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Estimation of regression functions from bounded, independent and identically distributed data is
considered. Motivated by Vapnik’s principle of structural risk minimization, a data-dependent choice of
the smoothing parameter of multivariate smoothing spline estimates is proposed. The corresponding
smoothing spline estimates automatically adapt to the unknown smoothness of the regression function
and their L, errors achieve the optimal rate of convergence up to a logarithmic factor. The result is
valid without any regularity conditions on the distribution of the design.
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1. Introduction

Let (X, Y), (X1, 11), (X, Y»), ... be independent, identically distributed (R? X R)-valued
random vectors with EY? < co. No assumptions are made about the distribution of X, which
can be discrete or continuous or a mixture of the two. In regression estimation the
distribution of (X, Y) is unknown. Given a sequence D, = {(X1, Y1), ..., (Xu, Y,)} of
independent observations of (X, Y), our goal is to construct an estimate m,(x) = m,(x, D,)
of the regression function m(x) := E{Y|X = x} such that the L, error

J|mn(x) — m(x)* Py(dx)

is small.

It was demonstrated by Stone (1977) that there exist estimates m, with the property that
[ |mu(x) — m(x)|* Px(dx) — 0 in probability for all distributions of (X, ¥) with EY? < cc.
Unfortunately, distribution-free rates of convergence for the L, error do not exist. In order
to obtain non-trivial rates one has to impose restrictions on the class of distributions
considered; see Devroye et al. (1996, Chapter 7) and Devroye and Wagner (1980).

For p-smooth regression functions, by the results of Stone (1982), there is no estimate
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which converges in the minimax sense in L, faster than n=2?/@7+9_ He demonstrated that
the L, error of a local polynomial kernel estimate converges to zero in probability with the
rate n2P/@P+9 for all distributions of (X, Y) such that the regression function is p-smooth,
X has a density bounded away from zero and infinity and EY? is finite.

Kohler (2000) showed that the L, error of suitably defined least-squares spline estimates
achieves the rate n~27/Cr+d for all distributions of (X, ¥Y) with p-smooth regression
function (p bounded above by some fixed upper bound on the smoothness) and (X, Y)
bounded with probability one. The definition of his estimates does not depend on p, hence
the estimates automatically adapt to the smoothness of the regression function. This
adaptation is achieved by an application of Vapnik’s principle of structural risk
minimization. The basic idea is to define a family of least-squares estimates, to derive
upper bounds on the L, error of these estimates depending on the empirical L, risk
(1/m)>°1 | f(X;) — Yi]* together with a measure of the complexity of the underlying
function space, and finally to choose the estimate whose upper bound on the L, error for a
given set of data is minimal.

In this paper we use a similar idea to define adaptive smoothing spline estimates. We
show that the estimates automatically adapt to the unknown smoothness of the regression
function and that their L, errors achieve the optimal rate of convergence up to a logarithmic
factor. This result is valid without any regularity assumption on the distribution of the
design.

1.1. Discussion of related results

Smoothing spline estimates have been studied by many authors; see, for example, the
monographs by Eubank (1988) and Wahba (1990) and the literature cited therein. Most of the
results in the literature are derived for fixed design regression (where the X; are non-random)
and cover the case d = 1 only.

In the context of random design regression, consistency and rate of convergence of
univariate smoothing spline estimates have been studied by means of empirical process
theory by van de Geer (1987; 1988; 1990). Further results can be found in the monograph
of van de Geer (2000), which is also an excellent source for the techniques of empirical
process theory used in this paper. The results of van de Geer cited above are derived for
estimators which use parameters dependent on the smoothness of the regression function.
For fixed design regression, estimates similar to the one in this paper are studied by van de
Geer (2001).

The principle of structural risk minimization which is behind the definition of the
adaptive estimates in this paper was introduced by Vapnik and Chervonenkis (1974) in the
context of pattern recognition; see also the recent monograph by Vapnik (1998). In Krzyzak
and Linder (1998) and Kohler (1998; 2000) it was applied to various least-squares
estimates. These estimates are similar to adaptive least-squares estimates investigated in
Barron et al. (1999) and Baraud (1997), although the estimates in these papers have
different motivations. They obtain the optimal rate of convergence but under some
regularity condition on the distribution of the design. (One should note that Baraud (1997)
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and in part also Barron er al. (1999) use the L, error with integration with respect to the
Lebesgue—Borel measure, whose analysis requires regularity conditions on the design.)
Krzyzak and Linder (1998) and Kohler (1998) impose no conditions besides boundedness
on the distribution of the design, but, as in the present paper, they obtain rates of
convergence that are optimal up to a logarithmic factor. In Kohler (2000) the optimal rate
of convergence is shown for adaptive least-squares spline estimates under no assumptions
on the distribution of the design. There, in contrast to the results in the present paper, it is
assumed that the derivatives of order p — 1 satisfy a global Lipschitz condition (rather than
that the derviatives of order p are square-integrable) and that p is bounded from above by
some fixed upper bound on the smoothness.

1.2. Notation

Throughout the paper we will use the following notation: N, R and R, denote the set of
natural numbers, real numbers and non-negative real numbers, respectively. For x € R, we
denote the greatest integer less than or equal to x by |x]. For L >0 and z € R, set
T1z = sgn(z)min{ L, |z|}. For a function f:RY — R, define T,f: R?Y — R by (T.f)(x)
= T;(f(x)), x € R?. The partial derivative of order (a1, ..., ay) of a function f: RY — R is
denoted by 9« -t f/ox ... 9xGe. Ly([0, 1]9) is the set of all square-integrable functions
f:10, 11 = R, and for k € N, W*(0, 1]¢) is the Sobolev space containing all functions
f:10,1]1% — R whose derivatives of total order k are in L,([0, 1]9). log(x) denotes the
natural logarithm of x > 0. |4| is the cardinality of the set 4 and I, the corresponding
indicator function.

1.3. Outline of the paper

In Section 2 we give the exact definition of the estimate. The main result is stated in Section
3 and proven in Section 4.

2. Definition of the estimate

We will assume that (X, Y) takes with probability one only values in some bounded subset of
R? X R. Without loss of generality this bounded subset is [0, 1]¢ X [—L, L], that is, almost
surely, (X, Y) € [0, 119 X [~L, L] for some L € R,.

Let k € N with 2k > d. The condition 2k > d implies that the functions in W*([0, 1]¢)
are continuous and hence the value of a function at a point is well defined. Set

B k! ok f
Ji(f) N Z (11!' C. -ad! JRd

ay Aq
Ox{' ... Oxy

2
dx.

(x)

Let A € R,. First define the smoothing spline estimate 7,4, by
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11’!
() = arg _ min (Z|f(Xi>—n|2+Mi<f>>. e

rewiqouh\ né=

By the results in Duchon (1976, Section V) the minimum exists; for our purposes, however,
we do not require it to be unique. Also observe that 71, ;) depends on the data D, and that
we have suppressed this in our notation.

The estimate 7,y ) is parametrized by k& € N and 4 € R.. We next describe how one
can use the data D, to choose these parameters. The basic idea is related to Vapnik’s
structural risk minimization principle: in Lemma 1 below we give an upper bound on
L, error of (a truncated version of) the estimate m, ;. We then choose (k*, /'L*) by
minimizing this upper bound.

Lemmal. Let 1 < L < oo, L€ R, and n € (0, 1]. Then for

L*(log(n))*

penn(ka l) = n- /1d/2k

and n sufficiently large, one has, with probability greater than or equal to 1 — 1,

4log(n)

- 1 & -
J | Ty ity 1 2)(x) — m(x)|* Py(dx) < L* —=—+ 2 pen,(k, 1) + 2{— E | Tt 5 y(Xi) — Yil?
Rd n n44

- 1<
+ AT (ki) — ;Z |m(X;) — Y,-|2}
i=1
for every distribution of (X, Y) with (X, Y) € [0, 119 X [~L, L] almost surely.

The proof of Lemma 2 is similar to the proof of Theorem 1 given below and is therefore

omitted.
|4 d 1/2d
IC,,.—{{ZJ,...,{ZJ—i—L(log(n)) J}

Set
{log(n) log(n) log(n)}
An = 5 PRI .
2n 2n=1 1

For (k, 2) € Ky X A, define m,, 4 by

and

My (k1) (X) = Tpm, o 2)(x), x € RY. 2

Depending on the data D,, we choose the member of the family {m, 1) (k, 1) € IC,, X A, }
that minimizes the upper bound in Lemma 1. More precisely, we choose

(K*, 2%) = (K" (D), A" (D)) € Ky X A,
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such that
1 E * ~ *
;Z |, e o) (Xi) = Yl 4 A5 T Ot e ) + pena(k*, A7)

. 1 1 2 2 ~
= (k,/l)g}lé?xA,,{n ; |1k (Xi) = Yil™ + AT (i py) + penn(k, 2)

and define our adaptive smoothing spline estimate by
m,(x) = my(x, D,) = mn,(k*(pn),i*(pn))(xa D).

An upper bound on the L, error of the estimate is given in the next section.

3. Main result

In Section 4 we prove the oracle-style inequality

const.

Ej|mn<x) — ()] Pe(dy) =2 (fékf (AJ%(m) + pen,(m, A))) + 3)

(2p > d) for the above estimate m, from which the following theorem can be derived:

Theorem 1. Let p € N with 2p > d be arbitrary. Let the estimate m, be defined as in
Section 2.

(@)

for any p > d/2 and any distribution of (X, Y) with (X, Y) € [0, 1]¢ X [—~L, L] almost
surely, m € WP([0, 119) and Ji,(m) =0.
(b)

Ejlmn(x) = m)P Pe(dv) = O((J3(m)*/2r*D(log mn~ 20/ )

for any p > d/2 and any distribution of (X, Y) with (X, Y) € [0, 1] X [~L, L] almost
surely, m € WP([0, 1]19) and 0 < J;(m) < o0.

Remark 1. 1t follows from the proof given in Section 4 that in inequality (3) the factor 2 can
be replaced by 1 + #, where > 0 is arbitrarily small.

Remark 2. The condition J ;(m) = 0 in Theorem 1(a) implies that m is a multivariate poly-
nomial of degree p — 1 (or less, in each coordinate). In this case the estimate is within a
logarithmic factor of the parametric rate O(1/n). Furthermore, it follows from Stone (1982)
that the rate of convergence in Theorem 1(b) is optimal up to the logarithmic factor (log(n))>.
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Remark 3. The definition of the estimate does not depend on p or Ji(m), hence it
automatically adapts to the unknown smoothness of the regression function measured by p
and J2,(m).

Remark 4. We wish to emphasize that in Theorem 1 there is no assumption on the underlying
distribution of X besides X € [0, 1]¢ with probability one. In particular, X is not required to
have a density with respect to the Lebesgue—Borel measure.

Remark 5. We use truncation of the estimate in order to ensure that the estimate is bounded
in supremum norm on [0, 1]¢, a property which is required in Lemma 3 below. It should be
noted that in the general setting considered here truncation is indeed necessary. For example,
consider random variables X with P{X =0} =1 and P{X < x} = (1 +x)/2 for x € [0, 1]
and Y independent of X with P{Y = —1} = P{Y = +1} = 1. Hence m(x) =0 for all x.
Now draw an independent, identically distributed sample (X, Y1), ..., (X,, ¥,) from the
distribution of (X, Y). If the event 4:={X,=...=X,.1=0; Yi,..., Y01 =—1;
X, #0; Y, =1} occurs, then the smoothing spline m,, obtained with penalty J %C for
k = 2, is the straight line through (0, —1) and (X,, 1), m,(x) = —1 4+ 2x/X,. Using this, the
L, error satisfies

2

dx)

X, 2\?
-E 1{)(”7&0}'? _H_Yn +1
1 3
J u<(_1+2> —|—l>du=oo,
06 u

where p=P{X;=...=X,.1,=0; V1 =...=Y,1=—-1; ¥, =1} > 0. In other words,
if no restrictions are imposed on the distribution of the regression design, the untruncated
smoothing spline estimate with penalty of order £ =2 is not even weakly universally
consistent. In view of this example, some sort of truncation cannot be avoided.

2
f1+_x

1
EJ|mn(x) — m(x)]* Py(dx) = E <1A . lj e

2Jo

SR~

I

4. Proofs

In the proof of Theorem 1 we will need two auxiliary results. To formulate these results we
need the concept of covering numbers.

Definition 1. Let ¢ =1, [ € N and let F be a class of functions f: R' — R. The covering
number Ny(e, F, x}) is defined for any € > 0 and x| = (xi, ..., x,) € (RH™ as the smallest
integer k such that there exist functions g, ..., gr: Rl — R with
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n 1/q
. 1
1S (Z; /) — g,-(xj)|q> <c
for each f € F.

Lemma 2 (Kohler 2000, Theorem 2). Let Z} = (Zy, ..., Z,) be independent, identically
distributed random variables with values in some set X. Let K|, K, = 1 and let F be a class
of functions f: X — [—K,, K] such that

E{f(Z1)'} < K:Ef(Z)). (4)
For 0 <e<1land a>0, let
V1 — e/a = 288 max{2K;, \/2K,} (5)
and, for all zy, ..., z, € X and all 6 = a /4, let

P ) 1/2
V(1 — )0 =288 max{2K], KZ}J <1ogN2 (u, {f€f5%2f2(2i)$4(§},2?>> du.
=1

a/8K;,
(6)
Then

‘(l/n)z.f(Zf) —Ef(Z)
P | sup =1

feF a+Ef(Z1)

nae*(l —e)
>c¢| <50exp 5 .
128 - 2304 max{K7y, K2}

If one replaces /8K, by zero (6) then Lemma 2 follows from Theorem 2 in Kohler (2000).
The version given here can be proven analogously by an application of Lemma 3.2 in the

general version of van de Geer (2000), instead of the more specific form given in Lemma 3
in Kohler (2000).

Lemma 3. Let L, ¢ > 0 and set
F ={T.f: £ € W (0, 11%) and J3(f) < c}.

Then there exists a constant c¢; € R, depending only on d, such that, for any ¢ > 0 and all
X1, - .. Xp € [0, 179,

d/k .
64elL
log Na(e, F, x7) < ca(k? + 1)<(\/E> + 1) ~10g< E;z n) Aye=py- (®)

3

Proof. The proof is a straightforward modification of the proof of Lemma 3 in Kohler and
Krzyzak (2001), therefore we give only an outline.
For ¢ > L the bound (8) is trivially satisfied for the cover {0}, so assume 0 < ¢ < L. Let
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G be the set of all piecewise polynomials of degree k& — 1 (or less, in each coordinate) with
respect to a rectangular partition of [0, 1]¢ consisting of at most

d/k
K <c(%+ 1)<\/§> +2¢

rectangles, and set 7,G = {T.g: g € G}. It follows from the proof of Lemma 3 in Kohler
and Krzyzak (2001) that, for ¢; = ¢;(d) € R sufficiently large, for any f € F, there exists
pr € T1G such that

€
sup |/(x) = py(x)| <.
x€[0,1]4
From this one easily concludes
€
NZ(Q f9x;l)$~/\/‘2<59 TLgax;l>' (9)

For arbitrary functions f, g: RY — [—L, L],

1/2

n 1/2 n
1 1
<;Z ) — g(xi)|2> <V2L (;Z fx) — g(xl-)|> :
i=1 i=1
which implies
€ " é B
NZ(Z, TLg, x1> $N](8L, TLg, X1>. (10)

Finally, it is shown in the proof of Lemma 3 in Kohler and Krzyzak (2001) that

2 d/k 2
IOgNl (;L, T.G, xf’) =0 ((\ZE) —+ 1) (kd + l)log(64if n) (11)

Then (9), (10) and (11) imply the assertion. U]

Proof of Theorem 1. Let D, = {(Xy, Y1), ..., (X, ¥,)} be the collection of observed data.
We divide the proof into five steps.
Step 1. We start with the error decomposition

[ im0 =m0 Py(@0) = T+ T
R

where
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1 n
Ty, = El|my(X) — YP*[D,] — E(|m(X) — Y*) — 2{,12 |ma(X;) = Yif?
=1
- 1
+ ATy e o) = — 3 [m(X0) = Vi + penn (K, A*)}
=1
and
1 <& 1 &
Ty, =28~ W(X0) = Vi 4+ A5 T2, o o) — — X)) — Y] W5, 1) 5
2, {nlz;|m( ) |+ A" T (i, 5 ) n;\m( ) |* + pen, (K™, A™)
We show that
Ty, <2 inf {U@(m) + peny(p, 1)}. (12)
AEA,

By the definition of m,, the Lipschitz property of 7 and |Y;| < L almost surely, which
implies ¥; = 7,Y; (i=1, ..., n) almost surely and Jé(m) < 00,

. 1 2 ~ 2 2 ~
Ty < 2;&{}1; |\ Tutitnpiy(Xi) = Yil* + A2 (it 1)
1 )
== |m(x) = Yi + peny(p, 2)
i=1

. l 2 ~ 2 2 ~
= leen/‘f"{;; |10 p ) (X2) — Yi|™ + AT (A p 1)

1 n
_ZZ |m(X;) = Yi|* + peny(p, /1)}
=1
) 1 N ) 1Y o
szllen/f”{n;W(Xz) Yi|® + A7, (m) n;|m(){,) Yi| +p€nn(p,i)}

— 9 ; 2
= 211En/€n{/1Jp(m) + pen,(p, /'L)}.

Step 2. Let t > 0 be arbitrary. We show that
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> 2! k, A
PTi,>h= S S P37 =Tig ge (o, 1), Si(g) = 2 2mED),
— A
(kXK XA, =1

E[f(X) = YP = Elm(X) = Y = (1/m) Y _{If (X)) = Y;* = [m(X) - Y;"} 1
i=1 > _

t + 2 pen,(k, A) + E|f(X) — Y|> — E[m(X) — Y|? 2

To see this, write
1 n
RO = 1/(X) = Y = |m() = VP, R(f) = {If(X) = Yif = |m(X) — Yif}
i=1

and observe that

P{T, >t}

) P{E[R(mn,<k*,/1*))|7)n] = Rumy, 4 3))

1 ~
> (t + 205 (i o ) + 2peng (K, 2% + E[R(mn’(k*)l*))mn]) }

_ _ — ER(/)— Ru(f) 1
h (k,/l)ezK;xAn P{af T 8 € WO 0 e + 2pema(h, A+ ER(S) 2}

= > ZP{Hf = Tig, g € WH([0, 119,
(kAER, XA, =1
2 pen,(k, 1) < 22J%(g) + 2 pen,(k, A) < 2" pen,(k, A):

ER(/) = Ru(/) - 1}

{4 24J%(g) + 2 peny(k, )+ ER(f) ~ 2

- en,(k, 1)
< > ZP{Hf =T.g, g€ W ([0, 11%), Ji(g) < 2’%:
(kAEK XA, =1

ER()—RAS) 1
t+ 2 peny(k, 2) + ER(f) ~ 2]

Step 3. Now fix (k, 1) € K, X A, and [ € N. We show, for n sufficiently large, that
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2! pen,(k, 1) ER(f) — Ru(f) 1
A “t+2'pen,(k, ) +ER(f) 2

P{Hf =Trg, g€ W0, 11%), Ji(g) < > =

n-(t+2' pen,(k, /1))>

= exp<—04 Iz

This inequality follows directly from Lemma 2 provided we can show that the assumptions of
Lemma 2 are satisfied. Set

F = {f: RIXR = R: f(x, y) = |Togl) = Teyl® = |mx) = Ty (v, ) € RTXR)

for some g € W([0, 11%), J3(g) < 21%’“)}

and Z; = (X;, Y;) i=1, ..., n. Then the above probability can be rewritten as

Ef(Z) —(1/m)Y_ f(Z)
P{ sup =1

>_
rer t+ 2 pen,(k, \) +Ef(Z)) 2

Hence it suffices to show that, for the set F, of functions, a = ¢ + 2! peny(k, 1), € :% and
suitable values of K| and K, the assumptions of Lemma 2 are satisfied. Recall that the
penalty is defined by

L¥(log (n))*

(k, 2) € I, X A,
We first determine K; and K,. For f € F, we have |f(z)| < 4L?% z € R? X R, and
E|f(D)]® = E{||(TLg)(X) = Y|* = [m(X) — Y]*|*}
= E{|(Tre)(X) = V) = (m(X) = V) - [(Tre)(X) = V) + (m(X) — V)[*}
< 16L*E[(T,g)(X) — m(X)|* = 16L*Ef(2).

So we can choose K| = 4% and K, = 1612,
Next we show that (5) holds for »n sufficiently large. Using A < log(n) for A € A, this
follows from

2 n ; L (log (n))? L3(log (n))?
(\/ﬁ\’l_é\/a) :E' (t+2 n - \dj2k 2(log(n))d/Zk_)oo n— 0o,
because of 2k > d for k € IC,,.
So it remains to show that (6) holds for » sufficiently large. In order to bound the
covering number, we observe that
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1 n
w

i=1
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2

(Teg1(x) — Ty — |m(x) — Toyil®) — (| Toga(xi) — Toyil* — [m(x) — Tryil?)

1 n
=3 1T — Tuga)P - |Tugix) + Trgals) — 27,
i=1

1 n
< 1617~ " |Tig1(xi) — Tr.ga(x)
. | Tg1(xi) — Trga(xi)|

i=1

and obtain

Nou, F, 2) < N, (ﬁ {ng: g € W10 11, Ji(g) = 2’%’”)}, x;’)

This, together with Lemma 3, implies, for any u = 1/n:

1 n
log N> <u, {f cF: ;Z;f(z,»)2 = 46}, z{’) < log N> (u, F, z{')

<t0e (1 {1 g e Wi 1), e =2 2R )

/1 1
2 pen,(k, 1)/ v 64el?
en,(k, el°n
< ca(k’ + 1)(<pu/4L 1 |log| e

d/k
l n 9
Scd(k"ﬂ)((%—w +1 |log(1024eL*n?).

Using k < d/2 + (log(n))/>? for k € K,, we obtain, for n sufficiently large,

1/2
1 n
<10gN2 (u {f €F: ;;f(zi)z < 45}, z?))

< Cs(log(n))3/4((2’penn(k, 2)2) 1y, ik 1)

V3 1 1/2
[ ol e 2}

ajak [V°
< cs(log (n)**| (2! pen,(k, 1)/A) J u Pk dy 4+ Vo
0

and

= co(log (m)*/ (2" peny(k, 1)/ A4, 12=dIG0) 1 /).
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Hence (6) is implied by

V3 = exllog () ( (2! pema(l, 1y2) 1 o1/2-a14% 1 /)

for all 0 = a/4. Since

Jna S 2 a/Ak /4

(log ()4 (2! peny(k, 2)/4) " a1 /2=a/46) ~ (log (m)/*(2! peny (k, 1))

and

d/4k

_ Valpeny(k, 1) 20,

(log (m)*/* (log (m)"/* — oo,

\/Ea _ ﬁal/z = ﬁ(zlpenn(k’ ,1))1/2 _ ﬁ(zl L5(10g (n))2> 1/2

all2 n - Ad/2k

= 2]/2L5/2(10g (n))lfd/4k — 00, n— 0o,

(13) and hence also (6) hold for n sufficiently large.
Step 4. We show, for n sufficiently large, that ET, < co/n. Using the results of steps 2
and 3, we obtain, for n sufficiently large, that

Step 5.

ET])n = J P{T])n > t}dt
0

< Z iroq exp<_ (12 penh /1))>dt

4
(kA)EK XA, =1 70 L

- can2! peny(k, 2)\ c3- L*
= > dew(-—p o

(KA)EK XA, =1

3

175 »apry L
= Z Z exp(7042 L’ - (log(n)) ) C—

(kAR XA, =1 can

_ C3L4
< > exp(-el’ (log(m)* ) =
(kDR XA, can
1/2d et
< cgn - (log (n)) "/~ exp(—2log(n)) ean
c
=

By the results of steps 1 and 4, we obtain, for n sufficiently large,

487

(13)
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LS(Iog(n»z} Lo

2 ; 2
EJ|m"(x) — m(x)|” Py(dx) < 211€n1{n{l - J,(m) + B TTET: P

Clearly, this implies the assertion of part (a). Concerning (b), assume 0 < Ji)(m) < oo and
set

o (Laog(m?\ "

Then, for n sufficiently large, there exists A € A, such that A <1 <22". It follows that
L3(lo 2
(log (n) } Lo

EJ|mn(x) — m(x)|? Py(dx) < 2{I -3 (m) + N p

< 2{2,1* I3 (m) + L5(1og(n))2} +2

P n- (A%)d2e n

n

L(log (n))z) P e
n

2 d/(2p+d)
<6 (J3,(m)" (

— 0<(Jé(m))d/(2p+d)(10g (n))2n72p/(2p+d)) .
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