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We consider quantile estimation under a two-sample semi-parametric model in which the log ratio of
two unknown density functions has a known parametric form. This two-sample semi-parametric
model, arising naturally from case—control studies and logistic discriminant analysis, can be regarded
as a biased sampling model. A new quantile estimator is constructed on the basis of the maximum
semi-parametric likelihood estimator of the underlying distribution function. It is shown that the
proposed quantile estimator is asymptotically normally distributed with smaller asymptotic variance
than that of the standard quantile estimator. Also presented are some results on simulation and from
the analysis of a real data set.
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1. Introduction

Let Xy, ..., X, be a random sample from a population with distribution function G and
density or frequency function g. Independent of the X;s, let Zy, ..., Z, be another random
sample from a population with distribution function A and density or frequency function #.
The quantile function associated with G is the function defined by G~'(s) = inf{t; G(¢) = s}

for s € (0, 1). On the basis of the sample X1, ..., X,,, tk}e standard estin}ator of the quantile
function G~!(s) is the empirical quantile function G7'(s), where G is the empirical
distribution function of Xi, ..., X,, given by G(x) = (1/no)> 1> Ix,<x The process

Va(G' — G') is referred to as the quantile process. In this paper, we consider estimating
G~(s) under the following two-sample semi-parametric model in which the two unknown
density functions g and % are linked by an ‘exponential tilt’ exp[a + r(x)p]:
Xiy oo Xo X o), Zy, o, Za R h(x) = expla + r(x)Blg(), (1.1)
where 7(x) = (r1(x), ..., r,(x)) is a 1 X p vector of functions of x, = (B, ...,B,)" is a
p X 1 parameter vector, and a is a normalizing parameter that makes /4(x) integrate to 1. In
most applications, r(x) = x or r(x) = (x, x?).
For r(x) =x, model (1.1) encompasses many common distributions, including two
exponential distributions with different means and two normal distributions with common
variance but different means. Furthermore, model (1.1) with r(x) = x or r(x) = (x, x?) has
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wide applications in the logistic discriminant analysis (Anderson 1972; 1979). Moreover,
model (1.1) with r(x) = x arises naturally from case—control studies. Let Y be a binary
response variable and X be the associated covariate; then the (prospective) logistic
regression model is of the form

exp(a® + xPB)
1 + exp(a* + xB)’

PY =1|X =x) = (1.2)

where a* and 8 are parameters and the marginal distribution of X is not specified. In case—
control studies, data are collected retrospectively in the sense that for samples of subjects
having ¥ =1 (‘cases’) and having Y =0 (‘controls’), the value x of X is observed.
Specifically, let X, ..., X,, be a random sample from F(x|y = 0) and, independent of the X},
let Zy, ..., Z,, be a random sample from F(x|y =1). Ifwr=P(Y =1)=1— P(Y =0) and
f(x]Y = i) is the conditional density or frequency function of X given Y =i for i = 0, 1, then
it can be shown from (1.2) and Bayes’s rule that model (1.1) holds with g(x) = f(x|Y = 0),
h(x) = f(x|Y =1), a=a"+1log{(l —m)/x} and r(x) =x. For an exposition on the
application of logistic regression to case—control studies, see for example Breslow and Day
(1980), Prentice and Pyke (1979) and Farewell (1979). For a specially designed exponential
family of densities obtained by putting an exponential family ‘through’ a kernel estimator,
Efron and Tibshirani (1996) considered density estimation by employing Poisson regression
techniques. It can be shown in the case of two-sample problems that Efron and Tibshirani’s
exponential family of densities coincides with model (1.1) with 7(x) = (x, x?).

As an alternative to the two-sample location—scale model, model (1.1), which is
reminiscent of the Cox proportional hazards model, is equivalent to a two-sample semi-
parametric model in which the ratio of two unspecified density functions has a known
parametric form. Furthermore, that we test the equality of G and H can be regarded as a
special case of model (1.1) with a = 8 = 0. Moreover, model (1.1) can also be viewed as a
biased sampling model with weight function exp[a + r(x)3] depending on the unknown
parameters a and (. Vardi (1982; 1985), Gill et al. (1988) and Qin (1993) discussed
estimating distribution functions in biased sampling models with known weight functions.
Fokianos et al. (1998) have applied model (1.1) with #(x) = (x, x?) to a data set from
spaceborne precipitation radar and a spaceborne radiometer. Gilbert et al. (1998) have
employed model (1.1) with 7(x) = (x, x?) to analyse HIV vaccine trial data for assessing
differential vaccine protection against human immunodeficiency virus types. For a more
general model /(x) = w(x, 8)g(x), with w non-negative and of a known parametric form,
Gilbert et al. (1999) have discussed identifiability issues and maximum likelihood
estimation of @ and G. One application of estimating G is to test the validity of model
(1.1) or to test the consistency of the ‘exponential tilt’ in model (1.1). Qin and Zhang
(1997) considered a goodness-of-fit test for logistic regression model (1.2) based on case—
control data by employing the maximum semi-parametric likelihood estimator of G to test
the wvalidity of model (1.1) with 7(x) = x. Another application of estimating G is to
facilitate estimation of functionals of G such as the generalized impact fraction discussed
by Drescher and Becher (1997). In the present paper, however, we are interested in the
problem of estimating quantiles of G under model (1.1). Note that since the form of g(x) is
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not specified, statistical inferences based on model (1.1) would be more robust than those
based on a full parametric model in which the form of g(x) is known.
Under model (1.1), the standard empirical quantile function G~!(s) based on the (control)

sample X1, ..., X, ignores the information contained in the (case) sample Z;, ..., Z,. In
this paper, we consider an alternative yet appealing estimator of G~'(s), which takes both
samples Xy, ..., X, and Zi, ..., Z,, into account. Our approach is first to estimate the

parameters « and 8 by maximizing a semi-parametric likelihood function and then to obtain
the maximum semi-parametric likelihood estimator G of G by putting weights on all the
observations X; and Z;. This approach leads us to estimate G~ !(s) by G!(s). 1t is shown
that G~1(s) is asymptotically normal with smaller asymptotic variance than that of G’l(s)
for each s € (0, 1). The maximum semi-parametric likelihood estimator G of G is derived
in Section 2 by employing the empirical likelihood method developed by Owen (1988;
1990). For a more complete survey of developments in empirical likelihood, see Hall and
La Scala (1990) and Owen (1991).

This paper is organized as follows. In Section 2, we propose an alternative quantile
estimator G~'(s) by deriving the maximum semi-parametric likelihood estimators of a, f
and G. Section 3 pertains to the asymptotic relative efficiency of the maximum semi-
parametric likelihood estimator of (a, ) relative to the maximum likelihood estimator
(a, B) under a two-sample parametric model. Section 4 concerns the asymptotic behaviour
of G'(s). Some numerical results are presented in Section 5 to demonstrate the
performance of the proposed quantile estimator. Finally, proofs of the main theoretical
results are provided in Section 6.

2. The modified empirical quantile function

Let {Ty, ..., T,} denote the pooled sample {X1, ..., Xn; Zi1, ..., Zy, } With n = ny + ny.
Based on the observed data in (1.1), we can write the likelihood function as

S . &) =[] d6x) [ (2 d6(z)) = {Hp,} {H w(zj)},
i=1 =t i=1 =1

where w(x) = expl[a + r(x)B] and p; = dG(T;), i =1, ..., n, are (non-negative) jumps with
total mass unity. Similar to the approach of Owen (1988; 1990) and Qin and Lawless (1994),
it can be shown by using the method of Lagrange multipliers that the maximum value of 7,
subject to constraints > p; =1, p; =0, > pAw(T;) — 1} = 0, is attained at

N 1 1
pi=— - =,
no 1+ pexpla + r(T;)P]

@2.1)

where p = n;/ng and (@, B) is the maximum semi-parametric likelihood estimator of (a, )
obtained as a solution to the following system of score equations:
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olla, B) _ Z pexpla +r(THpl
da 1+ pexpla+rTHBl
az(a B) pexpla + r(T;)p]
Z "z = Z [+ pexpla + HT)B]

r(T;) =0,
with /(a, ) being the profile log-likelihood function of (a, 5) given by
n n
a, f) = Ta+r(Z)p1 = log{1+ pexpla + r(T))B]} — nlog no. 22
= =1

As a result, the maximum semi-parametric likelihood estimator of G(f) is identical to

~ o 1 & Iir,<q
G(t)= ) pilir<n=— a —. (2.3)
; = g ; 1+ pexpla + r(T;)p]

On the basis of G in (2.3), we propose, under model (1.1), to estimate the quantile function
G~!(s) by G~ !(s) for s € (0, 1). Throughout this paper, we refer to the function G~!(s) as the
modified empirical quantile function and the process \/ﬁ(é’l — G7) as the modified
quantile process.

Remark 2.1. The profile log-likelihood function /(a, ) in (2.2) can alternatively be written as
no n
Ko, )= [(=a) + rX)(=B)] = Y log{1 + p~" expl(—a) + HT)(—P)]} — nlog n:.
i=1 i=1

This can also be derived from the following two-sample semi-parametric model:

Xiy oo X ™ g(x) = expl—a — r)BIAG),  Ziso.ns Zn KRG). (2.4)

Thus, the maximum semi-parametric likelihood estimator (a, B) of (a, B) is the same under
model (1.1) as that under model (2.4).

Remark 2.2. Remark 2.1 indicates that H(f) can be estimated by

- 1 & 1 & ~
H(t)=— ..]ig = Nl-ex [&+VT, ]] =<tf]» 2.5

O 2 Ty el i) ™ AR T G
where p; is defined in (2.1). On the basis of A in (2.5) and under model (1.1), the quantile
function H~!(s) associated with H can be estimated by H~'(s) for s € (0, 1).

Remark 2.3. Our proposed procedure can also be applied to mixture sampling data in which
a sample of n = ny + n; members is randomly selected from the whole population with both
ny and n; being random.

We close this section by presenting the following theorem whose proof is similar to that
in Prentice and Pyke (1979) and to that in Qin and Zhang (1997).



Quantile estimation under a two-sample semi-parametric model 495

Theorem 2.1. Let (ay, fBo) be the true value of (a, f) under model (1.1). Let

[ explag + 7(x)fo] _
AM—L@I SR SO A6, A= (o)

_ [ __explao + r()pBol] B
A = | PRI 4G, An = (o)

2= J explon + o) r(0)r(x)" dG(x),

1+ pexplag + r(x)Bo]
1 0
e I
0 0 I+p

(@) If model (1.1) holds and A~ exists, we can write

4 [ A A, ’ s_Lltp
Ay Axn P

al(aoﬂ ﬁo)
a — ag 1 da.
- =-5! + 0,(n71?),
(ﬁ ) ) n Ol(a, o) » )
op
where
Al(a, Po) _ ol(a, P) and Al(a, Po) _ ol(a, B)
Oa 9 (e py=(aopo) 9p B @p=aopo
As a result,

{3 v

(b) If model (1.1) holds and A~" exists, we can write

G(1) — G(1) = Hi(1) — Ha(t) — G(1) + Ru(0), (2:6)
where
dl(ao, Bo)
_1y5 Iir<q P e da
MO =00 T poplan + Do 120 = @O AGOSTH oy |
op
(2.7)
and the remainder term R,(t) satisfies
(2.8)

sup | R, (0| = 0,(n""7?).

—OO0S IS0

As a result,
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VG -G LW in D[-oo, 0],

where W is a Gaussian process with continuous sample path and satisfies, for —oo < s <
= 00,

EW(t) =0,

(o) (o))
EW(s)W (1) = p(1 + p)(A11(s), A1,(s)) A : 2.9
Ap()

3. Asymptotic relative efficiency of (e, ﬁ)

In this section, we consider the asymptotic relative efficiency of the maximum semi-
parametric likelihood estimator (@, B) relative to the maximum likelihood estimator of (a, )
under the following two-sample parametric model in which (X, ..., X)) and (Z;, ..., Z,,)
are independent and

X1, ooy Xoy ™ g(x) = exp[0 T(x) + d(6)) + S()],

Zi, . Zn, " (x) = expl02T(x) + d(02) + S, @3.1)

where 0 and 6, are real parameters and d(-), 7(-), and S(-) are real-valued functions. In other
words, we assume that the distributions of both X; and Z; belong to the one-parameter
exponential family of distributions (Bickel and Doksum 1977, p. 67). It is easy to see that
model (3.1) is a special case of model (1.1) with a=d(6)—d(6,), f=6,— 60, and
r(x) = T(x). Let 6, and 6, denote, respectively, the maximum likelihood estimators of 8, and
0, under model (3.1). Then according to the standard results on maximum likelihood
estimation in e}ponentlal families, we can show that ,/n (01 0))— N(0, [-d"(6)]") and
N4 (02 6,) — N(0, [-d"(6,)]"!). Furthermore, according to the invariance property of
maximum likelihood estimation, the maximum likelihood estimators of a and ﬁ under model
(3.1) are, respectively, given by a = d(92) d(9]) and ﬁ 0, — 0. Slnc&Z 0, and 0, are
independent, dlt can be shown after some algebra that /n(a — ag)— N(O, 02) and
\/_(ﬂ Bo)— N(O, 02) where (a, Bo) is the true value of (a, §) under model (3.1) and

2 2
62 = —(1 +p)<[d (01)] +l[d (62)] >’ 0/2;, S +p)<#+lL>, (3.2)

d"6)  p d"6) d"(6,)  pd"(6)

Equations (3.2), along with part (a) of Theorem 2.1, imply that the asymptotic relative
efficiency of a relative to & is given by

oo ([dODP | 1[d'(6)F / l+p 1 Ay
e(a, a) = ( d"(6y) +p d”(02)> ( p PA11A22—A12> (3.3)
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and the asymptotic relative efficiency of ﬁ relative to B is given by

sy (L 1 U N/l An
&b =~z )/ (pAllAzz—Aﬁ)’ .

where Ay, A1, and A4y, are defined in Theorem 2.1 with r(x) = T(x).

Example31 Let X, ...,X,,Olrlej N(6,, 1) and, independent of the X; let Z;, ...,
Z, "8 N(6,, 1). Then model (3.1) holds with d(6;) = —63/2, d(6,) = —62/2, T(x)= x,

S(x) = —{x? 4 log(2m)}/2 and model (1.1) holds with a = (67 — 63)/2 and =6, — 6.

According to (3.3) and (3.4), the asymptotic relative efficiency of a relative to & is given by

0 a/ 1
e(a, a) = (po7 + 6) (A”Azz ey (+p)>

and the asymptotic relative efficiency of ﬁ relative to ﬁ is given by

Y ey
where 411, A1z, and Ay are defined in Theorem 2.1 with #(x) = x. It can be shown that if
a = —f%/2, then e(f, B) remains the same when p is replaced by p~!. Table 1 presents some
numerical values of e(a, &) and e(B, ) when 6; =0, 6, =1 and n = 60. As expected, the
maximum likelihood estimators & and_f are more efficient than the maximum semi-
parametric likelihood estimators & and f and the values of e(8, 5) are the same for p and
p .
Example32 Let X1, ..., Xy, L g(x) = 0, exp(—6,x) and, independent of the X;, let Zj,
ey Ly, e "h(x) = 6, exp(—6,x). Then model (3.1) holds with d(6,) = log(6:), d(6;) =
log(6;), T(x) = —x and S(x) =0, and model (1.1) holds with a = log(6,) — log(6,) and
= 60, — 0. According to (3.3) and (3.4), the asymptotic relative efficiency of & relative to &
is given by

=(1 —— (1
(@, @) = (+p)/(A“A22 o (+p)>

Table 1. Asymptotic relative efficiencies e(a, &) and
e(ﬂ ﬂ) when 6, =0, 6, =1 and n = 60

(no, m1) p e(d, @) eB, B)
(50, 10) 0.2 0.884 74 0.742 10
(40, 20) 0.5 0.82944 0.674 49
(30, 30) 1.0 0.784 88 0.65671
(20, 40) 2.0 0.74121 0.674 49

(10, 50) 5.0 0.689 18 0.74210
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and the asymptotic relative efficiency of ﬁ relative to [3 is given by

a7 2
)= 0+ 0 | T
where 411, 412, and Ay, are defined in Theorem 2.1 with r(x) = —x. Table 2 presents some
numerical values of e(a, a) and e(f, ) when 6; =1, 6, =2 and n = 60. As expected, the
maximum likelihood estimators & and ﬂ are more efficient than the maximum semi-
parametric likelihood estimators & and ,B It is seen that the values of e(ﬁ ,8) ranging from
0.67 to 0.92, are slightly more variable than those of e(a, &), ranging from 0.71 to 0.87.

4. Asymptotic results

In this section, we study the asymptotic properties of the modified empirical quantile function
G~!(s). To this end, let (ao, Bo) be the true value of (a, ) under model (1.1). We assume that
p = n1/ng is positive and finite and remains fixed as n = ng + n; — oo.

We first establish the weak convergence of the modified quantile process \/ﬁ(é‘l -G
to a Gaussian process on a subinterval of [0, 1] by expressing G as the mean of a sequence
of independent and identically distributed stochastic processes with a remainder term of
order op(n’l/z).

Theorem 4.1. Let 0 <a <b <1 be given. Suppose that the conditions of Theorem 2.1 hold.
Suppose further that G has continuous positive density g on [G~'(a) — e, G~'(b) + €] for
some &> 0. Then, one can write

G7(8) = G'(5) = Qu(s) + (), 4.1
where
H(G'(5) = Hy(G'(s)) = 5
W(8) = — 4.2
e £(G 1) “2
and the remainder term r,(s) satisfies
sup |7y(s)] = op(n~'/?). 4.3)

ass<b

Table 2. Asymptotic relative efficiencies e(a, @) and
e(f, p) when 6, =1, 6, =2 and n =60

(no, m) p e(d, @) eB, B)

(50, 10) 0.2 0.87092 0.92136
(40, 20) 0.5 0.786 96 0.847 83
(30, 30) 1.0 0.733 69 0.778 69
(20, 40) 2.0 0.706 86 0.71573

(10, 50) 5.0 0.71565 0.67143
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As a result,

VAG =G LG g(GTY)  on Dla, b], (4.4)
where V is a Gaussian process with continuous sample path and satisfies, for —oco < s <
= 00,

EV(t) =0,

1 Aqq(t
EV(S)V(H) = (1 + p)d GO)[1 — G(D] — p(Ai(s), ATy(s)) (MO s
0 Ap(?)

Theorem 4.1 enables us to establish the asymptotic normality of the sample quantiles

associated with G. We present two results. The first concerns the asymptotic joint
distribution of k sample quantiles, whereas the second pertains to the asymptotic
distribution of a single sample quantile &, = G~!(qg).

Corollary 4.1. Let 0<q; < ... <gqy <1. Suppose that the conditions of Theorem 2.1 hold.
Suppose further that G has continuous positive density g in neighbourhoods of G™'(q1), ...,
G~ '(qx). Then as n — oo,

VG g~ G ). -, G (gw) — G (qu) > Ni(O, B),

where 0= (0,0, ...,0)T and B = (bij)kxr with

1+p
2(G(9:)g(G " (q)

1 A1(G~(g))
X{qi(l_qf)_”m”ml(qf»» ATZ(Gl(ql-))]K >_Al< o )]}
0 A12(G7(q)))

(4.6)

by =

and b = bj; for i> j.

Corollary 4.2. Let 0 <qg<1. Suppose that the conditions of Theorem 2.1 hold. Suppose
further that G has a continuous positive density g in a neighbourhood of G='(q). Then, as
n— oo,

V(G (q) = G (@) N, oY),
where
%:w 1 — _ A G—l AT G—l (1) _A_l All(Gil(q))
0% [gﬂ?lﬁnﬂz{q( 9 = plAN(G(9), (G @ || Ay ) | [
4.7)
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Remark 4.1. The results in Theorem 4.1 and its corollaries also hold for A~!(s) defined in
Remark 2.2. We only need to replace p by p~! and (ao, Bo) by (—ag, —fo) in (4.5)—(4.7).

Next we consider the asymptotic relative efficiency of the standard quantile estimator
Eq =G (g) relative to the proposed quantile estimator Eq = G !(g). On the basis of the
(control) sample X, ..., X,,, let

2 q(1 —¢q)

£ [g(G ()P

be the asymptotic variance of \/_E,q If lim,—oo Var[\/‘{;'q] = 0 and lim,_ var[\/_E]

= 057 then
. Var(éq) var[/ nOéq] Oé
v var(&,) (+ p)”ll’l;o var[y/n&,] () aé

This motivates the following definitions regarding the asymptotic relative efficiency of Eq
relative to §q Under the conditions of Corollary 4.2, we define the asymptotic relative
efficiency of &, relative to &, by

oz

a1+ )0’

An (G
=1 _¥ p[All(G l(q)) A (G l(q))] _A,I 11( ) ((’I)) ‘
q(1 —q) A1(G l(q))

The following corollary, which is a straightforward consequence of (2.9), indicates that the
proposed quantile estimator 5(, has smaller asymptotic variance than the standard quantile
estimator &,. Thus, Eq is more efficient than gq under model (1.1).

e(&q, gq)

Corollary 4.3. Under the conditions of Corollary 4.2, we have e(éq, .{,;q) < 1.

Finally, we consider estimating the asymptotic variance 0 given in Corollary 4.2. On the
basis of G in (2.3), we propose to estimate 02 by

-2

52 G(E, + by) — G(E, — by)
L e ]
1\ _ [AuE)
x g1 — ) — plAn ;). ALE,)] ( )—A*(fl f’) . (48)
0 A12(&y)

where
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A = Z _expla+ nT)p] - lz expla + r(T:)p]

~ I is<t]»
Vkpexpla+r(THBl 0 ms {1+ pexpla+ n( TR
. "\ expla+ r(T)P] expla + r(T)B]
A = i i t__ T)Ir,<q,
SO=2 P pexptat ity 0 Z{1+pexp[a+r(r)ﬁ]}2( M=
A Z/IH(OO), A 21512(00),
fizzzznjﬁ LTy 1y =y I

1+ pexpla+ H(T)B] = {1+ pexpla+ r(THP1}

Note that g(¢) = (2b,) '[G(t + b,) — G(t — b,)] is a special case of the following kernel
estimator of the density function g(7) of G(?),

1 t—y\ =
o(t) =— | K| — ) dG
a0 = [k (552) a6on
when K is the uniform kernel function, that is, K(x) :% if xe[—1,1) and K(x) =0 if
x¢[—1, 1).

Under the conditions given in Corollary 4.2, it can be shown that

A = 4G g) +o,(1), A = 4(G7H (@) +0)(1), A=A+ 0,(1).

Moreover, if nbi — 00 as n — 00, then we can show under the conditions of Corollary 4.2
that

G(éq + bn) - G(éq - bn)
2b,

= g(G (@) + 0p(bn) + Opn 20,1,
Therefore, we have the following result.

Theorem 4.2. Under the conditions of Corollary 4.2 and the condition that nbi — 00 as
n — oo, we have

where 52: is given by (4.8).

5. Numerical results

In this section, we report the results of a real data problem and a simulation study.
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5.1. An example

By employing the logistic regression model (1.2), Hosmer and Lemeshow (1989) analysed the
relationship between age and coronary heart disease status based on a study of 100 subjects.
The complete data set is listed on page 3 in their book. Let X denote age and ¥ =1 or 0
represent the presence or absence of coronary heart disease; then the sample data (X;, Y)),
i=1,...,100, can be thought of as being drawn independently and identically from the
joint distribution of (X, Y). Remark 2.3 implies that our proposed procedure can be applied
to this data set. By fitting model (1.1), we have (a, ) = (—5.02760, 0.11092). Since
ny = 57 and n; = 43, we can estimate o™ in model (1.2) by a* = —5.027 60 — log(57/43) =
—5.309451, which coincides with Hosmer and Lemeshow’s result. Figure 1 shows the curves
of four estimated quantile functions G~'(s), G~'(s), H~(s), and H~'(s) for s € (0, 1). The
curve of G!(s) (H!(s)) bears a resemblance to that of G- I(s) (H™'(s)). In addition, the
left-hand panel of Figure 1 reveals that the median age in the disease-free population is
estimated to be G 1(0.5) = G!(0.5) = 38, whereas the right-hand panel of Figure 1
indicates that the median age in the diseased population is estimated to be H~'(0.5) = 53 or
H~'(0.5) = 54. According to Corollary 4.3, Theorem 4.2 and equation (4.8), an approximate
95% confidence interval for G~1(0.5) is glven by I = (34.16, 41. 84) on the basis of G. On
the other hand, based on G and 62 = [{G(§05 + by) — G(Eos bu)}/bn]7% an
approximate 95% confidence interval for G~ 1(0.5) is given by [ = (34.05, 41.95). Tt is seen
that 7 is narrower than I, indicating that statistical inference based on G is more accurate than
that based on G. In computing I and I, we chose b, = = b,, =4.0 so that the curve of g
resembles the curve of g(¢) = (1/b,,) [K((t — y)/bno)dG(y)

5.2. A simulation study

In our simulation study, we consider estimating the first quartile G~'(0.25) of G. We assume
that g(x) is the standard normal density function and #%(x) is the density function of an
N(u, 1) distribution. It is easy to see that g(x) and A(x) are related by
h(x) = exp(a + xf)g(x), where a =u?/2 and B =u. Thus, model (1.1) holds with
r(x) =x. Let u=1 be fixed. Our aim is to compare the performance of &y,5 = G~'(0.25)
with that of &5 = G1(0.25) by examining their biases, variances and relative efficiencies.
In our simulations, we generated, for each pair (ng, n1), 1000 independent sets of combined
random samples of size n = 60 from the N(0, 1) and N(1, 1) populations. The simulation
results are summarized in Table 3.

In Table 3, blas(So 25) and Var(Eo 25) stand for, respectively, the average of 1000 biases of
50 25 and the sample variance of 1000 estimates §0 25, Whereas bias(§ps) and var(&) 25)
stand for, respectively, the average of 1000 biases of Eo. 25 and the sample variance of 1000
estimates £y,s. In addition, we use Var(&) 25) and Var(&) 25) to represent, respectively, the
averages of 1000 variance estimates of 50 25 and of & 5. Moreover, e(&o 25, §0.25) stands for
the relative efficiency of 50 25 relative to 50 25, that is e(Eo 25, 50 25) = var(&) 25)/var(§o 25).
Finally, in calculating variance estimates, we have employed (4.8) with g = 0.25 to estimate
the asymptotic variance of &0 25, and have employed 0 [{G(&) 25 + by) — G(Eg 25 —
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Figure 1. Estimated quantile functions G- L(s), G- 1(s) H™'(s), and H- I(s) for s € (0, 1). The solid
curve and dashed curve on the left panel represent G~'(s) and G~(s), respectively, while the solid
curve and dashed curve on the right panel stand for H~'(s) and H~'(s), respectively.

bu)}/ b,,o]*2 to estimate the asymptotic variance of 50,25. In this simulation study, the
bandwidths b, and b,, were selected according to the optimal bandwidth /Agy =
ky P K201 L)} dx] /5 n 15 in the usual kernel density estimation (Silverman
1986, p. 40), where f(-) is the density function of the population distribution and
ky = J'sz(x)dx with K being the uniform kernel function given in Section 4. It can be
shown that /gy = (124/t/n)!/> when the population distributions is N(0, 1). Consequently,
we take b, = (12y/a/n)'/% and b,, = (12y/7/np)"/* in our simulations.

It is seen from Table 3 that the biases and variances of &5 are all smaller than those of
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Table 3. Biases, variances, and efficiencies of &y»s and &) s

(no, m) p  bias(Eoas) bias(Eoas) var(Bons) var(Boos) var(Goas) vVar(oas)  e(Eoas, Eoas)

(50, 10) 0.2 0.01408 0.01302 0.03813  0.03720 0.04310 0.04120 0.97561
(40, 20) 0.5 0.04619 0.00832 0.04742  0.04300 0.05322  0.04991  0.90679
(30, 30) 1 0.00799  0.00540 0.06514  0.05680 0.07738  0.06377 0.87197
(20, 40) 2 —0.08444 0.00102 0.09713  0.07721  0.13585 0.09011  0.79491
(10, 50) 5 0.03556 0.02582 0.17238  0.12756  0.27870  0.15209  0.73999

5025 for various values of (79, n1). By examining the magnitude of the relative efficiency
e(&o0.25, §0.25), we see that the improvement of the proposed first quartile estimator §o2s over
the standard first quartile estimator &5 in terms of variance reduction is more apparent as
p =mny/ny gets larger. This phenomenon is not unexpected because, on the basis of the
(control) sample Xi, ..., X,, we would expect to estimate G~!(0.25) by &pas less
accurately when ny gets smaller. With regard to the variance estimates, Table 3 indicates
that the proposed estimator 62 in (4.8) works well in most cases. This simulation study
indicates that when the second sample Z;, ..., Z, is available, it is advantageous to
employ the proposed quantile estimate G~'(s) to estimate G~'(s) because G~!(s) improves
G"(s) in terms of variance reduction for various values of p and such an improvement is
expected to be even more obvious for p = 1.

6. Proofs

First we present a lemma which will be used in the proof of Theorem 4.1.

Lemma 6.1. Let 0 < a < b<1 be given. Suppose that model (1.1) holds and the conditions of
Theorem 2.1 hold.

(@) SUP_co=i=oc|G(1) = G(1)] = Op(n™ /). )

(b) If G has continuous positive density g on [G~'(a), G~1(b)], then sup,=s=p|G~(s)
- G| =0,(n )

(©) supu=s=b|G(G™'(5)) — 5| = Op(n").

(d) If G has continuous positive density g on [G~'(a) — & Gil(b) + €] for some € >0,
then (‘/3; any C>0, SUPG-1(ay=x=G-1(5) SUP|y—yj=cn-12|G(x) — G(¥) — G(x) + G(y)| =
op(n="/7).

Proof. Part (a) is a straightforward consequence of part (b) of Theorem 2.1 along with
G(1) — G(1) = G(1) = G(1) + [G(1) — G(1)] and SUp_ao==ao| G(1) — G(D)| = Op(n~'/?).
For part (b), since max<;<,p; < 1/ny = (1 + p)/n by (2.1), it follows from part (a) that
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Ap=max  sup |5 — G(Tp)| < max |G(T(1)) — G(T(p)| + max \G(T(z ) — G(T»)|
T G(T)<s=G(T)
<2 sup |G(r)— G(1)| + max p; = O,(n""/?), (6.1
—00< 1< 00 1=<isn
where T(1y < T(p) < ... < I, are the order statistics of T}, ..., T, and T(p) = —o0. Since G

has continuous positive density g on [G~!(a), G~'(b)], g(G~'(s)) is bounded away from zero
on [a, b], which, along with (6.1), implies that

sup |G '(s) — G '(s)| < max sup | Ty — G ()|
a<s<b I<i<n G(T(i-1))<s<G(T(3))
— max sup |G"H(G(Tw) — G (s)|

Isisn G(Tji-1)<s<G(T(»)

< { sup ]A,, +0,(A,) = O,(n~'/?).

ass<b g(G 1( ))
For part (c), we have

sup [G(G () —s| < max  sup  |G(Ty)—
ass<b SIS0 G111 <s=G(Tyy)
< 1111,a<x lG(T(t)) - G(T(z l))| = max pl Op(nil)-

Turning to the proof of part (d), let 6, = Cn~'/? and {m,} be a sequence of positive
integers such that m, = [n?] with 0 >%, where [1n?] denotes the largest integer less or equal
to n’. We first divide the interval [[m,G'(a)]/m,, [m,G~'(b) + 1]/m,] into subintervals
I, =[t;, tiy1] for i=0,1,...,d,—1, where t; =([m,G ()] + k)/m, for k=0, 1,

..,d, with d,=[m,G ' (b)+1]—[m,G '(a)]. We then subdivide each interval
[t — [mn0y, + 11/ my, t; + [m,0, +1]/m,] for i=0,1,...,d, into subintervals I; =
[t ti+n] for j=—b,, ..., b,—1, where t;=t;+j/m, for j=—b, b,+1, ...,
b,—1, b, with b, = [m,0, + 1]. Now let

a,:G(l‘j+1)—G(l‘i), aij: G(ti(j+1))—G(ll'j'), ZZO, ey dnsj:_bm ey bm
Zy=[H(t;)) — Ha(t;)) — G(t)] — [Hi(ty) — Ha(ty) — G(ty)], i=0,...,dn, j=~bp, ..., by,

Hy(x, y)=G(x)— G(») — Gx)+ G(y), K,= max max |H,(t; t;), (6.2)

0<i<d, —b, <j<

where H| and H, are defined in (2.7). Since G has continuous density g on [G~'(a) — &,
G '(b)+¢], g is bounded on [G'(a) — &, G (b)+¢], that is g(x) < M, for all x in
[G'(a) — &, G7'(b) +¢], with My being some constant. Furthermore, applying the mean
value theorem gives maxo<;<4, @i < My/m, and maXo<;<4, Max_, <;<p,a; < My/m, for
large n. These facts, along with the monotonicity of G and G, imply that, for large #,
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2M;,

sup sup  |H,(x, y)| < K, + (6.3)
LSSt LS YStigen my
Inequality (6.3) further implies that, for large n,
sup sup |G(x) — G(y) — G(x) + G(y)| < max sup max sup | Hu(x, y)|
G (a)=x<G~1(b) |[y—x[<d, O=i=d, xel; —bp=<j<b,—1 LS YStiGivn
2M
<K,+=L=K,+o0n'?. (64

n

Thus, in order to prove part (d), it is enough to show that K, = op(n’l/ 2). For this purpose,
by (6.2), (2.6), and (2.8), we have

K, = omax  max \LH:(t:) — Ha(t:) — G(t)] — [Hi(ty) — Ha(ty) — G(t)] + Ra(t:) — Ru(ty)|
< max max |Z;+2 sup R,(x)= max maxb |Zs| + op(n~ 12y, (6.5)

Osisd, —b,<j<b, —oo<x<oo Osisd, —b,sjs

It now suffices to show that maxo<j<q, max_;, <j<p,|Z;| = op(n‘l/z). For this purpose, it can
be shown after extensive algebra that

Tpn=i) — =iy ) 1 1
max max var ! <M (6, +—) =0n?,
0<i<d, —b,<j<b, (1 + pexplag + r(X1)Bo] AN my ( )

plizi<i) — I[Zlgli/] > ( 1 ) —1/2
max max var < pM/|0,+— ) =0(n ,
0sisdy —by=<j<b, (1 +pexplag + r(Zfol) My =

1
A — pA <M — ) =0om""?
omax  max |pdui(t) = pAn(y)| f(é +mn> O(n™7%),

1\ /2
max max |pdk(#) — 2(ty)|sM,M}/2(én+m—> ) (6.6)

O=<i<d, —b,<j<b,

where M, = max <<, Eg|re(X1)[?]'/? and 4%(:) for k=1, ..., p are defined in (6.10).
According to (6.2) and (2.7), we can write
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max max |Z]
0<i=d, —b,<j<b,

I & = — Iin=ey)
= max max |— s G(t;)) — G(t;;
0=i=d,~b,=j<b,|no <= 1 + pexplag + r(Ti)Bo] — [6() = Gy

dl(ao, Po)
oa
=B Lan) — Ay, ATy — ATy(e18™!
dl(ao, Po)
op
= max max 1 foama =~ oo [G(t;) — G(1)]

0=i=d, ~b,=<j<b,|ng <= 1 + pexp[ao + r(Xx)Bo]

i ! p[[ [Zy= - I[Zk\f,,]
n <=1 +PCXP[(10 + 1(Z )Pl

= [Ga(2) — Ga(2)]

0l(ao, Po)
oa
~PLan() = An(y), A1) — AL 1S
" 0l(ao, Bo)
op

1 &

1 <t — 1 r=<t;]
Z e il [G(1y) — G(t,,n‘

< max max
ng 4= 1+ pexplag + r(X )Pl

o=sisd, —b,<j<b,

l Pz, <1 _I[ZA\I ]
Fme e [ (G20~ Gt
0l(av, Bo)
da
+ max  max _[All(t)_All(tzj) Ap(t) — AL ()]s~ . (67)
T Ol(a, o)
op

where Gi(7) = L’OC 1/{1 4+ pexplag + r(x)Bol} g(x)dx and G,(¢) = G(¥) — G1(#). To deal
with the first term in (6.7), for any A >0, using (6.6) and Bernstein’s inequality (Serfling
1980, p. 95) gives
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<\/_ max  max

o=sisd, —b,<j<b,

1 Iix=i) — Tixi=y) )
Lﬂmmw%mW]WM)awﬂFo

o535

d, b,
sz P(

i=0 j=—b,

k=1

- Iixe=i1 = Iix=y } ‘
d Gi(t)) — Gi(t >0 ,nok
Z[l + pexplag + r(X)pol ~ G0 = Gy o

noéi/lz = o(1) as n 00
= — .
2M1(6n+m;1)+%énl ’

Since A is arbitrary, we can conclude that

=< 2(d,+ 1)2b, + 1)exp <—

1 & Ix<iy — Tx=uy) —1
— Gi(t) — Gi(t;)]| = ). (6.8
s A £~ 1+ pexplag + r(Xi)bo] ~[Gilt) = GilEpl) = 0,75 (6:8)

Similarly, we can show that

,0[1 [Zr<t] _[[Z/,\tv] ~1/2
Go(t)) — Ga(t)]| = (6.9
 max  max nokzl o oxplas T r(Zoge L0 = Gt = op(n™). - (69)

To deal with the third term in (6.7), note from part (a) of Theorem 2.1 that

Ol(ao, Bo)
I da _ ~1/2
S| ot oy | =
op

Moreover, define

Ak (1) = Jt explao + ) a6, k=1, p.

—oo I+ pexplag + r(x)Bo]

Boj = p[An(t:) — An(ty)], B = p[Aby(t) — Ah (1)), k=1,.

< P
Bjj = (Boij, Bijj, - -+ Bpip), (6.10)
dl(ao, Po)
1 oa
L=(Ly, Li,..., L)' ==S""
n dl(ao, Po)
op
According to (6.6) and part (a) of Theorem 2.1, we have
Jmax  max |Bii| = O(n™ %), Ly = 0, (n"/?), k=0,1,..., p.
<l< — <j$

Thus



Quantile estimation under a two-sample semi-parametric model 509

dl(a, Po)
p T T -1
AN (t) — An(ty), A(t) — AL (t)1S
omax  max - LAn(4) = Anlty), Ap(1) = A1) dl(ao. fo)
op

= max max

0O<i=<d, —b,<j<b,

P
> Bl
k=1

Combining (6.7), (6.8), (6.9) and (6.11) yields

P
=< ; |Lk\[ max maxbn|Bkij| = Op(n_3/4). (6.11)

Os<isd, —b,<j<

max  max |Z] = 0,(n"2) 4+ 0,(n" V) + 0,(n73*) = 0,(n"/?). (6.12)

0<i<d, —b,<j<b,

Combine (6.5) and (6.12) gives K, = op(n‘l/z). This completes the proof of Lemma 6.1
according to (6.4). O

Proof of Theorem 4.1. For convenience, we use G 'GG !(:) etc. to denote composite
functions. Let

rai(s) = —=[G'GG () — GT' GG (s) + Qu(s)],
ria(s) = GT'GG7(s) — GTIGGT () + GT'GG(5) — GGG (s),
ri(s) = GGG () — G '(s);
then it is easy to see that
G7(8) = G(5) = Ouls) + ru(s) + raa(s) + ra(s). (6.13)
Let %(s) = GG~ '(s); then sup,=,=p|%(s) — 5| = O,(n~'/?) by part (a) of Lemma 6.1. Since G

has continuous positive density g on [G~'(a), G~'(b)], g(G~'(s)) is bounded away from zero
on [a, b]. As a result, applying Taylor expansion and part (b) of Theorem 2.1 gives

sup |rai(s)| = sup |G~ (X(s)) = G'(s) + Ou(s)

ass<b ass<b

< sup M[G(G”(s)) — GG ()] + Ou(s)| + 0p(n )
-1
= sup R(G” (s)) + 0,(n1?) = 0,(n71/?). (6.14)

ass<b g(Gil ()

Let ¢, = supa=s=p|G'(s) — G '(s)|; then ¢, = O,(n~'/?) by part (b) of Lemma 6.1.
Applying parts (a) and (d) of Lemma 6.1 gives
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[GG™(s) — GG\ (5)] — [GG™'(s) — GG\(s)]

sup |rp2(s)| < su + o,(n 12
o Jriale)] = 2(G 1) P )
1 ~ -
= ] 16 - 6] - [6) - Gl
a=s<b 8(G~(s)) G~ (a)=<x<G~1(b) |y—x|<¢,
+ 0,(n" %) = 0,(n7/?). (6.15)
Furthermore, by part (c) of Lemma 6.1, we have
GG () —s _1 =
sup |73(8)] =< sup | —————|+0,(n" ") = 0,(n ). 6.16
assgb| 3( )| agsgb g(Gil(S)) P( ) P( ) ( )

Let r,(s) = rui(s) + ra(s) + ru3(s); then both (4.1) and (4.3) hold by combining (6.13)—
(6.16). To prove (4.4), according to (4.1) and (4.3), it is enough to show that

V10, > V(G )/g(G™)  on Dla, b]. (6.17)

Let
Va(t) = H\(1) — Hy(t) — G(1); (6.18)

then

V(1) = Va(Hi(1) = Ha() = G(0) + /(1 + p)y/mo(G(1) — G(1).

It is easy to see that EV,(f) = EH(f) — G(f) = 0. For s < t, it can be shown after very
extensive algebra that E[{y/nV,(s)}{/nV,.()}] = EV(s)V(¢), which, along with the central
limit theorem for sample means and the Cramér—Wold device, implies that the finite-
dimensional distributions of +/nV, converge weakly to those of V. By employing the
tightness criteria in Billingsley (1968), we can show that the process {\/nV,(?),
—00 < t < 00} is tight in D[—o00, o0]. As a result, we have

VoV in D[—o0, ool (6.19)
Therefore, applying (4.2), (6.18), and (6.19) yields

_ V(G o V(GTH e V(G
VnOn=—=o gG ) gG)

thus establishing (6.17). The proof is completed. O

on Dla, b],
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