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The Riemann zeta distribution
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Let { be the Riemann zeta function. Khinchine (1938) proved that the function f,(¢)=
l(o +i1)/&(o), where 0 >1 and ¢ is real, is an infinitely divisible characteristic function. We
investigate further the fundamental properties of the corresponding distribution of f,;, the Riemann
zeta distribution, including its support and unimodality. In particular, the Riemann zeta random
variable is represented as a linear function of infinitely many independent geometric random variables.
To extend Khinchine’s result, we construct the Dirichlet-type characteristic functions of discrete
distributions and provide a sufficient condition for the infinite divisibility of these characteristic
functions. By way of applications, we give probabilistic proofs for some identities in number theory,
including a new identity for the reciprocal of the Riemann zeta function.
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1. Introduction

Consider the Riemann zeta function defined by §(z) = > 0. n % where z=0 +it, 0 > 1
and ¢ is real. Khinchine (1938, p. 35) proved that for every o > 1, the normalized function
i(o +i1)

&o)
is an infinitely divisible characteristic function (see also Gnedenko and Kolmogorov 1968, pp.
75-76). Surprisingly, few properties of f, have been developed since 1938, as remarked by
Chung (2001, p. 259): so far as known, this famous relationship between two ‘big names’ has
produced no important issue.

For convenience the corresponding distribution F,, of f, will be called the Riemann zeta
distribution with parameter o. In the next section we shall investigate the fundamental
properties of F,, including its support and unimodality. In particular, we show that: (i) F,

oo

is a discrete distribution with support {—logn}’_ |; (ii) the saltus (jump) of F, at the point
—logn is n=?/E(0); and (iii) the Riemann zeta random variable can be represented as a
linear function of infinitely many independent geometric random variables.

More generally, we shall begin with the Dirichlet series which is an extension of the
Riemann zeta function, and construct the Dirichlet-type characteristic functions of discrete

distributions, comparing them with the Pdlya-type characteristic functions of absolutely

So(t) = t€R, (1)
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continuous distributions. Further, we prove that the Dirichlet-type characteristic function is
infinitely divisible if the coefficient (as an arithmetical function) in the Dirichlet series is
completely multiplicative. By way of applications, in Section 3 we shall give the prob-
abilistic proofs for some identities in number theory, including a new identity for the
reciprocal of the Riemann zeta function. A number of remarks are made in Section 4.

2. Dirichlet-type characteristic functions

In this section we begin with the Dirichlet series D(z) = Y, c(n)/n* with coefficients c¢(n)
non-negative and not all zero. Denote by o, the abscissa of absolute convergence of D(z).
(This implies that the Dirichlet series D(z) converges uniformly on every compact subset of
the half-plane K, = {z : Rez = 0 > 0,}; see, for example, Apostol 1976, p. 235.) For each
0 > 0,, define the normalized function

D(o +if) _ =cex(n)
Do) = 2

n=1

D(t) =

for t € R, 2)

where cx(n) = c(n)/D(0). It will be seen that &/, reduces to f, if the coefficient c(n) =1
for each neN={1,2,...}. We shall show that the function &, is a bona fide
characteristic function (cf) and that it is infinitely divisible if the coefficient c(n) is
completely multiplicative. The function &/, will be called a cf of Dirichlet type. For
convenience, let us define the random variable W, p corresponding to D(z) by

_cmn™?

P(WU,D = n) = D(O) 5

for n € N, (3)

where 0 > 0, and c(n), n € N, are the coefficients in the Dirichlet series D(z). Then we
have the following result, in which D™ denotes the mth derivative of D.

Theorem 1. Let D(z) be a Dirichlet series with coefficients c¢(n) non-negative and not all
zero. Let 0, be the abscissa of absolute convergence of D(z) and o > o,. Further, let
Xo,p = —log W, p, where Wy p is the random variable defined in (3). Then

(a) the cf of Xop is Ty given in (2);
(b) the mth moment E(XJ' p) = D'"(0)/D(0) < oo for each m € N.

Proof. By the definition of X, p, its moment generating function has the explicit form
E(e¥or) = D(6 + t)/D(0) < o0 for t >0, — 0. Since o, — 0 <0, the required results
follow immediately. O

Polya’s condition, which is very easy to apply, permits us to construct cfs of absolutely
continuous distributions (see, for example, Lukacs 1970, p. 83). However, Theorem 1 above,
which is also easy to apply, permits us to construct cfs of discrete distributions. For
example, we now list seven more cfs involving the Riemann zeta function . For



Riemann zeta distribution 819

z=0+it,0 >1 and 1t € R, let D(z) be one of the following Dirichlet series with non-
negative coefficients:

) SO Lo e e (2529532
822" L(22)° &2z &Gz LQR2) &62) 7

(see Apostol 1976, pp. 241 and 247). Then, according to Theorem 1, the function
Yty = D(o +it)/D(0), t € R, is a cf.

Recall that the cf f, defined in (1) is infinitely divisible. It is natural to ask, if &, is a
Dirichlet-type cf, under what conditions it is true that &/, is still infinitely divisible. The
surprisingly neat answer is that &, is infinitely divisible if the coefficient c¢(n) in the
Dirichlet series D(z) is completely multiplicative, that is, if c(n) satisfies the condition
c(mn) = c(m)c(n) for all positive integers m and n. We first note that for the constant
function D(z) = 1 (with ¢(1) =1 and ¢(n) = 0 for n = 2), the cf &, = D and is infinitely
divisible. For other cases, we state the results as follows.

(~1)"E"(z)

Theorem 2. Let D(z) be a Dirichlet series with completely multiplicative non-negative
coefficients and c(n) > 0 for some n = 2. Let o, be the abscissa of absolute convergence of
D(z) and 0 > 0,. Then the function &, in (2) is an infinitely divisible cf.

Proof. Due to the completely multiplicative coefficients c¢(n) = 0, we can write

D(o +it) = exp (i% ”(Hi’)) = exp(D*(0 + 1), for 1 € R, 4)
n=2

where A is the Mangoldt function (see Apostol 1976, p. 239). Therefore the function & is
of the form &, (1) = exp(¢{ <} (f) — 1}) for ¢ € R, in which ¢ = log D(0) = D*(¢) > 0 and
@j(t) = D*(0 +it)/D*(0), t € R, is a cf according to Theorem 1. This implies that &/, is
an infinitely divisible cf (see Lukacs 1970, p. 111). O

To guarantee the infinite divisibility of the cf &/, it is possible to assume other
conditions instead of the completely multiplicative condition on c(n). For details, see
Remark 1 in Section 4. On the other hand, the infinite divisibility of &/, suggests that we
write &, as the limit of a sequence of finite products of Poisson-type cfs. To do this we
need some notation. For each integer n = 2, define U, to be a Poisson random variable
with parameter 1, = c(n)A(n)/{(log n)n° }, where c¢(n) and A(n) are given in (4). That is,

m

P(U,=m)=¢e" &

ok formeNy={0,1,2,...}, (5)

where U, = 0 almost surely if 1, =0. Then we have the following interesting result, in
. d R
which = denotes equality in distribution.

Theorem 3. In addition to the conditions of Theorem 2, let {U,},_, be a sequence of
independent Poisson random variables defined in (5). Assume, further, that X, p is a random
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variable with ¢f & . Then X, p 4 Ef’ozz(—log n)U, (that is, X, p can be represented as a
linear function of infinitely many independent Poisson random variables).

Proof. Write X, = —(logn)U, for all n=2. Then the cf of X, is fx,/(1)=
E{exp(it(—log n)U,)} = exp(A,(n" — 1)) for t€ R In the notation of the proof of
Theorem 2, we have

ﬁfxn(t) = exp (i/ln(n” — 1)> = exp(q{@;k(t) —1}) =D, (0), for t € R.
n=2 n=2

This implies that the series » - ,X, of independent random variables converges almost
surely (see, for example, Loeve 1977, p. 263) and that X, p = Zn 2 Xn- U]

Given a Dirichlet series D(z) with completely multiplicative non-negative coefficients and
c(n) > 0 for some n =2, Theorems 1-3 together assert that W(,ﬂDgl_[ZO:2 nY for each
0 > 0,. In the next theorem we shall further prove that if c(p) < p° for each prime p,
W,.p has a factorization into prime factors with random exponents (a somewhat surprising
property). To state the result we need some more notation. Given o > g,, prime p and

u, = c(p)p~? €0, 1), define the geometric random variable N,, with parameter u, by
P(Nup =n)= u;(l — Up), for n € Ny, 6)

where N,, = 0 almost surely if u, = 0. Then we have the following striking result.

Theorem 4. Let D(z) be a Dirichlet series with completely multiplicative non-negative
coefficients and c(n) > 0 for some n = 2. Let 0, be the abscissa of absolute convergence of
D(z) and let 0 > 0, such that u, = c(p)p~° <1 for each prime p. Assume, further, that
Xop = —logWsp, where W, p is defined in (3), and that {N,,} is a sequence of
independent geometric random variables defined in (6). Then

(@) Xop= Zp( log P)Nu,, where p runs over all primes;
b) Wop= H N (a factortzatton of Wy p into prime factors with random exponents).

Proof. Since the coefficient ¢(n) is completely multiplicative, we have the identity

c(n) .
D(z)7§ ||7 for z=0 +it,0 > 04 t €R
1—c(p)p=’

n=1

(Euler product formula: see Apostol 1976, p. 231). This, together with Theorem 1, implies
that for each o0 > o, the cf of X, p can be written as

O'(t) =

D(o +i1) “T1 1—c(p)p™® H

D(0) 1 —c(p)p—(o+in H hy(1), forte R, (7)

1—upp

where p runs over all primes. Note that the factor 4, in (7) is the infinitely divisible cf of
(—log p)N,, (see Lukacs 1970, pp. 113 and 320). Equality (7) then implies that the series
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> p(—log P)N,, converges almost surely and hence part (a) holds. Part (b) follows im-
mediately from part (a). U

A non-trivial arithmetical function c(n) satisfying the conditions of Theorem 4 is given in
Remark 2 below. Finally, we return to the case of Riemann zeta distribution. For Riemann
zeta function ¢, the random variables W, p and Ny, reduce respectively to W, and N,
with probabilities

n
&(o)’
P(Npo =n)=p " (1-p°), for n € Nj. )

P(Ws =n)= for n e N, (8)

Combining the above results, we describe the Riemann zeta distribution F,; as follows.

Corollary 1. Let 0 > 1 and let X, be a random variable obeying the Riemann zeta
distribution F,. Assume, further, that W, is a random variable defined in (8) and that
{N,} is a sequence of independent geometric random variables defined in (9). Then:

(a) Xo £ —log W, 4 > p(—log p)N s, where p runs over all primes.

(b) Fy is infinitely divisible.

(¢) Fy is a discrete distribution with support {—logn} .|, and is unimodal with vertex
at zero. Specifically, P(X, = —logn) = n"? /{(0) for each positive integer n.

(d) E(exp(—tX,)) = EOV}) = Lo — 0/E0) < o0 for t <o — 1.

(e) E(X™) = ((—1)"/&(o)>_° ,(log m)™ /n® = {™(0)/L(0) for each positive integer m.

3. Applications to analytic number theory

As pointed out in the Preface to Patterson (1995), the Riemann zeta function ¢ is a
meromorphic function whose properties can on the one hand be investigated by the tech-
niques of complex analysis, and on the other yield different theorems concerning the integers;
it is this connection between the continuous and the discrete that is so wonderful. For
example, by Fourier theory, we have {(2) = m?/6, a remarkable formula due to Leonard
Euler. Actually, Euler proved much more, namely that for each integer n > 0, {(2n)/m*" is
rational and related to the Bernoulli numbers. The evaluation of {(2#n) later came to play a
fundamental role in the theory of p-adic zeta functions and Iwasawa theory (Patterson 1995,
pp- 2—4). In this section, using the probabilistic approach, we shall derive some identities in
order better to understand the Riemann zeta function. Two inequalities for ¢ are given in the
Remark 6 below.

The discrete random variable W, p defined in (3) plays an important role in the previous
section. Its special case W, defined in (8), will be used in the following to obtain our
results in analytic number theory. For convenience, some required notions and results from
number theory are given in the Appendix. We first propose an arithmetical function of W,
to link W, and the Dirichlet series. More results through other arithmetical functions will
be given later.
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Theorem S. Let D(z) be a Dirichlet series with coefficients c(n) non-negative and not all
zero, and converging absolutely for Rez =0 > 0, If A(n) =3 4,c(d) for n €N, then
E(A(Wy)) = D(0) for 0 > max{l, 0,}.

Proof. First, for 0 > max{l, o,}, write

EAW ) = 3 POV, = mA(n) = ZC( >
n=1

A(n) _ < u(n) o~ A(n) (N*A)(n)
C(U)Z ne ; ne ; ne Z

in which ¢ denotes the Mobius function and the symbol * denotes the Dirichlet convolution.
Then applying the Mobius inverse formula, we obtain that E(A(W,)) =Y, c(n)/n’
= D(0), as desired. U

Corollary 2. Assume o > 1 and integers m = 1. Then
(@) E(tv(Wy)) = C(0), where ©(n) is the number of divisors of n;
(b) ECCaw, logd)™) = 3202 (logm)™ /n” = (=1)"¢"(0).

Proof. Take the Dirichlet series D(z) =§(z) = . ,1/n* for part (a), and D(z) =
> ,(logn)™/n* for part (b). Then Theorem 5 applies. |

In the next theorem we shall give probabilistic proofs for some identities connecting the
Riemann zeta function ¢ and the Mangoldt function A as well as the Jordan totient function
J.. The latter is a generalization of the Euler totient function ¢. Recall that J,(n) = ¢(n) is
defined to be the number of positive integers not exceeding »n which are relatively prime to
n. In general, we have, for complex numbers z # 0,

forn =1,

1
JAn) = nZH(l —-p = Z,u(d) (Z) for n =2, (10)
pln dn

in which u denotes the Mdbius function and the last equality is due to the lemma below. (See
Apostol 1976, p. 48, for the special case z = k£ € N.) From now on, let n = H;;l p;" denote
the unique factorization of »n (= 2) into prime factors (with exponents a; = 1).

Lemma. (a) Assume that A : N — C is a multiplicative function with complex values (that
is, A(mn) = A(m)A(n) if (m, n) = 1). Then the Dirichlet convolution

k k
(ux () = [[{4p™) — 47D} forn=]]p} =2 (11)
Jj=1 j=1

(b) If, in addition, A is completely multiplicative and never vanishes, then
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(ux A)(n) = A(n) H{l - 1/A(p)}, for n=2. (12)

pln

Proof. (a) Since A4 is multiplicative, so is u * 4 (see Apostol 1976, p. 35). Further, for prime
p and for integer a =1, we have (u* A)(p*) = u(1)A(p*) + u(p)A(p*~") = A(p*) —
A(p*~1). This implies result (11).

(b) Suppose that A is completely multiplicative and never vanishes. Then we have
A(p™) — A(p™) = (A(p))* — (A(p)*" = (A(p)*(1 — 1/A(p)). This, together with part
(a), implies (12). Ol

Theorem 6. (a) Y .~ | A(n)/n° = =§'(0)/i(0) = E(log W), for o > 1.
(b) >0 (A(n)log n)/n° = var(log W,) = var(X,), for 0 > 1.
(©) S Jm)/n? =L@ — /L) =EOFY), for { € R and o > max{1, 1+ 1}.

Proof. (a) Set the function
A(n) = A(d) =logn, for n € N (13)
d|n

(see Apostol 1976, p. 32, for the second equality). Then, for o > 1, applying Theorem 5 to
the Dirichlet series D(z) = >~ A(n)/n* yields

< A
E(A(W,)) =E (Z A(d)) =3 n(:) (14)

d|VV(7 n=1

On the other hand, we have E(log W,;) = —¢'(0)/&(0) according to Corollary 1(e). This,
together with (13) and (14), implies the required result.

(b) Set the function A(n) = (log n)> = log? n for n € N. Then proceeding as in the proof
of Theorem 5 yields

e x log?)(n X A(m)logn (A xA)n
E(longg):Z(ﬂ nag ) ):Z (Zag +Z( nn)( ), foro > 1,
n=1 n=1

n=1

the second equality following from the Selberg identity. This, together with part (a), implies
the required result:

var(log ;) = E(log? ) — (Elog )2 = 3 2081,

o
n=1 n

(c) For each fixed ¢ € R, set the function A(n) = n’, n € N. Then we have

o0 o0
(u x A)(n) Ji(n)
E(Wf,):E(A(Wa)):nz::1 - :; ;a , for 0 > max{l, t+ 1}, (15)
the last equality following from (10). Combining (15) with Corollary 1(d), we obtain the
required result. U
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In Theorem 5 we propose an arithmetical function of W, denoted by A(W,), to link W,
and the Dirichlet series. To obtain more applications of W, we shall first consider the general
arithmetical function 4 : N — R, and then prove that the cf of log A(W,) is infinitely divisible
if A is positive and completely multiplicative. In order to represent the mean and variance of
log A(W,), we need a generalization of the Mangoldt function: for positive 4, define
M 4(n) =log A(p) if n=p™ for some prime p and some integer m = 1, and M,(n) =0
otherwise. For the special case A(n) = n, M, reduces to the Mangoldt function A.

Theorem 7. Let 0 > 1 and let A : N — R be an arithmetical function. Then we have the
Sfollowing:

(a) The cf of A(Wy) is of the form [y 4(1) = By =" (uxel)(n)/n° for
teR, where (ux*e)(n)= ZdMy(d)ei’A("/d). Moreover, the mth moment
E(A™(Ws)) = > 0 (ux A™)(n)/n® if it exists and is finite.

(b) The random variable log A(Wy) has an infinitely divisible cf if A is positive
and completely multiplicative. Moreover, E(log A(Wy)) = oo M4(n)/n’ and
var(log A(Wy)) = >0 [ {M4(n)log A(n)}/n° if they exist and are finite.

Proof. (a) The proof of the first identity for the cf f; 4 is similar to that of Theorem 5 and is
omitted. As for the moment identity, suppose that the mth moment of A(W,) exists and is
finite. Then we have fU")(0)=i">"" (u*A")(n)/n° and hence E(A4"(W,)) =
O (0) = 3200 (ux A™)(m)/n, as desired.

(b) Suppose that A4 is posmve and completely multiplicative. Then by Corollary 1(a), we
have A(W,)= A(pr = [1,(4(p))Nr, where p runs over all primes and {N, } is
a sequence of mdependent geometric random variables defined in (9). This implies that
log A(Wy)= Zp(log A(p))N p-o . Therefore the cf of log A(W,) is the limit of a sequence
of infinitely divisible cfs, and hence also infinitely divisible. On the other hand, if the mean
of log A(W,) exists and is finite, we have

—0

E(log A(W)) = > (log A(p)E(N ) = > (log A(p)){
p p

log A(p) M 4(n)
722 (p™)° Z no

p m= n=1

Further, if the second moment of log A(W,) is finite, we have

var(log A(W,)) = Z(log A(p)) var(N o) = Zaog A(p))? (_7_(,)2

N - log A(p)log A(p™)
_ 1 A 2 o\m
2};; og A(p)*m(p~°) ZZ Ton
_ i MA(n)logA(n).

o
n=1 n
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The penultimate equality is due to the completely multiplicative property of A. O

Finally, we apply Theorem 7 to derive two identities for the reciprocal of the Riemann
zeta function. To do this we need the arithmetical functions  and y defined below. For
n=1, () Bn)y=mif n=p; ... pu(Pmi1 ... pr)>, and B(n) = 0 otherwise; (ii) y(n) = k
if n=(p1 ... pr)?, and y(n) = 0 otherwise. Further, define the sign function sgnx = 0 or
x/|x| according to whether x =0 or x # 0. To the best of the authors’ knowledge, the
interesting identity in part (b) below appears for the first time. (Recall the classical result

that ({(0))™' = X5 u(n)/n%, 0 > 1)
Theorem 8. Assume o > 1. Then

(@ (§0)? =1+, {(=2/" sgnf(m)}/n® = E(u(Wo)):
(b) Qo) =143, {(=1"" sgny(m)}/n” = E(u*(Wy)).

Proof. 1t will be seen that the mth moment E(u"(W,)) equals E(u(Wy)) or E(u>(Wy))
according to whether m is odd or even.

(a) For each prime p, set c,(a) = u(p*) — u(p*1), a € N. Then cp(1)=-2,¢c,(2) =1,
and c,(a) = 0 for a = 3. Since u is multiplicative, we have, by the lemma above,

k k
(wxw(m) = [[ epfap = 2 sgnf(n).  forn=]]p =2
j=1 j=1

It then follows from Theorem 7(a) that

X ~\f(n
o ))_Zw*m) L4 3o sen ), 16)

= n()'

On the other hand, we have, by the definition of W,
un) 1
E(u(Wy)) = .
o) =5 )Z G

Combining this with (16) yields the required result.
(b) For each prime p, set cy(a)=u*(p*) — u(p*~ 1) a €N. Then cj(a)=—1 or
>“(oc) = 0 according to whether a = 2 or a # 2. Since u? is multiplicative, we have

(o p*)(n) = H cpla) = (1" sgny(n),  forn= H =2
j=1

J=1

Again from Theorem 7(a), it follows that
o~ (4% u?)(n) o~ (=17 sgn y(n)
E(12(W,)) = ZI =1 z; g . (17)

On the other hand, we have
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n) 1 go) 1
n’  50)520)  &Q20)

(see Apostol 1976, p. 241, for the second equality). Combining this with (17) yields the
required result. O

1 o0
E(12(W,)) = C(a);“

4. Remarks

Remark 1. In Theorem 2, the completely multiplicative condition on ¢(#) is not a necessary
condition for the infinite divisibility of the cf &7,;. To see this, note first that multiplying the
function ¢(n) in D(z) by a positive constant keeps &, unchanged, but the resulting function,
say d-c(n), is not always completely multiplicative. Further, to guarantee the infinite
divisibility of &, we may assume other conditions on ¢(#). For example, in addition to the
conditions of Theorem 1, assume that (i) c¢(1) > 0; (ii) D(z) # 0 for Rez =0 > g (0¢
being a fixed number = ¢,); and (iii) (¢’ * ¢~')(n) = 0 for n = 2, where ¢'(n) = (log n)c(n)
and ¢! is the Dirichlet inverse of c. Then applying Theorem 11.14 of Apostol (1976) and
proceeding as in Theorem 3 (but instead taking the parameter A, = (¢’ x ¢~ ')(n)/{(log n)n°}
in (5)), we conclude that, for o > 0y, the cf &, is infinitely divisible.

Remark 2. We shall now introduce a non-trivial function ¢(n) which satisfies the conditions
of Theorem 4. For complex numbers z, define the generalized Liouville function 1, by

1 for n =1,

k

ys (n) = ayp +..+ ag aj

z z forn:”pj’>2.
J=1

Then it will be seen that A, is completely multiplicative. Moreover, for fixed o9 > 1 and
a€(0,2°7h), set the function c(n)=A,n)>0, ne€N. Then D(z)=>°" c(n)/n*
converges absolutely for Rez = 0 > 0y, and ¢(p) = a < p? for each prime p. Therefore
c(n) satisfies the conditions of Theorem 4.

Remark 3. Note that Theorem 7 also generalizes Khinchine’s (1938) result in a sense, but the
approach is different from Theorem 2. To see this, let A(n) = n for n € N; then Theorem
7(b) asserts that the random variable log W, has an infinitely divisible cf. On the other hand,
letting A(Wy;)=1logW, =Y, in Theorem 7(a) yields E(e'")=3>""" Ji(n)/n° =
f(o —it)/L(o) for t € R and o > 1, where J;; is the Jordan totient function defined in (10).

Remark 4. Consider the Liouville function A = A_; defined in Remark 2. We now calculate
all moments of A(W,). Note first that 1 is completely multiplicative and never vanishes.
Using the lemma above, we have

(u=)(m) =am [] (1 - ﬁ) = []2 = a2,

pln pln
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where v(n) denotes the number of distinct prime factors of #n. Theorem 7(a) then implies that

(@) () SAm2" - E(20)
E(A(WG))_; S => "By o>l (18)
(see Apostol 1976, p. 247, for the last equality). Next, for n € N, we have 1" (n) equal to 1 or
A(n) according to whether m is even or odd. Therefore the mth moment E(A”(W,)) is 1 or
£(20)/E*(0) according to whether m is even or odd. Moreover, var(A(W,)) =
1 - &%Q20)/&4 (o) for o > 1.

n=1

Remark 5. For a > 0, the generalized Liouville function A, is positive and completely
multiplicative. By Theorem 7(b), the random variable logA,(W,) has an infinitely divisible
cf, which, however, is not of Dirichlet type. On the other hand, for real a # 0, 1, proceeding
as in Remark 4, we extend identity (18) to the following:

_ A L Aa(m) log |a|
E(/la(Wg))—; p Fo) 2 o foro > maxgLl+Est

n=1

_ a—])v(n) _

The crucial point of the proof is that |[1,(n)| < n{o¢lah/loe2 for » = 1,

Remark 6. Finally, we give two inequalities for the Riemann zeta function. From Corollary
1(e) it follows that for o > 1, £"(0)&(0) > (£'(0))* because var(X,) > 0. Similarly, by
Corollary 1(d), &(o —2)&(o) > &%(o — 1) for o > 3. More generally, using Lyapunov’s
inequality, we conclude that the function h(f) = ({(o — £)/{(0))"/" is strictly increasing in
te 0,0 —1).

Appendix

The following notions and results from number theory (see Apostol 1976) are needed in
Sections 3 and 4.

e Mobius function u. The Mobius function u is defined as follows: u(l) =1; for
n= Hf:l p;"' = 2 (the unique factorization of n into prime factors), u(n) = (—1)* if
ay=ay=... =0 =1, and u(n) =0 otherwise.

® Mbbius inverse formula. The equation f(n)= > 4,8(d) implies g(n)=
Y apnf(d)u(n/d), and vice versa.

e Dirichlet convolution. If f and g are two arithmetical functions, their Dirichlet con-
volution is defined to be the function (f * g)(n) = > 4, f(d)g(n/d), n=1,2, ....

e Dirichlet inverse function. If f is an arithmetical function with f(1) # 0, then there is
a unique function f !, called the Dirichlet inverse of f, such that fx f~!=
f~'sf =1, where I is the identity function defined by I(n)=1 if n=1, and
I(n) = 0 otherwise.

e Mangoldt function A. For every positive integer n, define A(n) =log p if n = p™ for
some prime p and some m = 1, and A(n) = 0 otherwise.
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e Selberg identity. For n =1 we have

A(mlogn+ 3" AdA (g) =" u(d)log’ g .
d|n

d|n
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