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We study the asymptotic distribution of the likelihood ratio statistic to test whether the contamination

of a known density f 0 by another density of the same parametric family reduces to f 0. The classical

asymptotic theory for the likelihood ratio statistic fails, and we propose a general reparametrization

which ensures regularity properties. Under the null hypothesis, the likelihood ratio statistic converges

to the supremum of a squared truncated Gaussian process. The result is extended to the case of the

contamination of a mixture of p known densities by q other densities of the same family.
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1. Introduction

The determination of the number of components in a mixture of distributions of the same

parametric form has recently been investigated in a number of papers. However, many of

them concern computational aspects of the problem and the question of the asymptotic

behaviour of the likelihood ratio (LR) statistic has not been solved. In the natural

parametrization of the problem, several dif®culties appear under the null hypothesis. One of

them is the fact that the null hypothesis lies on the border of the parameter space, whereas it

is classically assumed in its interior. This question has been studied by Chernoff (1954) and,

more generally, by Self and Liang (1987) and Geyer (1994). Another is the lack of

identi®ability of some nuisance parameters which are present only under the alternative.

Redner (1981) extended the classical result due to Wald (1949) on the consistency of the

maximum likelihood estimator (MLE) to a quotient parameter space, and this method applies

to mixture models. In regular models with nuisance parameters, Davies (1977) studied the

score statistic at a ®xed value of the nuisance parameters and then considered the maximum

of the Gaussian approximation over these parameters. The lack of identi®ability is connected

to further dif®culties in general mixture models. First, the null hypothesis, which concerns

parametric distributions, can be expressed in several different forms in the parameter space.

Secondly, for each of them, a component of the score equals zero function and the Fisher

information is singular if the nuisance parameters are equal to the true parameter values. To

rule out that singularity, Ghosh and Sen (1985) required a separation condition on the

parameters of a mixture (1ÿ ë) fè1
� ë fè2

. Along the same lines as Davies (1977), they
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derived the asymptotic behaviour of the LR test for ë � 0 against an alternative of a mixture

of two separate densities.

Here we study that question in the simplest case of the contamination of known

distributions, then we discuss the general case of a mixture. We adapt an approach

introduced by Chernoff and Lander (1995) for binomial distributions. It is based on a

reparametrization which solves the initial identi®ability problems.

Let È be an open subset of Rk with compact closure and let F � f fè, è 2 Èg be a

parametric family of densities with respect to some measure í on a measurable space

(X, X ). We assume throughout that the parameter è is identi®able for F and that the

mixture densities are identi®able in the following sense. Let p > 1 and q > 1, ë1, . . . , ë p�q

be in [0, 1] with ë1 � � � � � ë p�q � 1, r1, . . . , r p be in [0, 1] with r1 � � � � � r p � 1, and

let è1, . . . , è p�q, î1, . . . , î p be in È with pairwise distinct î1, . . . , î p. IfXp�q

j�1

ë j fè j
�
Xp

j�1

r j f î j

then there exists a permutation ð of f1, . . . , p� qg such that

èð( j) � î j, 1 < j < p,

èð( p� l) 2 fî1, . . . , î pg or ëð( p� l) � 0, 1 < l < q:

We ®rst study the contamination of a known density fè0
from F by a density from the

same family, and we test the hypothesis that an observed sample has the density fè0

(Section 2). In Section 3, we extend this study to the contamination of a mixture of p

known densities from F by a mixture of q other unknown densities from the same family.

In order to obtain a unique null hypothesis in È, the idea is to mix the natural parameters

of the models under the alternative. In order to preserve the continuity of the score

function, we next map the parameter space È into a compact set ~È of Rk�1, which is in

fact a hypersurface of the topological dimension k. We may then assume that the models

are regular in the new parametrizations. We establish locally asymptotic normality in nÿ1=2-

neighbourhoods of the true parameter values and we prove that two times the log-likelihood

ratio converges in distribution to the supremum of a squared truncated Gaussian process on
~È. Examples are given for Gaussian densities and binomial densities.

2. The contamination model

We consider the contamination of a known density f 0 � fè0
2 F by some unknown density

of F . The contaminated density is

gë,è � (1ÿ ë) f 0 � ë fè, ë 2 [0, 1], è 2 È:

Let (X1, . . . , Xn) be a sample having a density g. We want to test the hypothesis H0 : g � f 0

against the alternative H1 : g � gë,è with ë 6� 0 and è 6� è0.

Under the identi®ability assumption, the hypothesis H0 can be expressed as ë � 0, è
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being a nuisance parameter which disappears under H0; or H0 : è � è0 and ë becomes a

nuisance parameter; or, ®nally, ë � 1 and è � è0. Since the latter is a special case of the

previous one, there is a duality between ë � 0 and è � è0 for H0 which could lead to two

different approaches. Moreover, the score function tends to zero and the Fisher information

becomes singular if è tends to è0 in the ®rst case and if ë tends to zero in the second one.

Therefore, we introduce the mixed parameter

ì � ëièÿ è0 i

which lies in a positive compact subset in R, and H0 is equivalent to ì � 0.

Let P0 be a probability with density f0 with respect to í. We will make use of the

following notations and conditions:

Condition 1. The map è 7! fè can í-almost surely be extended by continuity on È, the

compact closure of È, and it is í-almost surely continuously differentiable on È, with

derivative f 9è.

Condition 2. The function supë2[0,1] supè2Èjlog gë,èj is P0-integrable.

Let è(0) � è0, let è( j) be the k-dimensional vector having its ®rst j components equal to

those of è and its k ÿ j last ones equal to those of è0, è( j) � (è1, . . . , è j, è0 j�1, . . . , è0k),

and let f 9j,è be the value at è of the jth partial derivative of f with respect to è. We de®ne

the k-dimensional function ö � (ö1, . . . , ök)T on È 3 X by

ö j,è �
(è j ÿ è0 j)

ÿ1f fè( j) ÿ fè( jÿ1)g f ÿ1
0 if è j 6� è0 j

f 9j,è( jÿ1) f ÿ1
0 if è j � è0 j:

(
The function ö is therefore continuous on È. Let U � fu 2 Rk ; iui � 1g, and for u 2U let

Èu � fè 2 È; è � è0 � uièÿ è0 ig and Ku � fièÿ è0 i; è 2 Èug which is a compact in

R�, and let

~È � f(u, r); u 2U, è0 � ru 2 Èg:
Then for any è 2 È, fè � f 0f1� (èÿ è0)Töèg and for è � è0 � ru 2 Èu, gë,è is

reparametrized as

hu,r,ì � f 0f1� ìuTöè0�rug:
Let Yn be the k-dimensional process de®ned on È by Yn(è) � nÿ1=2

P
iöè(X i), Óè,è9 be

the covariance matrix EP0
(öèöT

è9)(X 1) and Óè � Óè,è. We will assume the following

conditions, which cannot be simply expressed in terms of the densities fè because they also

include conditions for their derivative with respect to è:

Condition 3. For any è 2 È, the matrix Óè is positive de®nite and there exists a constant M0

such that for some ä. 0

EP0
sup
è2È

iöè(X1)i4�ä , M0:
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Condition 4. For any positive å and ç there exist ä9 . 0 and an integer n0 such that for any

n > n0, P0(supièÿè9i , ä9 iYn(è)ÿ Yn(è9)i > å) < ç.

We consider the uniform topology on C(È), the space of continuous functions on È with

values in Rk . A uniform metric is also de®ned on ~È by i(u, r)ÿ (u9, r9)i � iuÿ u9i�
jr ÿ r9j and C( ~È) is the space of real continuous functions on ~È. Using Billingsley's Theorem

12.3 (Billingsley 1968, p. 95) if K � 1, and Theorem A.1.19 in Ibragimov and Has'minskii

(1981, p. 372) otherwise, a moment condition can often be used to establish Condition 4.

Lemma 1. Under Condition 3, if there exist constants m > s . k and a function l on X with EP0

l (X1) ,1, such that for any è, è9 2 È and x 2 X, iöè(x)ÿ öè9(x)im < ièÿ è9i sl (x), then

Condition 4 is satis®ed. Moreover, under Conditions 3 and 4 the process Yn is tight on C(È).

Under H1 the log-likelihood of the sample (X 1, . . . , X n) is Ln(ë, è) �Pi<n log gë,è(X i)

and is denoted Ln(è0) under H0. Let ln(u, r, ì) �Pi<n log( f ÿ1
0 hu,r,ì)(X i). The LR test

statistic is

Sn � 2 sup
è2Ènfè0g

sup
ë2]0,1[

fLn(ë, è)ÿ Ln(è0)g � 2 sup
u2U

sup
r2Ku

sup
ì2[0,r]

ln(u, r, ì):

Lemma 2. Let A be a compact subset of Rd and let V � fvá; á 2 Ag be a family of real

functions de®ned on X such that supá2Ajváj is P0-integrable and á 7! vá(x) is continuous for

each x. Then supá2Ajnÿ1
P

ivá(Xi)ÿ EP0
vá(X1)j ! 0 P0-almost surely.

Proof. The supremum on A � Rd can be restricted to the rational points AQ � fá 2 A \Qg
of A. The map á 7! vá(x) being uniformly continuous on A for each x, Lebesgue's theorem

implies that
� jvá ÿ vá9j dP0 tends to zero as iáÿ á9i ! 0 in AQ and the same property

holds in A. By the compactness of A, it follows that, for any å. 0, the bracketing metric

entropy HB1(å, V , P0) is ®nite. It is de®ned by HB1(å, V , P0) � log NB1(å, V , P0) with

NB1(å, V , P0) � minfk 2 N; 9v1, . . . , vk 2 L 1(P0) s.t. V � [a,b[va, vb],
� jva ÿ vbj dP0

, åg. Then the Glivenko±Cantelli theorem applies: if Pn is the empirical distribution

function of the observed sample, supá2Aj
�

vá d(Pn ÿ P0)j ! 0 P0-almost surely (Shorack and

Wellner 1986, p. 837). h

Lemma 3. Let ì̂n(u, r) be the value of ì in [0, r] that maximizes ln(u, r, ì) as (u, r) is ®xed

in ~È. Then sup(u,r)2 ~È ì̂n(u, r) converges P0-almost surely to zero under Conditions 1 and 2.

Proof. We consider the model with the new parametrization hu,r,ì in f(u, r, ì); (u, r) 2 ~È,

ì 2 [0, r]g. Conditions 1 and 2 imply that h is continuous with respect to the parameter

(u, r, ì) and jlog hj is P0-uniformly integrable. Let l(u, r, ì) � EP0
log( f ÿ1

0 hu,r,ì)(X 1).

Lemma 2 implies that sup(u,r)2 ~È supì2[0,r]jnÿ1 ln(u, r, ì)ÿ l(u, r, ì)j ! 0 P0-almost surely.

Let Mn � supu,r ì̂n(u, r) and Ùá � flim supn Mn .ág. If Mn did not converge P0-almost

surely to zero, we could ®nd á. 0 such that P0(Ùá) 6� 0; hence, for any ù 2 Ùá,

ì̂n(ù, un(ù), rn(ù)) .á for some sequence fun(ù), rn(ù)gn. By compactness, for any
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ù 2 Ùá and from any subsequence of fì̂n(ù, un(ù), rn(ù))gn, we could extract a further

subsequence fì̂n9(ù, un9(ù), rn9(ù))gn9 converging to some M0(ù) .á and a subsubse-

quence fun 0(ù), rn 0(ù)gn 0 from fun9(ù), rn9(ù)gn9 converging to some fu0(ù), r0(ù)g.
For any (u, r) 2 ~È, l(u, r, :) is a concave function on [0, r] having a unique maximum at

ì(u, r) � 0, therefore l(u, r, ì̂n(u, r)) < l(u, r, 0) � 0. Moreover, for each (u, r) 2 ~È and

n > 0, ln(u, r, ì̂n(u, r)) > ln(u, r, 0) � 0. In particular, on Ùá,

0 < n 0ÿ1 ln 0(un 0, rn 0, ì̂n 0(un 0, rn 0))

< sup
u,r,ì
jn 0ÿ1 ln 0(u, r, ì)ÿ l(u, r, ì)j � jl(un 0, rn 0, ì̂n 0(un 0, rn 0))ÿ l(u0, r0, M0)j

� l(u0, r0, M0):

By continuity of l and Lemma 2, there would be a subset Ù0,á of Ùá having the probability

zero such that l(u0(ù), r0(ù), M0(ù)) � 0 for any ù 2 ÙánÙ0,á. Using the concavity of

l(u, r, :), it follows that M0 � 0 on ÙánÙ0,á, which contradicts the property P0(Ùá) 6� 0.

h

Theorem 1. Assume that Conditions 1±4 hold. Then, under H0, the LR statistic Sn converges

weakly to

sup
(u,r)2 ~È

Z2(u, r)IfZ(u,r) . 0g,

where Z is a continuous Gaussian process on ~È having mean zero and covariance function K

given by

K(u1, r1; u2, r2) � uT
1Óè1,è2

u2(uT
1Óè1

u1)ÿ1=2(uT
2Óè2

u2)ÿ1=2,

where è1 � è0 � r1u1 and è2 � è0 � r2u2.

Proof. Let _l n(u, r, :) be the ®rst derivative of ln(u, r, :) with respect to ì. Since ì̂n(u, r)

maximizes ln(u, r, ì) under the constraint ì̂n(u, r) > 0, nÿ1=2 _ln(u, r, ì̂n(u, r)) � æ(u, r),

where the Lagrange multiplier æ(u, r) satis®es

æ(u, r)
� 0, if ì̂n(u, r) . 0,

< 0, if ì̂n(u, r) � 0:

�
(1)

Let

ai(u, r) � uTöè0�ru(Xi): (2)

Using the identity

(1� ìai)
ÿ1 � 1ÿ ìai � ì2a2

i (1� ìai)
ÿ1, (3)

and denoting

R1n � nÿ1
X

i

a3
i

1� ì̂nai

,
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we have

æ(u, r) � nÿ1=2 _ln(u, r, ì̂n(u, r)) � nÿ1=2
X

i

ai(u, r)

1� ì̂n(u, r)ai(u, r)
(4)

� uTYn(è0 � ru)ÿ n1=2 ì̂n(u, r) nÿ1
X

i

[uTöè0�ru(Xi)]
2 ÿ ì̂n(u, r)R1n(u, r)

( )
: (5)

Conditions 1±3 and Lemma 2 imply that

(a) supu2U supè2Èjnÿ1
P

iu
T[öè(X i)öT

è(Xi)ÿ
P

0]uj converges P0-almost surely to zero;

(b) sup(u,r)2 ~È ì̂n(u, r)jR1n(u, r)j � op(1).

To prove (b) we consider, for ä given by Condition 3, constants á and â such that

1=(4� ä) ,á, 1
4

and 0 , â,áÿ 1=(4� ä). We have

P0 nÿá sup
i<n

sup
u,r
jai(u, r)j. nÿâ

� �
< M0n1ÿ(4�ä)(áÿâ),

hence nÿá supi<n supu,rjai(u, r)j converges to zero in probability.

Let R1n � R�1n � Rÿ1n, with

R�1n � nÿ1
X

i;ai . 0

a3
i

1� ì̂nai

, Rÿ1n � nÿ1
X

i;ai , 0

a3
i

1� ì̂nai

:

By Lemma 3 and since 0 < R�1n < nÿ1
P

ijaij3 which is a uniform Op(1) under Condition 3,

ì̂n R�1n � op(1) uniformly. To prove a similar convergence for Rÿ1n, we restrict our attention to

the values of (u, r) such that ì̂n(u, r) . 0, and therefore æ(u, r) � 0 in (4) and (5). For these

values, we write (5) as

n1=2 ì̂n(u, r) nÿ1
X

i

[uTöè0�ru(Xi)]
2 ÿ ì̂n(u, r)R�1n(u, r)

( )

� uTYn(è0 � ru)� n1=2 ì̂2
n(u, r)Rÿ1n(u, r): (6)

By (a) and Condition 3 and because ì̂n R�1n is a uniform op(1), the left-hand side of this

equality is strictly positive on ~È if n is large enough. Moreover, by Condition 4 and weak

convergence of its ®nite-dimensional distributions, the process Yn converges weakly to a

Gaussian process Y in C(È), and it follows that supu,r iYn(è0 � ru)i � Op(1). As Rÿ1n < 0,

supu,r n1=2 ì̂2
n(u, r)Rÿ1n(u, r) is necessarily Op(1); then, from (6), supu,r n1=2 ì̂n(u, r) � Op(1).

As ì̂n(u, r)jRÿ1n(u, r)j � n1=2 ì̂n(u, r)n2áÿ1=2 nÿ2ájRÿ1n(u, r)j and
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nÿ2ájRÿ1n(u, r)j < nÿ2á sup
i

sup
u,r
jai(u, r)j2 ÿnÿ1

X
i;ai(u,r) , 0

ai

1� ì̂nai

(u, r)

( )

� nÿ2á sup
i

sup
u,r
jai(u, r)j2 nÿ1

X
i;ai(u,r) . 0

ai

1� ì̂nai

(u, r)

( )
, by (4),

< nÿ2á sup
i

sup
u,r
jai(u, r)j2sup

u,r
nÿ1

X
i

jai(u, r)j,

we deduce that nÿ2á supu,rjRÿ1n(u, r)j � op(1) and therefore supu,r ì̂n(u, r)jRÿ1n(u, r)j �
op(1), which ends the proof of convergence property (b).

From (5), (a), (b) and Lemma 3,

æ(u, r) � uTYn(è0 � ru)ÿ n1=2 ì̂n(u, r)fuTÓè0�ruug � op(1),

where the op(1) holds in P0-probability uniformly over ~È. Let Z n be the process de®ned on
~È by

Zn(u, r) � (uTÓè0�ruu)ÿ1=2uTYn(è0 � ru):

By weak convergence of Yn to a Gaussian process Y in C(È) having mean zero and

covariance Óè1,è2
at è1 and è2, the process Zn converges weakly to a centred Gaussian process

Z with covariance K(è0 � r1u1, è0 � r2u2) at (u1, r1; u2, r2).

If ì̂n(u, r) . 0, (1) entails that n1=2 ì̂n(u, r) � (uTÓè0�ruu)ÿ1=2fZ n(u, r)� ån(u, r)g,
where supu,rjån(u, r)j tends to zero in probability, and otherwise ì̂n(u, r) � 0. Then

n1=2 ì̂n(u, r) � (uTÓè0�ruu)ÿ1=2fZn(u, r)� ån(u, r)g1f Z n(u,r)�ån(u,r) . 0g

� (uTÓè0�ruu)ÿ1=2 Zn(u, r)1fZ n(u,r) . 0g � o p(1),

since jzn(1fzn�En . 0gÿ1fzn . 0g)j < jzn1fjznj< Enjgj < jEnj which tends to zero.

By integrating (3), we have

ln(u, r, ì̂n(u, r))

� n1=2 ì̂n(u, r)uTYn(è0 � ru)ÿ n

2
ì̂2

n(u, r)nÿ1
X

i

uTöè(X i)ö
T
è(X i)u� R2n(u, r),

where

R2n �
� ì̂n

0

X
i

a3
i ì

2

1� ìai

dì � ì̂n

X
i

ì�2
n a3

i

1� ì�n ai

,

using (2) and with ì�n (u, r) in ]0, ì̂n(u, r)[. The functions ì 7! a3
i (1� ìai)

ÿ1 are

decreasing; hence, for each i < n,

a3
i

1� ì̂nai

<
a3

i

1� ì�n ai

< a3
i ,

which implies
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jR2nj < ì̂3
n max

����X
i

a3
i

����, ����X
i

a3
i

1� ì̂nai

����
 !

� ì̂3
n max

����X
i

a3
i

����, njR1nj
 !

:

Under Condition 3 and by Lemma 2, nÿ1jPia
3
i j is P0-almost surely uniformly bounded on

~È. Moreover, ì̂njR1nj converges uniformly to zero in probability and supu,r ì̂n(u, r) �
Op(nÿ1=2). Therefore,

ln(u, r, ì̂n(u, r)) � n1=2 ì̂n(u, r)uTYn(è0 � ru)ÿ n

2
ì̂2

n(u, r)uTÓè0�ruu� oP(1)

uniformly on ~È and

Sn � sup
(u,r)2 ~È

ln(u, r, ì̂n(u, r)) � sup
(u,r)2 ~È

[Z2
n(u, r)IfZ n(u,r) . 0g]� oP(1):

h

Remark 1. We could have expanded the log-likelihood for ì in a neighbourhood of 0 and

with ®xed è in È. The process è 7! nÿ1=2
P

iöè(Xi) is continuous on È as well as the

associated process ~Yn de®ned on ~È by ~Yn(u, r) � uTYn(è0 � ru). But with the parameter ì,

the expansion of the log-likelihood depends on the process è 7! nÿ1=2
P

i ièÿ è0 iÿ1(èÿ
è0)Töè(X i), which is not de®ned at è0, and it could be extended by in®nitely many possible

values. Thus we cannot study directly weak convergence in C(È).

Also, the result of Theorem 1 cannot be stated in the original space È though for any

r 6� 0, Z(u, r) is transformed back in the space È as W (è) � f(èÿ è0)TÓè(è ÿ
è0)gÿ1=2(èÿ è0)TY (è) with è � è0 � ru 6� è0. The covariance matrix KW of W is de®ned

by

KW (è1, è2) � (è1 ÿ è0)TÓè1,è2
(è2 ÿ è0)f(è1 ÿ è0)TÓè1

(è1 ÿ è0)gÿ1=2

3 f(è2 ÿ è0)TÓè2
(è2 ÿ è0)gÿ1=2,

for è1 and è2 6� è0, and it is unde®ned if è1 or è2 equals è0. The distribution of the variable

supè2È,è 6�è0
W 2(è)IfW (è) . 0g is therefore unde®ned.

Remark 2. By the arguments used in the proof of Theorem 1, we derive that for any (u, r)

in ~È, the log-likelihood ratio at ìn(u, r) � mfnÓè0�rugÿ1=2 has an expansion

mÓÿ1=2

è0�ruYn(u, r) ÿ 1
2
m2 � o(m2), where the o holds uniformly on ~È. From Ibragimov and

Has'minskii (1981, p. 120), the optimal convergence rate for ì, for ®xed (u, r), is therefore

nÿ1=2. However, when r 6� 0 is ®xed, estimation of ì at rate OP(nÿ1=2) is equivalent to

estimation of ë at rate OP(nÿ1=2) and this approach does not allow us to study the

asymptotic behaviour of the LR test statistic under the alternative without a separation

condition, as in Ghosh and Sen (1985). Since H0 may be expressed as ë � 0 or è � è0,

two kinds of alternative should then be considered: either èn ÿ è0 � O(nÿ1=2) with

ë 2 [0, 1]; or ën ÿ ë0 � O(nÿ1=2) with è 2 È (cf. Lemdani and Pons 1995, for the binomial

case).
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Proof of Lemma 1. Assume K � 1. For è and è9 in È, we have EfYj,n(è)ÿ Y j,n(è9)g2 <
Ejj2

j,è(X1)ÿ ö j,è(X 1)ö j,è9(X1)j � Ejö2
j,è9(X 1)ÿ ö j,è(X1)ö j,è9(X 1)j and each term of the

right-hand side is bounded by supè2È Efö j,è(X 1)g2fEl (X 1)ièÿ è9i sg2=m. The process Yn

therefore satis®es Billingsley's moment condition (12.51) (Billingsley 1968, p. 95) under the

conditions of Lemma 1. Moreover, for any è 2 È, Yn(è) converges in distribution to a

Gaussian variable and it is therefore tight on Rk . Then, from Theorem 12.3 of Billingsley

(1968, pp. 95±96), Condition 4 holds true and the process Yn is tight in C(È). The proof is

similar for K . 1: h

If è is a one-dimensional parameter, the unit vector set U reduces to f�1, ÿ1g and the

test statistic becomes

Sn � 2 max sup
ì. 0,è. è0

X
i

logf1� ìöè(Xi)g, sup
ì. 0,è, è0

X
i

logf1ÿ ìöè(X i)g
" #

:

Then we obtain the following corollary:

Corollary 1. Under Conditions 1±4 and if È � R, the statistic Sn converges weakly under

H0 to

S � max sup
è>è0

Z2(è)1fZ(è)>0g, sup
è<è0

Z2(è)1fZ(è)<0g
� �

,

where Z is a continuous Gaussian process on È having mean zero and covariance function K

given by K(è1, è2) � Óè1,è2
(Óè1

Óè2
)ÿ1=2.

Example 1. Let È � ]a, b[, with a . 0 and b , 1, and let è0 2 È and k 2 N. Consider the

binomial distribution B(k, è0) and the contamination model (1ÿ ë)B(k, è0)� ëB(k, è),

ë 2 [0, 1] and è 2 È, which extends the model studied by Chernoff and Lander (1995). From

Teicher (1963), we assume that k > 2 so that Condition 1 holds. Under B(k, è), the

probability of an observation x 2 f0, . . . , kg is Cx
kè

x(1ÿ è)kÿx and its density fè with

respect to the uniform discrete measure í on f0, . . . , kg satis®es Condition 1. For è 6� è0 the

function ö is de®ned as above by öè � (èÿ è0)ÿ1( fè f ÿ1
0 ÿ 1) if è 6� è0 and it is extended by

continuity at è0 as öè0
(x) � (xÿ kè0)fè0(1ÿ è0)gÿ1: The covariance function Ó is de®ned

by

Óè,è9 �

f(èÿ è0)(è9ÿ è0)gÿ1[f(èÿ è0)(è9ÿ è0)èÿ1
0 (1ÿ è0)ÿ1 � 1gk ÿ 1], if è and è9 6� è0,

kfè0(1ÿ è0)gÿ1, otherwise;

(

therefore, Óè > Óè0
� kfè0(1ÿ è0)gÿ1 . 0 for any è 2 [a, b]. Moreover, the integrability

properties of Conditions 2 and 3 hold and Condition 4 is also satis®ed by Lemma 1, since the

function è 7! öè is continuously differentiable on È with a derivative ö9è such that

E supè2È iö9è(X 1)i4 ,1, where
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ö9è0
(x) � f 00(2 f0)ÿ1 � f(xÿ kè0)2 ÿ x(1ÿ 2è0)gf2è2

0(1 ÿ è0)2gÿ1

.

Example 2. Consider the family F of Gaussian densities f m,ó with mean m and variance ó 2

with respect to Lebesgue measure, and suppose that è � (m, ó ) belongs to an open bounded

set È where the compact closure of fó ; 9m such that (m, ó ) 2 Èg does not contain zero.

For any è0 � (m0, ó0) 2 È, the two-dimensional function ö is de®ned by

ö1,è(x) � (mÿ m0)ÿ1f f m,ó 0
(x) f ÿ1

m0,ó 0
(x)ÿ 1g, if m 6� m0,

óÿ2
0 (xÿ m0), if m � m0,

�

ö2,è(x) � (ó ÿ ó0)ÿ1f f m,ó (x)ÿ f m,ó 0
(x)g f ÿ1

m0,ó 0
(x), if ó 6� ó0,

f m,ó 0
(x) f ÿ1

0 (x)f(xÿ m)2óÿ2
0 ÿ 1g, if ó � ó0:

�
Let Ó11,è, Ó12,è and Ó22,è be the elements of the matrix Óè. Its determinant is

Ó11,èÓ22,è ÿ Ó2
12,è . 0 for any è 2 È since the functions ö1,è and ö2,è are never almost

surely proportional and therefore Óè is positive de®nite. The integrability assumptions of

Conditions 2 and 3 are satis®ed, and Lemma 1 applies for the same reason as in Example 1.

3. Testing for the contamination of a mixture of p known
distributions by a mixture of q distributions

For integers p > 1 and q > 1, let C p,q be the set of functions from f1, . . . , qg into a subset

of f1, . . . , pg and let S p � f(r1, . . . , r p)T 2 [0, 1] p; r1 � � � � � r p � 1g and S �p �
S p \ ]0, 1] p. We denote a mixture of p� q densities from the family F by

g p�q;ë,è �
Xp�q

j�1

ë j fè j
, ë � (ë1, . . . , ë p�q) 2 S p�q, è1, . . . , è p�q 2 È:

Let è0 � (è0
1, . . . , è0

p) 2 È p be known parameter values of densities from F , è0 having

pairwise distinct components. For a sample (X 1, . . . , X n) with density g, we wish to test

whether g is a mixture of the known densities fè0
j
, 1 < j < p, against the alternative of a

mixture of p� q densities from F , including the p densities fè0
j
, that is,

H0 : g � g p;ë,è0 , where (ë1, . . . , ë p) 2 S �p,

H1 : g � g p�q;ë,è, where ë 2 S �p�q; è1 . . . , è p�q are pairwise distinct in È;

and è � (èT
1 , . . . , èT

p�q)T is such that è � (è0T, îT)T with î 2 Èq,

up to a permutation of mixture components. Let ë0 2 S �p be the actual value of the mixture

proportions and let g0 �
P p

j�1ë
0
j fè0

j
be the true density under H0. By the identi®ability

assumption, there exists a map c 2 C p,q such that under H0 the parameters of a density

g p�q;ë,è of the alternative satisfy
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è p� l � è0
c( l) or ë p� l � 0, 1 < l < q:

Moreover, ë j �
Pq

l�1 Ifc( l)� jgë p� l � ë0
j , for 1 < j < p. We adopt the same notation as in the

previous section and now

Sn � 2 sup
ë2S p�q

sup
è�(è0T ,îT)T2È p�q

X
i

flog g( p�q;ë,è)(X i)ÿ log g0(X i)g

is denoted

2 sup
ë2S p�q

sup
è�(è0T,îT)T2È p�q

fLn( p� q; ë, è)ÿ Ln(ë0, è0)g:

For any map c 2 C p,q, let

Cc � f(ë, è); ë 2 S p�q, è 2 È p�q, è j � è0
j , ë j �

Xq

l�1

Ifc( l)� jgë p� l � ë0
j , 1 < j < p,

è p� l � è0
c( l) or ë p� l � 0, 1 < l < qg

and C � [c2C p,q
Cc be the subset of S p�q 3 È p�q yielding the density g0. From Redner

(1981), for any closed subset S of the parameter space not intersecting C,

limn!1 sup(ë,è)2S

Q
i<n(gÿ1

0 g p�q;ë,è)(Xi) � 0 almost surely and therefore, if n is large

enough,

Sn � 2 sup
c2C p,q

sup
g(ë,è)2N (Cc)

fLn( p� q; ë, è)ÿ Ln(ë0, è0)g,

where N (Cc) is a neighbourhood of Cc.

We ®rst consider c as ®xed in C p,q and we de®ne the ( pÿ 1)-dimensional parameter

Ë(c) and the q-dimensional parameter á(c) in the following way:

Ë j(c) � ë j �
Xq

l�1

Ifc( l)� jgë p� l ÿ ë0
j , 1 < j < p,

á l(c) � ë p� l iè p� l ÿ è0
c( l) i, 1 < l < q:

Let Ë(c) � (Ë1, . . . , Ë pÿ1)T(c) and á(c) � (á1, . . . , áq)T(c), and let ì(c) be the

fp� qÿ 1g-dimensional vector ì(c) � (ËT, áT)T(c). Since
P p

j�1ë
0
j �

P p�q
j�1 ë j � 1, we

have
P p

j�1Ë j(c) � 0 and (Ë1, . . . , Ë p)T � MË, where M is the p 3 ( pÿ 1) matrix having

an identity upper ( pÿ 1) 3 ( pÿ 1) block and ÿ1 for each element of the last row. As the

hypothesis H0 is equivalent to ì(c) � 0, we now use the reparametrization

(ëT, èT)T 7! (ìT, èT)T, where ì � ì(c), and we plug Èq into

~Èc,q � f(u, r) � (u1, r1, . . . , uq, rq); ul 2U, è0
c( l) � rlul 2 È, 1 < l < qg:

With the functions f 0 � ( fè0
1
, . . . , fè0

p
)T, and f 90 � (( f 9è0

1
)T, . . . , ( f 9è0

p
)T)T, g p�q;ë,è is written

as
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g p�q;ë,è � g0 �
Xp

j�1

ë j ÿ ë0
j �
Xq

l�1

ë p� l Ifc( l)� jg

" #
fè0

j
�
Xq

l�1

ë p� l( fèl
ÿ fè0

c( l)
)

� g0 �ËT MT f 0 �
Xq

l�1

ë p� l( fèl
ÿ fè0

c( l)
):

As in Section 2, for any 1 < l < q and c 2 C p,q, there exists a k-dimensional function öc( l)

on È 3 X such that for any è 2 È, fè ÿ fè0
c( l)
� (èÿ è0

c( l))
Töc( l),èg0

. Then we consider the

family of functions hì,u,r,c indexed by c 2 C p,q, by (u, r) � (u1, r1, . . . , uq, rq) 2 ~Èc,q and

by the parameter ì,

hì,u,r,c � g0 1�ËT MT gÿ1
0 f0 �

Xq

l�1

á lu
T
l öc( l),è0

c( l)�rl ul

 !
:

Let ~Yn � (~Y T
1n, ~Y T

2n)T be the ( p� qÿ 1)-dimensional process de®ned by

~Y1n � nÿ1=2
Xn

i�1

(MT gÿ1
0 f 0)(X i) � nÿ1=2

Xn

i�1

fgÿ1
0 ( fè0

j
ÿ fè0

p
)(X i)g1< j , p

and, for c 2 C p,q and (u, r) 2 ~Èc,q, ~Y2n(u, r, c) is now the q-dimensional vector with

components

~Y2n, l(u, r, c) � nÿ1=2
X

i

uT
l föc( l),è0

c( l)�rlul
g(X i), 1 < l < q:

We also denote by ~Ó(u, r, c) the covariance matrix of ~Y1(u, r, c), with a block decomposition

according to the components of ~Y1,

~Ó(u, r, c) � ~Ó11
~Ó12(u, r, c)

~Ó21(u, r, c) ~Ó22(u, r, c)

� �
:

Conditions 1±4 are not modi®ed, except that Condition 2 now says that the function

supë2S p�q
supè�(è0T,îT)T2È p�q jlog g p�q;ë,èj is P0-integrable.

Theorem 2. Assume Conditions 1±4 hold. Then, under H0, the LR statistic for testing a

mixture of the densities fè0
j
, 1 < j < p, against the alternative of p� q densities from F

including ( fè0
j
)1< j< p, converges weakly to

sup
c2C p,q

sup
(u,r)2 ~Èc,q

ZT(u, r, c)Z(u, r, c)IfZ(u,r,c) . 0g,

where Z is de®ned by Z � ~Óÿ1=2
22 (~Ó21Y1 � ~Ó22Y2), and where Y � (Y T

1 , Y T
2 )T is a continuous

centred ( p� qÿ 1)-dimensional Gaussian process with covariance ~Ó.

Proof. By the same arguments as for Theorem 1, for ®xed c 2 C p,q and (u, r) 2 ~Èc,q, the

MLE ì̂n(u, r, c) of ì under the constraints á l > 0, for 1 < l < q, is P0-almost surely

uniformly consistent (as the function h is still linear with respect to the parameter ì, Lemma 3

extends to multidimensional parameters). An expansion of the log-likelihood derivative leads to
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n1=2 ì̂n(u, r, c) � ~Ó(u, r, c)ÿ1 ~Yn(u, r, c)I n(u, r, c)� ~Óÿ1
11

~Y1n(1ÿ I n(u, r, c))� op(1),

where In is the indicator of the set f(~Óÿ1 ~Yn) p . 0, . . . , (~Óÿ1 ~Yn) p�qÿ1 . 0g and where the op

is uniform with respect to (u, r) 2 ~Èc,q.

Under H0, g p;ë,è0 � g0 �
P pÿ1

j�1 (ë j ÿ ë0
j)( fè0

j
ÿ fè0

p
) and the MLE of ë � (ë1, . . . , ë p)

satis®es

n1=2ë̂n � ~Óÿ1
11

~Y1n � op(1):

Hence, by a Taylor expansion, the LR statistic satis®es

Sn � sup
c2C p,q

sup
(u,r)2 ~Èc,q

f~Yn(u, r, c)T~Óÿ1(u, r, c)~Yn(u, r, c)ÿ ~Y1n
~Óÿ1

11
~Y1ngI n � op(1):

Writing

~Óÿ1 � ~Ó11 ~Ó12

~Ó21 ~Ó22

� �
and using the relation ~Ó11 � ~Óÿ1

11 � ~Ó12
~Óÿ1

22
~Ó21, we obtain

~Yn(u, r, c)T~Óÿ1(u, r, c)~Yn(u, r, c)ÿ ~Y1nÓ
ÿ1
11

~Y1n � ~ZT
n
~Z n,

where ~Z n � ~Óÿ1=2
22 (~Ó21

~Y1n � ~Ó22
~Y2n). Hence the LR statistic is

Sn � sup
c2C p,q

sup
(u,r)2 ~Èc,q

~Z n(u, r, c)T ~Z n(u, r, c)If~Z n(u,r,c) . 0g � op(1):

h

4. The mixture of two distributions

It is not obvious that a similar simple reparametrization allows to study the asymptotic

behaviour of the LR statistic under general assumptions. We consider the mixture of two

densities from the family F ,

gë,è1,è2
� (1ÿ ë) fè1

� ë fè2
,

with ë 2 [0, 1] and è1, è2 2 È. Let (X1, . . . , Xn) be a sample with density g. The problem is

to test the hypothesis of a single unknown density H0 : g 2 F against the alternative of a

true mixture H1 : g � gë,è1,è2
for some ë 6� 0, 1 and è1 6� è2. By symmetry of (1ÿ ë, è1)

and (ë, è2) in the mixture, we may assume without loss of generality that ë 2 [0, 1
2
]. Under

this restriction and by the identi®ability assumption, H0 can be viewed as ë � 0 or è1 � è2,

when è2 or ë are respectively nuisance parameters, and in both cases è1 � è0. We assume

that there is no restriction on the parameters of f1 and f 2: this is, for example, the test of a

normal density against a mixture of two normals with a priori different means and variances.

Let è0 be the true unknown value of the parameter under H0, f0 � fè0
, and P0 a probability

with density f 0 with respect to í.

Let Ln(ë, è1, è2) be the log-likelihood of (X1, . . . , Xn) under the mixture density gë,è1,è2
.
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With the restriction ë 2 [0, 1
2
] and by Redner's consistency result, the MLEs have the

following properties: è̂1n converges to the true parameter value è0, and ë̂n ! 0 or è̂2n ! è0,

in P0-probability. Using the reparametrization ì � ëiè1 ÿ è2 i, the score function for è1

determines the score for ì if è2 is close to è0, and we cannot ensure that the information

matrix remains uniformly positive de®nite as è1 and è2 are both in a neighbourhood of è0.

The above approach can be modi®ed with the parameters á � (1ÿ ë)è1 � ëè2 and

â � ëiè2 ÿ è0 i2 > 0 (è0 being unknown, we could prefer to de®ne â � ëiè2 ÿ è1 i2 but the

problem is similar). With ë 2 [0, 1
2
], H0 is then equivalent to â � 0; furthermore,

è1 � è0 � á under H0. The function ö is replaced by a k 3 k continuous matrix function

Ø on È 3 X satisfying fè ÿ f 0 � (èÿ è0)T f 90 � f 0(èÿ è0)TØè(èÿ è0), for any è 2 È.

If è2 � è0 � ru, the mixture density gë,è1,è2
is written as há,â,u,r � 1

2
(1ÿ ë)(è1ÿ

è0)T f 0è� (è1 ÿ è0), where

há,â,u,r � f 0f1� (áÿ è0)T f 90 f ÿ1
0 � âuTØè0�ruug

and where è� is between è1 and è0. Under the assumption that the map è 7! fè is twice

continuously differentiable on È and because Eí f 0è0
(X1) � 0, we have supè�

P
i f 0è�(Xi) �

o(n) P0-almost surely, using the arguments of Lemma 2. With further integrability

assumptions, Ln(ë, è1, è2) �Pn
i�1 log( f ÿ1

0 há,â,u,r)(X i)� oP(niè1 ÿ è0 i2), uniformly on ~È.

However, the components (1ÿ ë)(è1 ÿ è0) and ë(è2 ÿ è0) may balance in á and each may

have a larger norm than á so that, generally, iè1 ÿ è0 i2 cannot be compared to

iái2 � â2.

In the special case where È is convex and where è0 lies on the border of the parameter

space @È � ÈnÈ, there exists a constraint for the sign of the components of èÿ è0, for

any è 2 È. The same constraint holds for the components of áÿ è0, therefore

já j ÿ è0 jj � (1ÿ ë)jè1 j ÿ è0 jj � ëjè2 j ÿ è0 jj and iè1 ÿ è0 i < 2iái, with ë 2 [0, 1
2
]. Then

Ln(ë, è1, è2) �Pn
i�1 log( f ÿ1

0 há,â,u,r)(Xi)� oP(niái2) uniformly on ~È and an expansion of

the ®rst term of the right-hand side of this expression leads to a result similar to Theorem

1, but taking into account the constraint that è0 belongs to @È (cf. Geyer 1994). As this

constraint is very restrictive, we do not detail that case. The limiting behaviour of the LR

test for homogeneity in a mixture of two densities from the same family, without any

restriction, is still an open question.
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