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A new type of martingale estimating function is proposed for inference about classes of diffusion
processes based on discrete-time observations. These estimating functions can be tailored to a
particular class of diffusion processes by utilizing a martingale property of the eigenfunctions of the
generators of the diffusions. Optimal estimating functions in the sense of Godambe and Heyde are
found. Inference based on these is invariant under transformations of data. A result on consistency and
asymptotic normality of the estimators is given for ergodic diffusions. The theory is illustrated by
several examples and by a simulation study.
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1. Introduction

Martingale estimating functions have turned out to give good and relatively simple estimators
for discretely observed diffusion models, for which the likelihood function is only explicitly
known in special cases. By discrete observations we mean observations of the process at
deterministic times f) < --- < t,. These estimators have the added virtue of being consistent
and asymptotically normal when the number of observations tends to infinity without the
(often unrealistic) assumption that the time between observations tends to zero which must be
made for most other estimators proposed in the literature. Only the estimators proposed by
Kessler (1995b) and Pedersen (1995a,b) are also consistent and asymptotically normal
without this assumption.

Bibby (1994), Pedersen (1994), Bibby and Serensen (1995) and Kessler (1995a)
considered martingale estimating functions of the type

Gu0) = g(X,. Xy, 6), (1.1)

i=1
where X, Xy, ..., X, are the data, and where g(y, x; 0) is a polynomial in y such that
[Eg[g(th, Xti—l; 0)|Xti—]] - 0 Pg — a.s. (1.2)
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for all values of the parameter 6. Such polynomial estimating functions can be regarded as
approximations of the true score function, which are very good when the time between
observations is small. In fact, the transition distribution can be well approximated by a
normal law when the time between observations is small. This implies a Gaussian
approximate likelihood function and an approximate score function of the type (1.1) with a
polynomial g. Some polynomial estimating functions indeed provide efficient estimators
when the time between observations tends to zero with increasing number of observations
(Bibby and Serensen 1995). Polynomial estimating functions of the type (1.1) can be viewed
as a natural generalization of the method of moments to Markov processes.

There is, however, no reason to believe that polynomial estimating functions are in
general the best choice, or even natural, when the time between observations is large and
thus the transition distribution is far from Gaussian. In this situation, we also cannot in
general expect a generalized method of moments to behave particularly well. In the present
paper we therefore study martingale estimating functions of the form (1.1), where the
function g need not be a polynomial but is based on eigenfunctions for the generator of the
diffusion model. This allows the estimating function to be more closely tailored to the
diffusion model. A first justification for this choice of g is the importance of the
eigenfunctions in the study of the transition density. Indeed, a classical result is the series
expansion of the transition density for a diffusion process in terms of the eigenfunctions of
its generator (Karlin and Taylor 1981). It should also be mentioned here that inference
based on the optimal estimating functions studied in this paper is invariant under
transformation of data, which is not the case for the polynomial estimating functions.

In some well-known simple diffusion models it turns out that the eigenfunctions are
polynomials, such that we are led back to the polynomial estimating functions. This is, not
surprisingly, the case for the Ornstein—Uhlenbeck process, where the eigenfunctions are the
Hermite polynomials. Even in these cases it is, however, an advantage to follow the route
via spectral theory since this gives more explicit estimating equations than have been found
in earlier papers. Moreover, this puts the polynomial estimating functions into a broader
perspective.

In Section 2 we review a few results from the spectral theory of diffusions and derive the
martingale estimating functions based on eigenfunctions of the generator. In Section 3 we
find optimal estimating functions of this type, while consistency and asymptotic normality
of the estimators are proved for ergodic diffusions in Section 4. In Section 5 we give some
results on eigenfunctions and martingales. In particular, we give sufficient conditions that
the estimating functions introduced in Section 2 are martingales. The theory is illustrated by
examples.

2. Martingale estimating functions based on eigenfunctions

Consider a class of one-dimensional diffusion processes defined as solutions of the stochastic
differential equations
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2.1)

Xo = xo,

where W is a Wiener process. The functions b and o are known; the unknown parameter 6
varies in a subset ® of R?. They are assumed to be smooth enough to ensure for every 6 the
uniqueness of the law of the solution, which we denote by [Py. The statistical problem is to
draw inference about 6 based on discrete observations X,, X,,..., X, which, for
convenience, we assume to be observed equidistantly, i.e. #; — #,_; = A. The extension to
arbitrary ¢; is obvious.

The differential operator Ly defined by

@ d
Lo =10%(x; 0)@ + b(x; 6»)a (2.2)

for all twice differentiable functions is called the generator of the diffusion model (2.1). A
twice continuously differentiable function ¢(x; 6) is called an eigenfunction for Ly with
eigenvalue A(0) if

Log(x; 0) = —A(0)p(x; 0) 23)

for all x in the state space of X under Py.
It can be shown that under weak regularity conditions (see Section 5)

[E9[¢(Xti; 0)|Xfi—l] = eil(g)A ¢(Xt,71; 0)’ (24)

where Ey denotes the expectation under Py. Therefore, we can define a martingale estimating
function by (1.1) with

gy, x; 0) = a(x; O){p(y; 0) — e D% p(x; 0)}, (2.5)

where a is an arbitrary function. More generally, given k eigenfunctions ¢;(x; 9), ...,
¢ r(x; 0) with distinct eigenvalues A,(0), ..., 1,(0), we can define a martingale estimating
function by

k
g, X 0) =Y aj(x; 0){p;(y; 0) —e P g (x; 0)}. 2.6)
j=1

Sufficient conditions for (2.4) to hold will be discussed in Section 5. In particular, (2.4) holds
in the examples considered below. It is well known from the spectral theory of diffusion
processes that the set Ay of all eigenvalues for Ly, the spectrum of Ly, is contained in
[0, 00). For many diffusion models the spectrum is a discrete set Ag = {A¢(0), 11(0), ...},
where 0 < 40(0) <A41(0) < --- <1,(0)1o0. Since the dependence on the past is mainly
determined by the small eigenvalues, it seems natural to use the eigenfunctions associated
with the first & eigenvalues to define an estimating function. A further justification for
considering functions g of this form is that the eigenvalue problem (2.3) is a Sturm—Liouville
problem. By a classical result of this theory, we have, for an ergodic diffusion with invariant
probability u, a series expansion of any function in L?*(u) in terms of the eigenfunctions
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(¢)i=0 associated with the eigenvalues (4;);=9 (Coddington and Levinson 1955), i.e. a
function f in L?(u) can be written as

o0

fO) =" cipi(y). .7

i=0

where (c;) is a sequence of real numbers and the series converges in L?(u). There is a similar
result for many non-ergodic diffusions. Thus, for a fixed x, Zf:o’ a;(x; 0)¢;(y; 0) can be
seen as a truncated series of the form (2.7). The estimating function (2.6) is obtained when
one makes a martingale out of this sum. Expansions of transition densities of the form (2.7)
mainly depend on the first eigenfunctions. In fact, the weights ¢; decrease exponentially with
the eigenvalues. In Section 3, we derive the optimal estimating function based on k given
eigenfunctions. The optimal estimating function can be thought of as an approximation in
terms of eigenfunctions to the unknown score function. We shall not discuss how best to
choose k or the eigenfunctions for a given class of diffusions.

If the state space of the diffusion is a finite interval, the spectrum is discrete. Otherwise
the nature of the spectrum depends on the behaviour at +oo of the function

b (x; 0) b(x; 0)0'(x; 0)

Vo) = 5520 ) o(x; 0)

+1b'(x; 0) — +30'(x; 0 — o (x; )0 "(x; 0),
where a prime denotes the derivative with respect to x. The function Upy(x) is closely related
to the potential of a Schrédinger equation (Banon 1978). Define ug = min{lim,_, o Up(x),
lim,_, Ug(x)}. Then Ag N[0, uy) is discrete (Goel and Richter-Dyn 1974; Banon 1978). In
particular, if Upy(x) tends to co as x — £oo, the spectrum is discrete. When the spectrum is
not discrete, it may still be a good idea to choose k eigenfunctions with associated
eigenvalues 0 <A;(0) < - - - <A4(6) and thus define a martingale estimating function with g
of the type (2.6).

Further properties of the eigenfunctions are worth mentioning. Consider an ergodic
diffusion with invariant measure ug (although these properties hold in a wider generality).
Then we have for any eigenfunction ¢(x; 0) that ¢(.; 0) is in L?(up) and

02 0300 @n =0 @8)
If ¢i(y; 0) and ¢ ;(y; 0) are two eigenfunctions with two distinct eigenvalues, we have
J(Pi(y; 0)¢;(v; Oug(dy) =0 (2.9)
(Karlin and Taylor 1981).

Example 2.1. The class of diffusion processes which solve

dX, = B+ 0X,)dt + o X' dw,, (2.10)

where >0, 0 <0 and ¢ >0, is known in the financial literature as the Cox—Ingersoll-Ross
(1985) model. The model has been well known, for instance in mathematical biology, for
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many years. For this model, the spectrum is Ag = {—n6: n =0, 1, ...} with corresponding
eigenfunctions ¢;(x) = Lgv)(—Zon ~2), where LEV) is the ith order Laguerre polynomial with
parameter v = 280~ — 1 (Karlin and Taylor 1981). We are thus in the case of polynomial
martingale estimating functions.

Example 2.2. Consider the class of diffusions given as solutions of
dX; = —60tan(X,)dt + dW,, (2.11)

which for @ =1 is an ergodic diffusion on the interval (—m/2, t/2). This diffusion can be
thought of as an Ornstein—Uhlenbeck process on a finite interval. The invariant measure has
a density proportional to cos(x)?’.

The spectrum of the model is Ag={n(@+n/2): n=0,1,...} with associated
eigenfunctions given by ¢;(x; ) = C?(sin(x)), where C? is a Gegenbauer polynomial of
order i. This follows from the differential equation solved by the Gegenbauer polynomials.

By equation 8.934-2 of Gradshteyn and Ryzhik (1965),

@i(x; 0) = ;}<G_ 1n+m> <0_3j;1_ m>COS{(2m—i)(g—x>}.

The first non-trivial eigenfunction is sin(x) (a constant is omitted) with eigenvalue 6 +%.
From the martingale estimating function

> sin(X,, ) {sin(X,) — e OHPAsin(x,, )}
i=1

we obtain the very simple estimator for 6:

0, =—A" ln{ (Z sin(X,ll)sin(X,,)> / Z sin(X,, | )} -4 (2.12)
i=1

i=1

which is, of course, only defined when the numerator is positive. We shall see later that 6, is
defined with probability tending to 1 as n — oo and that it is n'/2 consistent and
asymptotically normal, but not optimal.

Example 2.3 (A generalized logistic diffusion). In many areas of application, e.g.
mathematical finance and turbulence, diffusion models with a marginal distribution with
log-linear tails are needed. Such a diffusion model is obtained when the drift is

b(x; 64, 0y) = {(91 — ;) cosh (g) — (6, + 0y)sinh G) } cosh @)

where 6; >0 and 6, >0, and the diffusion coefficient is given by o(x) = 2 cosh(x/2). This
diffusion is ergodic, and its invariant measure is the generalized logistic distribution with
density

B(Ql + 1’ 02 + l)e(0|+1),V(1 + eX)7(91+(7‘2+2).

Here B denotes the beta function. This distribution was studied by Barndorff-Nielsen et al.
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(1982). The model has a discrete spectrum given by Ag g = {(n/2)(n+ 6) + 6, + 1)
n=0,1,...}. The associated eigenfunctions are ¢;(x; 0;, 6;) = P?ﬁl (tanh(x/2)), where
P?Z’G‘ denotes the Jacobi polynomial of order i.

Example 2.4. (A stopped Bessel process). The Bessel processes solve the equation
dX, = 0x, ' dt+dw,. (2.13)

The state space is (0, co). Suppose that the process is started at a point in the interval (0, 1)
and stopped when it hits unity. Let us further assume that 6 = % Then the eigenfunctions are
Pi(x; 0) = x"0F12 )5, p(xEi(0)), i=1,2,... where J, is a Bessel function and {&:(6):
i=1,2,...} is the sequence of positive zeros of Jy_;/, (Karlin and Taylor 1981, p. 336).
The spectrum is {2&;(0)%:i=1,2,...}.

3. Derivation of the optimal estimating functions

In this section we shall investigate how to construct from £k given eigenfunctions,
P1(x; 09), ..., pr(x; 0), an optimal martingale estimating function in the sense of Godambe
and Heyde (1987). After first considering the general case, we shall study how the results
simplify when the eigenfunctions are polynomials. Finally, we consider the case of data-
independent weights, where completely explicit results can be given. To simplify the
exposition we assume in this section that the parameter 6 is real.

3.1. The general case

Let C be the space of functions ® X R — R which are continuously differentiable in 6. For a
non-negative integer k, define I’ to be the set of martingale estimating functions G* obtained

by choosing k functions ay, ..., a; in C and defining for all » =1 and 0
n k
GHO) =D ai(Xy s O{pj(X,5 0) — e DX, 5 0)}. 3.1
=1 j=1
Let us stress that in (3.1) the sequences ¢, ..., ¢ and A4, ..., 4; of eigenfunctions and
associated eigenvalues are fixed; hence I'; is obtained when ay, ..., a; vary in (3.1).

We are now interested in finding within I'; the optimal element Gj:k(O) in the sense of
Godambe and Heyde (1987). This optimal element can be viewed as a projection in a
suitable sense of the score function onto I';. In our framework, its characterization is
particularly simple. Let TIa(y, x; 6) denote the transition density, i.e. IIa(:, x; ) is the
density under Py of X given Xy = x and define yk as the set of functions ® X R? — R
such that Ty ={>"" g(X,, X, ,;0): g€ y*}. Finally, let y*(x; ) be the space of
functions R — R obtained by fixing x and 6 in the elements of y*. Then the optimal
estimating function within the class I'; is given by G;fk(ﬁ) =>",8%(Xy, Xy, 5 0) where
2*(-, x; 0) is the projection in L*(TTa(y, x; 6)dy) of (9pI1a/TIA)(:, x; 6) onto y*(x; 6). By
O0gp we denote partial differentiation with respect to 6. For details, see Kessler (1995a).
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If we write g*(6, x, y) = Zj;la;’f(x; 0){p;(y; 0) — e D2 ¢ (x; 6)}, the determination
of a®=(af,...,a})", where the superscript T denotes transposition, is an easy
consequence of this characterization. Indeed, the orthogonality property

IT
j(a; A—g*)g<y, x5 Oa(, x; O)dy =0 forall  g(.x:0) €y 0) (2)
A

is equivalent to the equation
Aa* =B (33

with 4 = (a; j)i<ij<x where for 1 <r, s<k
ar5(x; 0) := J{«;sr(y; 0) — e 0% ¢, (x; OHpu(y; 0) — e D% p(x; 0)}
X Ha(y, x; 0)dy,
and B= (b1, ..., by)" where for 1 < j <k
bj(x; 0) = —Jaa(d) (35 0) — e MO i(x; O)IIA(y, x; 6)dy.

Again details can be found in Kessler (1995a). Easy computations involving (2.3) simplify
the expressions of a,, and b; and allow us to state the following proposition.

Proposition 3.1. The unique element which is optimal within Ty in both the fixed sample and
the asymptotic sense is

n k
G O) =)D af (X )@ X,; 0) — e MO gyX,,; 6)), (34)

i=1 j=1

where the coefficients o, ..., ay satisfy (3.3) with
ar(x; 0) = ng»(y; 0)p<(; OTA(Y, x; 0)dy — e @ OHHODA g (x: O)ps(x; 6)  (3.5)
for 1l <r,s<k and
b33 6) = = 00 (35 O)La(y. 33 O)dy + Dute 7% 3 ) (3.6)
for1<j<rk

In the case where 6 € ©® C R?, the optimal estimating function is a d-dimensional vector,
the ith component of which is obtained as the projection in L*(ITa(y, x; 6)dy) of
(09, T1A/TIA)(-, x; 6) onto the subspace y*(x; 0) defined previously. Thus it is determined by
solving a system similar to (3.3) with 9y substituted by 9, in (3.6).

As mentioned in the introduction, inference based on the optimal estimating function
(3.4) is invariant under data transformations. To see this note that, if u is a twice
continuously differentiable bijection, then the diffusion Y, = u(X,) has eigenfunctions
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¢ {(u~'(y); ) with the same eigenvalues 1(6), j =0, 1, 2, ..., as the diffusion X. This can
be proved by writing, using the It6 formula, the stochastic differential equation satisfied by
Y and checking that, with obvious notation, L'(f ou~')(y) = LX f(u~'(y)) for any f in
C?*(R). Hence a straigtforward change of variable in the system (3.3) proves that the optimal
estimating function based on the transformed observations Y; = u(Xy), ..., ¥i, = u(X;,)
equals that based on the original data X, ..., X, . This is an important statistical property
which polynomial estimating functions do not possess.

Example 3.2 (Example 2.2 continued). For the class of diffusions given by (2.11) we can find
the optimal estimating functions explicitly. We illustrate this by finding G*!(6). The first non-
trivial eigenfunction is, up to a multiplicative function of 0, sin(x) with eigenvalue 0 + 1 >
so bi(x; 0) = _Ae (4124 sin(x); see (3.6). Hence the only problem is the integral
[ sin*(»)a(p, x; 6)dy, but the second non-trivial eigenfunction is 2(6 + 1) sin*(x) — 1 with
eigenvalue 2(0 + 1). Therefore, using (2.4), we find that

G* 1(0) Z . Sln(th 1){Sin(Xl ) B e_(0+]/2)A Sin(Xt 1)} (37)
[ DA~ 1)/ + 1) — (A — Dsin(X,,,)’
where a constant has been omitted. The optimal estimating functions can, in a similar way, be
explicitly found for the diffusion in Example 2.3.
Note that, when A is small, we obtain the approximately optimal estimating function

z": sin(X,,_){sin(X,) — e @+1/DAsin(xX, )}

GO) = cos?(X;. ) ’

i=1

which has the explicit solution

~ X, X;
60— *A71 In <Z tan(cos,()zs:nl() ,)/Z tan ()(t1 1)) % (38)

i=1

The explicit estimator 0 can, for instance, be used as a starting value for finding the optimal
estimator. It is also n'/? consistent and asymptotically normal provided that 6, > 1.5.

Let us finish this section by a remark of a practical nature. The optimal estimating
function exhibited by Bibby and Serensen (1995) is as follows:

GO =3 %F(& 50X, — F(X,; ),

i=1

where F and @ are the first moment and second centred moment respectively of the transition
distribution. Although there are, in general, no closed expressions for F and @, Bibby and
Serensen demonstrated that a good approximation to these quantities can be obtained by
simulating a number of replicates of X, and using the law of large numbers. However, the
computation of JygF is more difficult because of problems of numerical stability. In our
situation, this problem disappears since, in the expressions for a,, and b; (see (3.5) and
(3.6)), the only terms that we have to approximate numerically are simple integrals with
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respect to ITp and not derivatives of these integrals. Therefore our estimating functions can
easily be found by simulation.

3.2. Polynomial estimating functions

For some classical diffusion processes (e.g. Example 2.1), the eigenfunctions ¢; for j = 1 are
polynomials of degree j. In these cases, explicit calculation of 4 and B in (3.3) is possible.

It is straightforward that, if ¢ ;(v; 0) = > 7_,c;.(0)y", computing 4 and B is equivalent to
computing the moments [ y'TIA(y, x; 0)dy for 1 <i <2k Using (2.3), it turns out that
these moments are the solutions of the linear system

e—Hi(0) Pi(x; 0) = Z ci,j(O)JﬂHA(y, x; 0)dy, i=1,..., k.

Jj=0

Hence, we have a closed expression for the moments of the transition density, and the
expression for the optimal element G** is explicit.

Example 3.3 (The radial Ornstein—Uhlenbeck process). The class of solutions of
dX, = (0X,' — X )dt +dw,,

where 6 >0, is called the radial Ornstein—Uhlenbeck processes. The state space is the
positive real line. The process is ergodic when 6= % The eigenfunctions are
¢i(x; 0) = Lgefl/ 2 (x?), where L(iv) is the ith-order Laguerre polynomial with parameter v,
and the associated eigenvalues are {2i: i =1, 2, ...} (Karlin and Taylor 1981, p. 333). Since
the eigenfunctions are polynomials, the optimal estimating functions can be found explicitly.

Using the results above, we find that the first optimal estimating function is

G*10) = Z X—e X —(1—e )0+
2X7 4+ (O0+NE—1)

i=1

Note that as in Example 3.2 we can obtain an approximately optimal estimating function for
A small by omitting the last term in the numerator. This approximate estimating function is
linear in 6 and hence has an explicit solution.

3.3. A simple estimating function

Let us finally consider the simple estimating function

n k
HEO) =Y > BiO{p,(X1: 0) —e P2 (X, ; 0)}, (3.9)

=1 =1
where 1, ..., B are continuously differentiable functions of 6 only. We denote by .7 the
class of martingale estimating functions of this form. The choice of the “best” element of
H i 1s more difficult. Indeed, the existence of an optimal element within .77 in the sense of
Godambe and Heyde is not ensured. Nevertheless, it is possible to minimize the asymptotic



308 M. Kessler and M. Sorensen

variance amongst all elements of .77, provided that we restrict attention to elements of .77
which yield a n'/? consistent and asymptotically normal estimator (Kessler 1995a). We shall
therefore only consider ergodic diffusions here. Conditions ensuring n'/?> consistency and
asymptotic normality for ergodic diffusions are given in the next section. Let uy denote the
invariant probability and define Qf%(x, y) = up(X)IIa(y, x; 0). The element H*(6) =
Z;’Zlh*k(X 1» X1,_; 0) which minimizes the asymptotic variance is found (Kessler 1995a)
when A**(-, ; 0) is the projection of 9p0%/0% in L*(Q%(y, x)dydx) onto the subspace
(0) defined by 7, ={HNO) =" "X, X, ; 0), h* €¥(O)}. From (2.9), we
deduce that ¢;(y; 0) — e~ H(0)A ¢i(x; 0)), i=1,..., k, is an orthogonal sequence in
L(Q4(y, x)dydx). Thus, h**(y, x; 0) = X5 BEO0)(,(3: 0) — e 4O ¢ (x; 0)), with

J(ang/Q(Z)(y, D{Bi: 0) — O 6 (x; )} Qv ) dy dx

B(0) =
J«m(y; 0) — ¢ O . (x; 0)200 (v, ) dy dx

| — o4O Jab‘(pj(x? O)po(x) dx
== 1 — e—24/(0)A J

2 Oo(x) dx

The coefficients ﬂ;’f(ﬁ) are explicit, and we have a closed expression for the element in .77
for which the asymptotic variance is minimum. Note the strong relationship of this criterion
to the asymptotic optimality criterion considered by Heyde and Gay (1989).

4. Consistency and asymptotic normality

In this section we show that the estimators obtained from the estimating equations derived in
the previous sections are consistent and asymptotically normal. We confine the discussion to
the case of ergodic diffusion processes.

Our framework is similar to that of Florens-Zmirou (1989) and Bibby and Serensen
(1995). We consider discrete observations of a process X that solves (2.1) for some
0 € ©® C R, where © is open. The assumption that 6 is one dimensional is made only to
simplify the exposition. Let s(x; 0) denote the density of the scale measure:

* b(y; 6
s(x; 0) exp(—ZJ0 % dy) .

We shall work under the assumptions that will now be given.

Condition 4.1. The following holds for all 6 € O:

00 0 0
J s(x; B)dx = J s(x; @)dx = oo and J [s(x; 0)0*(x; 0)] ' dx = A(6) < .
0 —00

—00

Under Condition 4.1, X is ergodic, and with respect to the Lebesgue measure its invariant
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measure ug has the density [A(0)s(x; 0)o%(x; 0)]7'. Condition 4.1 is formulated for
diffusions whose state space is the real line. For diffusions confined to a smaller interval,
the conditions should be reformulated appropriately. The probability measure QZ is defined
as in Section 3.3. For a function g: R*> — R, we use the notation Qi(g) = fng(Z. We
consider a general estimating function of the form (3.1) which satisfies the following
condition where 6, denotes the true value of 0, and where

gi(x, »3 0) = a;(x; ) {p;(3; 0) —e VP pi(x; 0)},  1<j<k @.1)

Condition 4.2. The following hold for all 6 € ©.

(a) The functions gi(x, y; 0), j=1, ..., k, are continuously differentiable with respect to
0 for all x and v. The functtons Oog J(x v; 0) are locally dominated square integrable with

respect to QR and f(60) = 3_1_, OR (aag,(l%)) # 0.
(b) The functions gi(x, y;0), j=1,..., k are in L2(Q %).

Under these assumptions the following theorem can be proved along the same lines as
Theorem 3.3. of Bibby and Serensen (1995). Here we have not included Condition 3.1 (c)
of Bibby and Serensen (1995) because Lemma 3.1. of Bibby and Serensen (1995) holds
without this assumption as follows from Theorem 1.1 of Billingsley (1961a) and the central
limit theorem for martingales of Billingsley (1961Db).

Thegrem 4.3. Under Conditions 4.1 and 4.2 an estimator é,,, which solves the equation
G’;(@n) = 0, exists with a probability tending to one as n — oo under Py, Moreover, as
n — oo, 8, — 0y in probability under Py, and

1200 _ ooy — [ o 200
26, — 6y) — (0, 7 (90))

in distribution under Pg, where

kk

0000 = >3 [ Ot 60 B 1) .

r=1 s=1

From Theorem 4.3 we deduce that, if the optimal estimating function within I’y satisfies
Condition 4.2, it provides an estimator é;':k which is n'/? consistent and asymptotically
normal. Its asymptotic variance is the smallest within the class of all estimators derived
from an estimating function in I';. Let us briefly discuss the efficiency of the proposed
estimators. Note that, for the optimal estimating function (3.4), v(6y) = f(6y) so that the
minimal asymptotic variance within [y equals v(6p)~!. From the definition of g*, we have
that v(0) = [(g*)* d0% < [(OI1/T1)> dQ}, where the right-hand side is the asymptotic
Fisher information. Since v(6y) is the upper bound for the asymptotic expected information
within the class considered, the maximum-likelihood estimator will always be at least as
efficient as any of our estimators. If the union J;_, V', where Vj is the space spanned by
{915 0), ..., @i(:; O)}, is dense in L*(ITa(y, x; 6)dy) for every X, then there exists a
sequence kn such that the asymptotic variance of the estimator 9 k1 is the inverse of the
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asymptotic Fisher information. For details, see Kessler (1995a). In particular in the case of
a bounded state interval, where it is well known that the sequence ¢(:; 0), ¢p2(; 0), ... is
complete in L*(ug), the union Ure, V& is dense in L*(TTa(y, x; 6)dy); so in this case there
exists quite generally a sequence k, such that the estimator é:k " is asymptotically efficient.
In the case of an infinite state interval, the sequence ¢(-; 0), ¢2(-; 0), ... is also complete
in L?(ug) when the spectrum is discrete but, in order to deduce denseness of Uiy Vi in
L*(TITa(y, x; 0)dy), additional conditions are needed.

Comparison of the relative efficiency of optimal estimators obtained from two different
classes of estimating equations usually cannot be done explicitly unless one of the classes is
included in the other, in which case the estimator obtained from the larger class is the more
efficient. Therefore, we cannot give general results above the relative efficiency of optimal
estimators based on disjoint sets of eigenfunctions. However, the efficiency of étk obviously
increases with increasing & but so does the computational complexity. In most models the
efficiency is presumably high and increases only slowly with £, provided that & is
sufficiently large, and a compromise between efficiency and computational feasibility must
be found.

Let us finish this section by testing the practical behaviour of some of our estimators for
the process which is the solution of (2.11). We simulated, using the Milstein scheme, 200
trajectories of this process for two values of 6 and computed the mean value and the
standard error of the simple estimator 6, given by (2.12), of é: which solves the optimal
estimating equation (3.7), and of 6, the estimator given by (3.8). Table 1 and Table 2
collect the results obtained for different values of A if the true parameter values are 1.5 and
3 respectively. For each estimator, we have reported the number of trajectories for which the
estimating equations had no solution. The mean and the standard error are computed for the
remaining trajectories.

Table 1. Comparison of the mean and standard deviation for 200 realizations of 6%, 6, and 6,
for the process solving (2.11) with 8 = 1.5 and xp = 0. In all cases there was a solution to the
estimating equation

o B, B,
Standard Standard Standard
A n Mean deviation Mean deviation Mean deviation
0.1 200 1.62 0.44 1.60 0.45 1.78 2.00
500 1.55 0.27 1.55 0.29 1.59 0.49
1000 1.54 0.19 1.53 0.21 1.57 0.31
0.3 200 1.55 0.34 1.55 0.35 1.59 0.45
500 1.53 0.21 1.53 0.21 1.55 0.27
1000 1.52 0.15 1.52 0.15 1.54 0.22
0.5 200 1.54 0.38 1.54 0.38 1.53 0.53
500 1.50 0.22 1.50 0.22 1.51 0.32

1000 1.49 0.15 1.49 0.15 1.50 0.25
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Table 2. Comparison of the mean and standard deviation for 200 realizations of 6%, 6, and 6,
for the process solving (2.13) with 6 =3 and xp = 0, where N” is the number of realizations
for which there is no solution to the estimating equation

o* 0, 0,

Standard Standard Standard

A n N" Mean deviation ~N” Mean deviation N” Mean deviation
0.1 200 3 3.12 0.74 0 3.16 0.81 0 3.17  0.81
500 O 3.04 0.42 0 3.04 043 0 3.04 043
1000 0 3.04 0.30 0 3.04 031 0 3.05 0.30
0.3 200 3 3.16 0.62 0 320 0.70 0 3.18  0.74
500 O 3.08 0.47 0 3.08 041 0 3.08 047
1000 0 3.04 0.29 0 3.04 026 0 3.04 029
0.5 200 16 3.03 0.72 1 325 1.08 1 325 129
500 2 3.03 0.50 0 3.05 0.55 0 3.06 0.61
1000 0 3.00 0.38 0 3.00 038 0 3.01 043

Note that, by using the kind of arguments developed in Example 3.2, on the one hand, we
can, for the simple estimator 6, compute explicitly the asymptotic variance of n'/ 2(0, — 6p):
v(f) 1—e2OTDA Gy 1(et 1)
fz(eo) T A2 e26+1/2A 0o + 2 A2 ’

and, on the other hand, we can compute numerically the optimal asymptotic variance. The
approximately optimal estimating function G does not satisfy Condition 4.2 (b) if the true
parameter value is less than or equal to 1.5. Nevertheless, as we see from Table 1, its
behaviour for the considered sample sizes is reasonably satisfactory. For 6y = 3, we can
explicitly compute the asymptotic variance of n'/2(6, — ;) to be

5 1 — —8A

= <7e et - 1> .

A2\ 4e77A
Table 3 contains the asymptotic variances for the estimators 0 and @ for the different values
of A, when 6y = 1.5, whereas in Table 4 the true parameter value is taken to be 3 and the

Table 3. Asymptotic variances of
n'2(0% — 0p) and n'/%(0, — 6p) for the
process solving (2.13) with 6y = 1.5

A o* 0
0.1 34.39 38.31
0.3 21.95 22.49

0.5 23.61 23.76
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Table 4. Asymptotic variances for n'20% — 0y), n'*(0, — 6)
and n'/2(0, — 0,) for the process solving (2.13) with 6y = 3

A o* 0 0

0.1 85.37 88.05 91.03
0.3 75.34 75.59 88.73
0.5 126.21 126.26 154.66

asymptotic variances for the three estimators are given. Note how close 6 is to being optimal,
particularly when A is not too small. Note also that the standard deviations found for finite
sample sizes by simulation are in good accordance with those given by the asymptotic
variances.

5. Eigenfunctions and martingales

The generator L of a Markov process X is defined by

ATHIIA()X) — f(0)} — Lf(x) (5.1

as A — 0, where TTx(f)(x) = E[f(Xa)|Xo = x]. Often the convergence in (5.1) is taken to be
uniformly bounded in x so that the limit is bounded. When the Markov process is a diffusion,
the domain &/ of the generator L is then the class of bounded, twice continuously
differentiable functions with bounded derivatives. For an eigenfunction ¢ € &/ with
eigenvalue 4 it is not difficult to prove, using the Markov property, that (5.1) implies that

0
8_AHA(¢)(X) = LIIA(@)(x) = —AIIA($)(x),
and that hence

HA($)(x) = e ¢(x),

which is (2.4). The domain & is, however, too restricted for our purpose; so we shall instead
consider the so-called extended domain &* defined as the class of twice continuously
differentiable functions f for which the process

t
Vo= 100 = £ - | L) as (52)
0
is a martingale. If dX, = b(X,)dt + o(X,)dW,, it follows by It6’s formula that
t
V= | oo ams
0

so a sufficient condition that f € &™ is
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Jt[E[f’(Xs)zoz(Xs)] ds < oo (5.3)
0

for all >0. Let ™" denote the class of twice continuously differentiable functions
satisfying (5.3).

Now suppose that ¢ is an eigenfunction with eigenvalue A, and consider the process
Y, =" ¢(X,). By Ito’s formula,

Yo Yo+ J & (LP(X,) + Ap(X )} ds + J & ¢/(X o (X,) IV,
0 0

t
—tot | & o am
0
Therefore, if p € & **, Y is a martingale, which implies (2.4). With a little more care, it can
be shown that (2.4) holds for any eigenfunction in the extended domain &™*.

We shall give two simple but useful sufficient conditions under which a function f
satisfies (5.3). First suppose that X is ergodic with invariant measure u, and that X, ~ u.
Then the condition

JRf’(X)ZGZ(X)u (dv) < o0, (5.4)

implies (5.3) and hence that Y is a martingale. Thus (5.4) implies (2.4).

Now consider a not necessarily ergodic diffusion. If 0 and f' are bounded on the state
space of X, (5.3) is obviously satisfied. This is the case for any twice differentiable function
£ if the state space is bounded and if o and f’ are continuous on the closure of the state
space. A more generally useful sufficient condition is that 4 and o are of linear growth and
that /" is of polynomial growth. Then an application of Gronwall’s lemma implies (5.3). By
means of these results, it is easy to verify that the estimating functions considered in the
examples are indeed martingales.
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