, the above expression is bounded by
(mh)/2h2s'~2sm=1/2 — hz+25'-2 which converges towards zero since s’ is arbitrarily close to
s.

To conclude the proof of (4 14) we have to consider the case of 1>2j+2j — 25+4,
and show that E(|(K,(f))"[%/m2') = O(h2i-2k),

£ 2
E<||<KJ<;2>I><'>||OO> o221+ 1ym

_ O(h2j—2k)(h25'—2j(mh)—2l 4 h2k—2jm72I)
= 0O(h?=2K) since mh — 400 and h — 0.

Expression (4.14) is thus proved.
Finally, if s <2k +3, by Theorem 1 we obtain

§j'=0 §,j'=0

2
Kk Kk
( § : f‘] _ TJ) — O( § : h2j72kn(785+4j+4j’)/(1+4s) + n8(sk)/(l+4s)>
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— O( sup (hnZ/(l+4s))21h 2kn( 8s+4k)/(1+4s) + nfs(s k)/(1+4s))

= O(n~8(—k/(1+49)) since hn?/(1+4) = mh — +o0.

Collecting the above evaluations and the computation of the remainder and linear terms, we
get in case (ii),

E(Tn _ T(f))Z _ O(n78(57k)/(l+4s))‘

Turning to case (i), let s>2k+%. We are now going to prove asymptotic efficiency. We
define

n, Kk
= \/ﬁlfn - T(f) —nizz > Di@if, . £, ~))(j)(X|)+J¢>j(f, oy T, ~)f(j)].
I=1 j=0

Of course, to ensure that both (3.4) and (3.5) hold, it is enough to show that E(R?) — O.
Introducing auxiliary terms, we notice that R = R; + R, where

Ry = ﬁlfn -T(h)

N2 K N
_ ni2§:<§:(—l)i(¢j(f, L f0 )dxy) _J pi(f, ... 00, )0 }
=1 \ j=0 .

and
k

\FZl Z( DI@i(f, ..., £O, ) —ai(f, ..., £, 0(X)

+ \/ﬁZ“" Pi(f, ..., £, .)f(J)_J” L) .)f(j)}
j=0 LJ—m .

We want to prove that both E(RE) and E(Rg) — 0. Plugging the expressions for T, and T(f)
into R; we obtain

iy [n—fi(—lﬂ(mf)f D00y +2] Ko(Hf 1 <">]
I=1 -

ij’=0

\/ﬁ[i(ﬂ —TJ)+Fn]

Because of (4.10), we just have to prove that the expectation of the square
of \/_Z 70(LJ — LY +T7 —T?) converges to zero, where L’ f2jKJ(f)f(l)f(J) and

(2/n2)2 LEDIKG ) D)D(X,). We will first evaluate nE(Z =0 LY — L9)? and
nE(Z” T - TJ)2 and then we will show that the sum of these terms is asymptotically
the opposite of the covariance term 2nE(Z” oL — LJ)(Z“ T =T,
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First, then, we have that

nE[(L? — L)LY — L%)|f] = 4n£r () (K (F)F YD (K 5 (F) F Y00 ¢
2J-n

n (™ PP NP
— 4n_J KJ(f)f(J)f(J)J KJl(f)f(h)f(h)_
2J) = .

The expectation of this expression converges towards the same expression with f instead of
f. So,

35 =0

2
K K
lim nE (ZEJ—LJ) = 30 An(f Ka(f), Ky (f)
1i'=0

where Ay, (T, v, &) is defined in Theorem 1.
Next, since s>2k +1, for all j, j’ € {0, ..., k}, s>+ j +3 therefore, by Theorem 1,

INE((TY — T — TIf) — A, (f, Ky(f), Ko, (F))] < Clad(m=* 4 mitiiurii=ze)
where

= sup[ sup (IKa(F)Pc + I ENP i sup (Ko (D)l + (Ko (DO
=0,..., j =0,..., i

As already proved, E(uf) = O(h? 42« 1 1). Since s’ is arbitrarily close to s = p + « and
s>2k +1, we obtain p =2k and limy_.. E(Ciu3(m~* + mz+i+i+i+ii=2%)) — 0. So,

lim nETY = T2 = T%) = lim E(Aw, (f, Ko(), Ko, (F))

= Ay, (f, Ky(f), Ky, ().

This implies that

2
K K
lim nE < 'fJ—TJ) = Z Ay (F, Ky(F), Ky, (F)).
N}

JJ' =0

We now show that

k Kk Kk
JLTOZ“E[(Z L7 — LJ> (ZTAJ —TJ>] =—2 Y Aw(f, Ky(f), Ky, ().
i7=o i7=0

§hJ =0
We begin by noticing that
E[(F — T - L[] = E@ L) — BT L™

We recall that T2 =T + 717 173, where T3 is defined by (2.2) with K, (f) in place of 1.
Moreover,
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fii i p; £ ptiy (i
= nz(nz - 1); .; CDTROK (ORI,

We will do the computations for 'f(")j' instead of T 7. Integrating by parts, we obtain

ey 1) - BN =~ 2 ([ (0 salka, () ) 110k (1) 1 0)D)
2

_ 3 (r (_1)j+j1(KJ(f)Smf (J’))(i)(Kjl(f)f(1'1’))(11)f)
Ny —n

iJ Ka(f)Smf“')f@J Ky, (f)f 00 G,
N2 J)_x

—T

+

So

K K
lim 2n > [EFY L) — eI = -2 >0 A, Ky(f), Koy ().

nN—o0 T P iy
Ji'ln =0 JiJ' ), ji=0

Of course the same result holds with TJJ replacing T”. By similar computations for
EGY L% |f) — EFY|f)L™:, the above results holds for T mstead of TU'. Thus, finally,

2
. J _
lim nE (ZT —L ) =0.

2
It remains to prove that RZLO.

2
T k _ R R ) k _ .
E(R)f— j (J_Zo(l)'@s(f. L, T -))“LJ_:ZO(A)J(w(f, L, T, ~))“’> f

i=0

2
K .
_ —E (ZJ ¢j(fA, o f(k), .)f(i)_J_ngbi(f, L f ')f(j))

Using the fact that ¢ and its derivatives are bounded over K, and that f and its p first

derivatives converge in L.=*-norm towards f and its derivatives respectively, we show as above
that

EU (@(F, ..., £, -»“))Zf} - j (@(F, ... 10, )OPF.

By similar arguments for aII the terms which appear in the expression for E(R3) and since
n/n, — 1, we obtain R; —>O This concludes the proof of Theorem 2.
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Appendix

Proof of Lemma 1

The density f is assumed to satisfy Assumption Al. f is an estimator of the density f based
on projection methods:

f(x) = Z Z pi(X ) pi(X), where m; ~ ny/(29,

li=n=n, i=

We define the event A, = {f (S) C [aj —¢, b +¢] for all i € {0, ..., k}}, where ¢>0 is
such that K, —H, olai—& bi+€e] XS CQ, and we set f = flA + folAS where fo
satisfies Condition A2(a) and (b).

It is clear that f also satisfies Condition A2(a) and (b); in particular, this implies that
|f ||, is bounded for I =0, ..., k. Conditions A2(c)—(e) will also be satisfied because
they are satisfied for f and because P(AY) is of smaller order than the rates we wish to
obtain.

We will first prove Condition A2(c) with f instead of f. Let us first evaluate the bias
term [fO — £ D2 where fO —E(f ) = (Sp, £)O = Sy, (F D), for my even.

Let P, be the set of trigonometric polynomials with degree not bigger than m;. It
follows from M. Riesz’s theorem that for 1<q<-+oo and for f € L9(S), [|Sm(f)llq <
Cqyllfllq (see Bary 1964, vol. 2, p. 137). Therefore for P € P pn,,

IS (F D) — £ Ollg = (IS, (F OV — P) — (F D — P)|
< Cg[[fV — Pllq = @u)Y9Cq[f D — P|l,
hence,
Cq

s—1
my

ISm, (O — £ O < 2m)Y/9Cq inf [[f O - Pl <
PEP m,
(see Zygmund 1968, vol. 1, p. 117). This gives
||f‘(l) f(l)Hq O(nq(' S)/(1+25))

Here, and in the remainder of the proof, the Os do not depend on f € Fsc but depend on q.
We will show that E(||f " — f([7) is of the same order. Denote

§jpaop%m §jaummm

it = o

since || p{"]l. < i' and |ai(f)| =< [ f2 [ p? <||f ]|, We obtain |Y;(x)| < 2(1 + || f||-c) for my
large enough. Moreover, by orthonormality of the p; we obtain Z;‘:n_nlE(Y?(x)) <
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A(ny/m1), where 4 € R is independent of x. The variables Y;(x) are independent and centred.
It follows from Rosenthal’s (1970) inequality that

(1£00)~(20)

where Aq is independent of x, which leads to
n a n a/2
E Vill ) =2naq (2) ).
(’ Z : q) q((ml) )

j=n—n;
. _ -
E(”f n _ f(l)”g) — O(n‘ll( 5)/(1+23))_

n

> Y

j=n-m

It follows that

It remains to show that the same result holds when f is replaced by f. To do this, we
will bound P(A%) from above. Since f € Fsc, [|[Sm,(f ") — f ] = O(log (m1)/m¢) for all
| < p (see Zygmund 1968, vol. 1, p. 64). Hence for n large enough, independently of
feFse, [fO—f0)<e/2forall le{0, ..., p} If [fO—FO|, is also bounded by
¢/2 for 1=0,..., p, then f =f. So,

P ~ - €
Py = > P(IF0 - 1) = 5)

1=0

N

Denote by Dy, Dirichlet’s kernel:

sin(my + )t
D, (1) = —— 2
2 in —
msin o

Then

N 1 <&
fO =— > DR(x—X;),

j=n-ny

where f( is the convolution product f«D{). We have that [D{[l. < m{™" and
E((DY (x — Xj))?) < mi*?' It follows from Bernstein’s inequality that

s = € 1 n1£2/4
P<f<'>—f<'>|(x)>—)s2exp Bl L LV
2 2 mi+2|+%€m%+|

Let Xp, ..., Xy be N+41 points from [—m, ] such that xo=-m, xy=m, X <
Xi+1|Xi+1 — Xi| = 0. Then

1FO) — FO0) = (F D) — FO)] =< (If "o + TP [)]x — xi| < 2miHx — xi|.
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Let o be such that 20m?*! = ¢/4. Then

( sup [F) — FO)(x) > )s P(|f~(|)_f(|)|(xi)>2>

[x—xi|<d
1 n1€2/16
= 2eX —————| /-
p { lmiJrZI + ﬁemiﬂl }

2
£ (1) (1) € 27 1 nye /16
P(”f — f ”x?E) $2(F)exp{—§ W y
which we can also write as

2
() _ £ € 241 K1 nle

where Kg, K; are positive absolute constants. Since m; = nl/ @+25) for n; large enough, and
for 1< p<s, P(AY) <SP P(If " — TO] =¢/2) < Kon; /0429 \e can now write

Finally

E(Hf“(l) _ f(|)||g) < E(||f(') _ f(|)||g) + ||f M _ fgl)||gK0anS/(l+25) < ylnlfq(sfl)/(HZS).

This concludes the proof of Condition A2(c). R
Let us now control the order of magnitude of E(||f ("|%) for all I < 2k in order to prove
Condition A2(d). From (5.1) we deduce

IO — FO3 241 2/q py-1-25'
Pli— 2=t | < Kom*'exp[-Kyny t2/9m 157
)

Since the above inequality holds for t = ty >0, we obtain, for n; large enough,

[£D — FO9 Foo 2] 2(s—s')/(1+25) 12
Bl s stoJrJ Komi "™ exp[—Kyny t/9dt <2t forall s'<s.
mq to

To conclude the proof of Condition A2(d), it remains to prove that
[f O] = 0@+ mi™%) foralls’<s, forall0=<I=<2k.

We can see that for all | < p, ||f (] is bounded by some constant independent of f € Fc.
This follows from Lemma 3 and the fact that for all | < p, |f() — f ||, = O(log m;)/m§).
We shall now prove that ||f (P*D||, = O(mi~*) for all 0 < a’ < a. Since f is extended by
periodicity, we have that

FPD(x) — J Din (O[F P(x — 1) — (P dit
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t

1 1t sin(my +Htcos -

:Jn (m1+2)COS(T1+2)t_ (m: +32) 2| [f P x— 1) — F (] dt.
B 1 t
2msin > 47 (sm 2)

Moreover, for all x and for t e [—m, x], we have |f(P(x—t) — fP(x)| < 2C|t|* since
f € Fsc and f is extended by periodicity. So,

|f (P (x)| < (m1+1> r w [fPx—t)— fPx)]dt

2 ot
_ 27 (sm §>
sin (1 Jri
e 2m; y | |aﬂ

5 .
—mn .y m
SIn —
(I 2m1)

The second term of the sum is bounded by

. 1 _fO(mi®) if0<a<l
.l (1 +2—ml) y‘ dy = { O(logmy) if @ = 1.

+ ZCm;“J

mpm

[ e

—mym

As to the first term, we observe that

r [w] (fFPx—t)— fPx)dt = Sml(f(p))(x) — f(P(x),

27wtsin =
s

where S,(f (P) denotes the conjugate Fourier series of f (P and f(P) the conjugate function
of (P (see Bary 1964, vol. 2, pp. 51-53). Since f(P is an a-Holderian function, if
0<a<1, f(P js also an a-Hblderian function, as proved in Bary (1964, vol. 2, p. 99).
Therefore,

[Sm, (FP) — £ )||.. = O(m;*)
for all a’ such that 0 <a’ <a < 1. This leads to
[f P, =0o(mi™)  forall ' <a.

From Bernstein’s inequality concerning trigonometric polynomials (see Zygmund 1968, vol.
1, p. 118), it follows that for 1= 1||f (P*)| < (2my)'~Y||f (P+D].. Moreover, since
[P+ = O(mi~¢) for all &' <a, we obtain ||f (P*D|, = O(m|~*) for all 1= 1, and
a’' <a. This completes the proof of Condition A2(d). So, for all s’ <s,

fO2) = o(mi=*) +1). (5.2)
Finally for all s"<s, we have to show that

£ | —s")/(1+2
E(|f D)%) < ya(1 4 nilres)/@aze))

E(
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We use the inequality

£ Ox) — fO)] _

< |If D) ix—y|[*  forall x, y €S,
4L 1 y

and we consider two cases, first, if I +1<s, then E(|f (“V]1) = O(1) by (5.2) and we also
have E(||f "]|}) = O(1). Second, if | +1=s= p+ a, then | = p; there are two subcases to
deal with. If [x —y| < 1/m, then

£ M(x) — £
f00) - f Oy _
X —y[*
If however |x — y| = 1/my, then, for all 0<a’ <a,

fO) = FO)| _ |FOx) - FOy) @ of B
| X -yl - X — yle—e x— i = 2 Ol on) mg

f(|+l)||oom%—1.

Finally,
E(|f OI%) = OLE(If D) mi ™ + E( O L)mi ).
From (5.2) we derive that, for all s’ <s,
E(If O12) = om{+ I mf + 1+ mil=*)mf= ) = 0@ + m{++=)).

This completes the proof of Lemma 1.

Semi-parametric information bound

We refer to Koshevnik and Levit (1976) and Levit (1978). We suppose that f belongs to Fsc,
with s = p + a. We want to estimate T(f) = [@(f(x), ..., f®(x), X)dx with k < p. Let &
be a bounded function, infinitely differentiable, such that [ f& = 0. We define

fi = (14 t&).
fi € Fsc is a density for t small enough. Now

Kk
T() -~ (0 = [ 321, 100, (19— 10) 1oy
i=0 9%

) 0
— Z(_I)J<W(f’ U AL -)) (fy — f) + o(t) by integration by parts
10 j

_ k (0 ® 0)] 9 “ 0
= _O[(—l)l(a—xj(f,...,f ,.)> —J(a—xj(f,...,f ,.)f1>

]

X (fe—f)+o(t)

since [ fi= [ f =1. Moreover, ||\/fi — T — At[, — 0 as n — oo, where At = t&/T/2.
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Now, T(f) — T(f)= Bt+ o(t), where Bt = E(Gt&/2) and
k

L5 i (09 w0 3\ o¢ ® 350
G=2 jz;(l)l(a—xj(f,...,f ,-)) Zja—xj(f,...,f L) f@]

so the function G satisfies E¢(G) = 0. Since the functions & are dense in the set of functions
g € L?([—m, «]) such that E¢(g) = O, there exists a sequence &, such that

7 2
. n o
nILrTO]O L (7 — G) f(x)dx = 0.

According to Theorems 1 and 2 of Koshevnik and Levit (1976),
inf lim inf sup nE(T, — T(f))? = 1E¢(G?).

¢ n—o00 f1€F5‘c,” flffHQSé

Finally,

2
1 k (¢ (M K op .
2E(G? :J _11(— f,...,f(k),~> fdu — J 9P g f00 yfO g
0= | (e )| o ([ 250 )10 du

For the problem of estimating [(f (¥)?, we get for the analogue of the Cramér—Rao bound:

4 U(f @2t — (J(f Wﬂ .

2
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