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Consider a planar Brownian motion starting at an interior point of the parabolic domain
D={(x,y):y>x?}, and let 7 denote the first time the Brownian motion exits from D. The
tail behaviour (or equivalently, the integrability property) of T is somewhat exotic since it arises from
an interference of large-deviation and small-deviation events. Our main result implies that the limit of
T-'PlogP{rp > T}, T — oo, exists and equals —3n%/8, thus improving previous estimates by
Baiuelos et al. and Li. The existence of the limit is proved by applying the classical Schilder large-
deviation theorem. The identification of the limit leads to a variational problem, which is solved by
exploiting a theorem of Biane and Yor relating different additive functionals of Bessel processes. Our
result actually applies to more general parabolic domains in any (finite) dimension.
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1. Introduction

Let (B(¢), t = 0) be a Brownian motion taking values in R“*!, and let D be an unbounded
Borel subset of RY"!. We assume that B starts at a point in the interior of D, and we are
interested in

Tp:=inf{z=0: B(?) ¢ D},

the first exit time of the Brownian motion from D.

Of course, the distribution of 7 strongly depends on the form of D. Apart from trivial
situations, the example which has attracted the most research attention is when D is a
(possibly generalized) cone. In this case, the exact distribution of 7 is known, from which
it can be deduced that

P{tp > T} ~cT7", T — oo,

where ¢ =c¢(D) >0 and x =x(D)> 0 are constants whose values can be explicitly
formulated in terms of the eigenvalues and eigenfunctions of the Laplacian in D; see
Baiiuelos and Smits (1997) for a detailed account of the problem. Throughout the paper, we
adopt the usual notation a(T) ~ b(T), T — Ty, to denote limy_. 7, a(T)/b(T) = 1.

1350-7265 © 2002 ISI/BS



746 M. Lifshits and Z. Shi

The cone in dimension 2 can be thought of as the domain above the graph of a function
of the form y = alx|. As pointed out in Bafiuelos et al. (2001), it is a highly non-trivial
matter to find other unbounded domains above graphs of functions for which one can say
something deep about the (tail) distribution of 7. They studied the natural example of a
parabola in dimension 2:

D:={(x, y) € R* : y > x*}. (1.1)

Their main result says that 7, has a subexponential tail. More precisely, they proved the
following theorem:

Theorem A. Let d = 1 and let D be as in (1.1). There are two constants A1 > 0 and A, > 0
such that

— Ay < lim inf T3 logP{rp > T} <limsup T~ logP{rp > T} < —4,. (1.2)

T—o0

Therefore, the tail behaviour of 7p in the case of a two-dimensional parabola differs very
much from that in the case of a cone.

Recently, Li (2001) has refined the result of Bafiuelos et al. (2001) by showing that (1.2)
holds with

Ay = Q7733433 Ay = 277B33)m3. (1.3)

It is our aim to prove that 7~/ logP{rp > ¢} has a limit and to determine its value. Our
Theorem 1.1 below will imply that
3 2
Jim 7P log P{rp > T} = —%. (1.4)

(It is easily verified that (277/33)n*/3 < 372 /8 < (277/33%/3)7*/3. Thus (1.4) is in agreement
with (1.3). These inequalities also indicate that neither of numerical estimates in Li (2001) is
optimal.)

Actually, one can consider generalized parabolic domains of arbitrary dimension. It was
Li (2001) who studied the generalized parabolic shape in R?*!:

D= Dy pa:=1{X ) =1, ..., x5 y) € R y>a|x||?}, (1.5)

where p > 1, and ||x|| := [E;’lelz.]l/z is the Euclidean norm of x := (xi, ..., x;) € RY. Of

course, if a = d = 1 and p = 2, then we have the case in (1.1). We mention that the presence
of a is superfluous; it can easily be removed with appropriate changes by means of the
scaling property of Brownian motion. Li’s result is as follows:

Theorem B. For d =1, a >0, p>1and D= Dy, as in (1.5),

— 43 < lim inf 7=/ 10g P{z), > T}

< limsup 7~V D 1og Pz, > T} < — A4,

T—o0
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where
i 1/(p+1)
p (az(l? + 1)217]92_”](2;,2)/2)
3 :: b
2(p-1
2 1/(p+1)
4o Pt @iy
RN

and j-2) is the smallest positive zero of the Bessel function Jq_3))5(").
Here is our main result:

Theorem 1.1. Let d =1, a > 0 and p > 1. Let D = Dy, be as in (1.5). We have

2 1/(p+1)
( 2 rz«p—l)/?»)

lim 7~ P~/ 0 P{r), > T} = —(p + 1)

T—o00

2r53(p =Pt T%(p/2)
(1.6)

where jq_2)/2 is, as before, the smallest positive zero of the Bessel function J_2))("), and
T'(-) denotes the usual gamma function.

Since j_jj; = m/2, Theorem 1.1 immediately yields (1.4) by taking a =d =1 and p = 2.
The rest of the paper is as follows. In Section 2, we give (an outline of) the proof of
Theorem 1.1. Further technical details are given in Section 3. In Section 4 we give an
extension of Theorem 1.1 by studying exit times from non-polynomial shapes.
Throughout the paper, the letter ¢ with subscripts denotes constants which are finite and
positive.

2. Proof of Theorem 1.1

2.1. Preliminaries

It is easily seen that the asymptotic behaviour of P{zp > T} (for T — o0) does not depend
on the starting point of the Brownian motion, as long as it is in the interior of D. Without
loss of generality, we assume that ¢ =1 and that our Brownian motion starts at
0, ..., 0, 1) € R¢*!. By definition, for any 7 > 0,

{tp > T} ={B(1) € D, VYt € [0, T1}.
Therefore, if we write
vap(T):=P{zp > T},
then
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Yap(T) = P{IWO)|? < W(t)+ 1, Vt € [0, T]}, (2.1)

where W := (W, ..., W) is a d-dimensional Brownian motion starting at 0 € R4, and W is
a one-dimensional Brownian motion starting at 0, such that W and W are independent.

A few simple observations about the asymptotic order of —logyg ,(T) for large T will be
useful here — these were known to Li (2001), who rigorously proved the correct rate
7(r=D/(r+1) The event on the right-hand side of (2.1) is of very small probability: it
is hard for the independent Brownian motions W and W to satisfy the condition
[W()||? < W(t)+ 1 for all t€[0, T]. A sufficiently economical way to meet such a
condition is that both ||[W(z)||” and W(f) should behave like T%f(z/T) for some a > 0 and
/[0, 1] — R;. An easy optimization of polynomial degree yields a = p/(p + 1), while
the right choice of the profile function f boils down to a functional optimization problem.
Summarizing the argument, one would expect that

7}

X P{W(t) > TP/U’“)f(;), l<t< T} 22)

N

rasm = B{ Wl < 700 (1)1 <

1 1

~ exp <—C]J £72P(s)ds T(pl)/(p“)) X exp (— %J F2(s)ds T("l)/(p“)> (2.3)
0 0

= exp(—cy(f) TP~ D/ HD),

The function f providing an optimal constant c(f) appears via solution of an extremal
problem

1 1
By := = inf J F2(p)ds, (2.4)
2 fe&

where A(T] is the set of all non-decreasing absolutely continuous functions f : [0, 1] — R,
such that 7(0) =0 and f f72P(f)dt < 1. Assuming that the infimum on the right-hand
side of (2.4) is attained at some fx, we minimize c(vfx) = civ /P 4+ Bov® by
taking v = (c;/pBo)?/(**V. Hence, f =uvfx gives the optimal value c,(f)=
(p+ 1)(cl'By/pP)/P*D. Since p>1 by assumption, we have 1/(p+1)<1/2 and
p/(p+ 1) > 1/2. Therefore, on the right-hand side of (2.2), the first probability expression
is a so-called ‘small-ball probability’ for W (i.e., probability that the Brownian motion stays
in a narrow domain for a long time), whereas the second one is a ‘large-deviation probability’
for W (i.e., probability that the Brownian motion reaches a high level in a short time).
Estimation of y4 ,(T) thus requires a mixture of small-ball and large-deviation techniques.

The rest of this section is devoted to a rigorous proof of Theorem 1.1. To clarify the
presentation, we assume a few technical results whose proofs are postponed to Section 3.
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2.2. Proof of Theorem 1.1: upper bound
To obtain a rigorous upper bound for yg ,(T), let 0 =1 <t <t <...<ty<T and

observe that

1/p
Yap(T)<P< sup [[W()| < < sup W (1) + 1> ,Vi< N . (2.5)
1€10, 4]

t€[ti1,11]

Let 0 < a; < ... < ay. By Anderson’s inequality (see, for example, Lifshits 1995), we have

P sup [|[WO|<a,VisN
1€l tior,1]

< [P’{ sup |[W(O)| < a;, Vi< N — 1} X [P’{ sup W) < aN},
[

t€ltio1,t] 1€[0,ty—ty-1]

and, by induction, this leads to

N
P{ sup ||W(r>||<ai,vi$N}anﬂ>{ sup ||W(r>||<a,}.

teftion,ti] i=1 te[0,t;—t;-1]

At this stage, it is convenient to recall from Ciesielski and Taylor (1962) that

P sup (WO <xp~crexp(—==),  x— 0+, (2.6)
1€[0,1] 2x

where x := j%d—z) 2 Uta-2)2 denoting, as before, the smallest positive zero of the Bessel
function J(4_3)2), and c3 = c3(d) is a positive constant depending on d (whose value is
explicitly known). By scaling, for any ¢ € (0, 1), there exists ¢4 = c4(€, d) such that for all
s, ¥ >0,

1_
P sup [W()| < » <c4exp{—¢}. @7
1€[0,5] 2y

Accordingly,

1— 1
P{ sup ||w<t>||<a,»,vi<zv}<cfexp< ( e)KZ 2 )

t€[ti1,11]

Going back to (2.5), and by conditioning upon the linear Brownian motion W, we obtain

(1 — o) ti— tiy
Yap(T) =< ¢y ES exp| — = .
’ ' { ( 2 ; [1+ supreo.r,) (/7
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For the sake of brevity, we write 8 :=2/p and
S(f):= sup W(u), t=0.

u€el0,1]

Then we obtain

< (1=K ti— tiy
Va,p(T) < cf‘V[E{exp <_ 2 Z [1+ S(ti)]ﬁ> }

i=1

- 2.8)
o (1 — ey n(x — 1) TP
=y exXpl| — D Z [T_1/2 T S(T,)]ﬂ 5

=1
where 7; := t;/T. We now set 7, = (1 — &)/, 1 <i< N. In view of the monotonicity of
t — S(t), we have
N-1

T T = =)@ — 1)
2T S ; (77172 + S(@)P

N Tit1 dr
=0-0%| sy

i=1 YT

! dr
=(1- e)L1 2+ Sop S SOF

so that

1 —e)? : d
Vd,p(T) = Cf[E{exp (-% T(p_l)/pjrl m) } (29)

Observe that, for any b > 0,

! dr
[E _ -
{exp( bL [T-172 1 @)
_ ! dr
<[ exp —b . m 1{7‘*1/2&55‘(21’1)}
27 dr
+E{exp (—bL m 1{T71/2>8S(2T|)}

- b ! -B bT]Tl/p
= [E{exp <—mj2rl S(T) dT) } + €Xp <— m) . (210)

Taking b = (1 — &)’k T»~1/?/2 and letting T — oo, we artive at
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limsup 7~ P~/ (7D jogy, (T)

T—o0

1 — O)cTP—b/p
< inf limsup 7P~ l)/(I’Jrl)log[E{exp< LJ S(7)” 5dr>} (2.11)

0>0,0>0 T_o0 2

The question is now how to evaluate

1
[E{exp <—,1j Sﬂ(t)dz> }
%

when 4 — oo and 3 € (0, 2) is a fixed constant.
To obtain an upper bound for such an expression, we note that by Schilder’s theorem (for
a justification, see (3.3) in Section 3.1),

x—0+

1
lim sup x*/Plog P{ J Sh(ndr < x} — By, (2.12)
6
where
1
By :=— inf Jf (r)dz.
2 fen)

Here and in the following, / denotes the Radon—Nikodym derivative of £, and A; is the set
of all non-decreasing functions in the set Ay defined by

1
Ag = {f : [0, 11 — R4, f(0) = 0, f absolutely continuous, J FP(nde < 1}.
0

Clearly, inf jea, qu F(t)dt = inf feA) fe F2(t)dt. (Indeed for any f EAg, we can take
g(t) == supseo,q f(s), t € [0, 1], to see that g € A and fe 2(Hdt < fe 2(£)dt.)
We now need the following elementary result.

Lemma2.1. Let X =0 be a random variable. Let a > 0 and B > 0. If

lim sup x* log P{X < x} < —B, (2.13)

x—0+

then

(o + 1)BY/ (@D

- —a/(a+1) XY <=
limsup 2~ logE[e™"] < el

A—00

(2.14)

The proof of Lemma 2.1 is fairly standard: it suffices to write
Ele*¥] = f P{e** > x}dx, and estimate the integral using Laplace’s method. We omit
the details.

By combining (2.12) and (2.14), with a =2/f, we obtain
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) /0 1 2+ﬁ Bg/(2+:8)
h?ligplf /@B 10g 4 exp —lLS*ﬁ(t)dt < - B QpEEh (2.15)

Next, plugging (2.15) into (2.11) with § =2/p, and letting 6 — 0, we arrive at

p/(p+1)
lim sup 7DD Jogy, (T) < —(p + 1)(%) B (2.16)
—00
where
By =t inf Jlfz(t)dt— lim B (2.17)
072 femn )y om0 O '

Concerning the limit relation in (2.17), we first note that, for § € (0, 2), the infimum By
is finite since the set Ay contains appropriate power functions. The family of sets Ay being
non-decreasing with respect to the parameter 6, the limit limg_,o By exists and

lim By < By < .

0—0
To see why the second identity in (2.17) holds, we take 6, = 1/n, and, for arbitrary & > 0,
we take a sequence of functions f, € Ay, such that

I ,
—J fi(t)dt < By, +e=<lim By +¢.
2 0 6—0

The Strassen ball being compact in the space of continuous functions, (f,) contains a
subsequence uniformly converging to a limit function, say f. By Fatou’s lemma, we have, for
any m,

1 1
J 7 Pyde < limian fBde <1,
om n—oQ

m

from which it follows that f € A,. Moreover,
1., .
= — = .
By ZJOf (t)dt 2)12& Bg+¢

In the limit as ¢ — 0, we obtain By < limy_,o By, and (2.17) is completely justified.

Now we only need to identify B, This variational problem leads to an ordinary
differential equation. However, we choose a different way, representing By as a solution of
another, (well-investigated) variational problem.

Let R denote a two-dimensional Bessel process (i.e., the Euclidean modulus of an R?-
valued Brownian motion) starting at 0.

Lemma2.2. Let € (0, 2). Then

1
lim x*/?log [P’{J RP(1)dr < x (2.18)

x—0+ 0

225 T2 - B)/2P)
O Q-pEIg (1B
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On the other hand, we also have

1 1 1 .
Y Badr< b L 2nds —
lim x log[P’{JOR (1)t x} 2;2/_{(']0 F2(6)dt = —By, (2.19)

where By is defined in (2.17).
By assuming Lemma 2.2 for the moment (see Section 3.3 for its proof), we are ready to

complete the proof of the upper bound in Theorem 1.1. Taking  :=2/p in Lemma 2.2, we
obtain

B — npPT((p — 1)/2)
"7 8(p— )P I2(p/2)

Plugging this into (2.16) yields

limsup 7P~V (7D jogy, (T) < —(p + 1)

T—o0

acrT2(p— 2\
2773(p — )P T2(p)2) :

which is the desired upper bound in Theorem 1.1.

2.3. Proof of Theorem 1.1: lower bound

Take a function 4 € A(T) solving the variational problem in (2.12). That is, let & € Ag be
such that

1 1 . 1
—J R*(f)dt = By and J hP(ydr = 1.
2 0 0

For any ¢ > 0, consider a piecewise linear approximation /45 of & such that

1 1
%J R(ndt < (1+0)By and J hP(nyde = 1. (2.20)
0 0

We bound our probability y4 , by employing a trick similar to that suggested in (2.2):
va(T) = P{UWO|? < oT? " Vhy(t/T) < 1+ W(n), V1 € [0, T]}

= P{|W()|| < o"/P TP ORYP(1/T), Vit € [0, T]}

X P{oTP/ "D ps(t/T) < 1+ W (1), Yt € [0, T]},
where the optimal value of the additional parameter o > 0 is yet to be chosen. For the first
probability on the right-hand side, the small-ball estimate is well known:

lim 7=V log PLIW(5)|| < 0"/ TPV RlP(1/T), Vi € [0, TT} = — —

lim 207" 2.21)
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where xk = j%d_z) J as in (2.7) — see Li (1999) and related work by Berthet and Shi (2000)
and Lifshits and Linde (2002). For the second probability, we have, by scaling,

P{oT?/ P Dps(1/T) < 1+ W(t), Vi € [0, T]}

= P{oTP V2D psry < T2 4 W(1), Vi € [0, 11}

This is essentially a large-deviation probability but, unfortunately, the presence of a non-zero
starting point on the right-hand side prohibits a direct application of classical large-deviation
results. Instead, we offer the following palliative.

Lemma 2.3. Let W be a standard Brownian motion and let a, b, u > 0. Then for every
piecewise linear function f(-) with f(0) =0,
(.
liminf » 2 log P{rf () < ar~" + W (), Vt € [0, u]} = _EJ fA(ndr.
r—o0 0
By assuming Lemma 2.3 for the moment (see Section 3.2 for its proof), we are ready to

complete the proof of the lower bound in Theorem 1.1. With f = hys, r = oT(P~D/2(P+D) jn
Lemma 2.3, we obtain

lim inf T=(P=D/PHD 1og P{o TP~ V2D psry = T2 4 W(1), Yt € [0, 11}

20l
>_ %L R(ndt = —(1 + 6)0 Bo. (2.22)
The estimates (2.21) and (2.22) together yield
.. (p— K
11;11101;f 7=~V jogy, (T) = T (14 6)0*By.

By letting 6 — 0 and maximizing the term on the right-hand side via the choice

K\ P/2p+D)
° <2PBo> ’

p/(p+1)
liminf 7~V D logyy (1) = ~(p+ 1) <2£> YD,
e »

we obtain:

which yields on the right-hand side the same constant as in the upper bound (2.16). This
implies the lower bound in Theorem 1.1.

3. Technical details

This section contains the technical details which were left incomplete in Section 2 in the
proof of Theorem 1.1. Section 3.1 summarizes the large-deviation theory which we need,
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and provides a justification of (2.12). Sections 3.2 and 3.3 are devoted to the proofs of
Lemmas 2.3 and 2.2, respectively.

3.1. Large deviations

For the sake of completeness, we recall here a small part of large-deviation theory which is
used in the main proof. For further details, see Dembo and Zeitouni (1998) or Lifshits
(1995).

Let P be a centred Gaussian measure in a separable Banach space E. Let |- | denote the
reproducing kernel Hilbert norm associated with P. Then for every measureable 4 C E, we
have

1 log P(r4
——inf |h]* < liminfLZ(F) < lim sup
hed® r—00 r F—00

log P(r4 1
log Prd) _ _ L ing 1ap. 3.1)
r? 2 hed

The set A4 is called regular if inf ¢ 4o |h| = inf ,_7|A|, where 4° and 4 denote the interior and
the closure of A, respectively. For regular sets, (3.1) yields

fi £ = = g P @
Let >0 and G: E — R! be a B-homogeneous functional, i.e.,
G(Ay) = AP G(y), 2>0,y€eE.
Let A ={y € E: G(y) = 1}. If G is upper semicontinuous — or equivalently, if 4 is closed
— we have, from (3.1),

logP(y € E: G(y)=r)
P 7218

log P(r'/P 4) 1. 5
— = —— . .
r2/B > inf Al (3-3)

lim su

r—00

= lim sup

r—00
Moreover, if G is continuous, then, as we will see, 4 is regular, and we obtain from (3.2) that

. logP(ye E:G(y)=r) 1. 2
i 77 =g bR G4

It remains for us to verify that A is regular. For any 6 >0 and % € 4, we have
G((1 + 0)h) = (1 + 0)PG(h) > 1. Hence, by continuity of G, we have (1 + 0)k € 4° and

(1 +0)|h| = |(1 + O)h| = inf |¢].
leA°

Taking the minimum over all 4 € A, and making use of the fact that A = 4, we obtain

inf |h| = inf || = inf |¢].
hed heAd led®

Since the inverse inequality is trivial, 4 is indeed regular.

We need here only one particular case of all these inequalities — which is often referred
to as the Schilder theorem (Schilder 1966) — when P is the Wiener measure on E =
C([0, 1], R?) and
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1
B J R (1)dt, if & is absolutely continuous with 4(0) = 0,

Lk 0

0, otherwise.

3.2. Proof of Lemma 2.3

We prove Lemma 2.3 by induction over the number of linear pieces in the boundary
function f. Consider first the linear boundary. Let 4 > 0, H > 1. Then

P{A + W(t) = Ht, ¥t € [0, 1] and W(1) = H+%}

\

J~H+2/H exp(fyZ/Z)

P{W(t)= Ht — A,Vt € [0, 1]|]W(1) = y}d
vy vom {w(n [0, 1][w(1) = y}dy

B 2

> eXp( (Ij/ZiZH) 2 bty = He— 4, Vi e [0, 1W(1) = H}
T

= SOPCIERp e ) = )

. H*\ . .,
= csH  exp —5 min{A4~; 1},

where WO(f) := W(t) — tW(l), t € [0, 1], is a standard Brownian bridge. Moreover, for our
induction argument, we need a scaled version of the proved inequality. Namely, for every
A >0, we have

1
IP’{A + W(t) = Ht,Vt € [0, Al and W(A) = AH+H}
H?’A A?
= (:5(H\/K)’1 exp(— )min{—; 1},
2 A
which is valid under the assumptions 4 > 0 and HvVA = 1.
In particular, for A=u, 4 = ar~® and H = rK, we immediately obtain

K2
liminf 7~ log P{rKt < ar=" + W(1), ¥t € [0, u]} = — —— 2.

F—00 2

(3.5)
Lemma 2.3 is thus proved for linear boundaries f(¢) = Kt.
We now justify the induction. Let
Kt, 0st=A,
f(t)_{KA—l—g(t—A), A<t<u,

where g is a piecewise linear function having one linear piece less than f. Since W has
independent increments, we have
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PLA+ W(0) = 1f (1), V1 € [0, ul} = pi(r) X pa(r),

where

pi(r) = P{%—&— W(t) = rf(t), ¥Vt € [0, A] and W(A) = rf(A) —&-L},
r Kr

pa(r) = P{I;r + W(t)— WA = r(f(t) — f(AN), Vi € [A, u]}

Since f(#) = Kt on [0, A], it follows from (3.5) that

KA

—

On the other hand, py(r) = {(Kr)~' + W(s) = rg(s), Vs € [0, u — A]}, so that by the
induction assumption,

lim inf r~2log pi(r) = —

1 u—A
lim inf r2log pa(r) = — 3 JO &2(s)ds.

Assembling these pieces gives that

liminf 72 log P{%—|— w(t)= f(1), Vt € [0, u]} =22 -

r—0o0

and we are done.

3.3. Proof of Lemma 2.2

Recall that R denotes a two-dimensional Bessel process starting at 0. Let 5 € (0, 2) be a
fixed constant, and write a :=28/(2 — f).

Our starting point is the following theorem of Biane and Yor (1987), also stated as
Corollary XI.1.12 in Revuz and Yor (1999).

Fact3.1. The random variables
| | —B/a
J R P(t)dr and (a/B)P (J R“(t)dt)
0 0
have the same distribution.
A major attraction of this identity in our context is that instead of studying the lower-tail

behaviour of fol R~P(#)dt, we need only study the upper-tail behaviour of fol R%(t)dt. For the
latter problem, we again use the Schilder theorem (see (3.4)) which yields
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1
lim y~%“log IP{J R*(t)dt > y}
))*}QO O
1 1 1
= —Einf J R (t)dt - h: [0, 1] — R%, h(0) =0, J |h(£)|* dt = 1, h absolutely continuous .
0 0

Next, it is easy to observe that the infimum is attained on the set of real positive increasing
functions and hence equals M~%/“, where

1 1
M = sup{J |h(6)|*dt : J R(ndt<1,he B},
0 0

with B:= {4 : [0, 1] — RL absolutely continuous, 4#(0) = 0}. We thus obtain

1 M—Z/a
lim y~%“logP J RYH)dt >y p = — 5 (3.6)
y—00 0

Recall that the value of M is known: Strassen (1964) showed that M = Mg, where

2(2 + a)*/>! 224 ) e TH(1/2 + 1/a)
1 “ r(1/a) '
a®/? lj (1- ta)fl/Z dl“| /(l
0

Strassen proved this result for a = 1 but it is easy to verify that it is also valid for a € (0, 1).
Indeed, in the latter case the functional

Mg = (3.7)

1 1
Go(h) := JO K (H)dt — cL K(dt (¢ >0)

is concave on [B. Strassen’s calculations show that, for some Ay € B, one has

1 1
J h* (1)dt = Ms, J R (n)dr =1,
o * 0

and for some ¢ > 0 the derivative of G, vanishes at h*. Hence, G, attains its maximum at
h . Or equivalently,

1 1 .
Mg = sup{J h*(f)dt : J K(dt=1,he B} =M.

0 0

Thus M = My for every positive a.
Now, sequentially using Fact 3.1, (3.6) and (3.7), we obtain
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x—0+ 0 0

1 1
lim x*#log IP{J R P(pdr < x} = lim x*/P log IP{J R*(1)dr > (a/ﬁ)axa/ﬂ}

M2/g? 2

o 232 - M2 — B

2P THQ2-p)/2p)
T QPR TP

as claimed in Lemma 2.2.
Now we prove the second part (identity (2.19)) of the Lemma. The upper bound in (2.19)
follows from the Schilder large-deviations theorem (see (3.3)), that is,

1 .

! 1
lim sup x*/# log P J RP(dt<xp <—= inf J F2(1)dt = —B,.
X0+ 0 2 1€ Jo

The lower bound in (2.19) follows not from the general theory but from Lemma 2.3. Indeed,
take small numbers a > 0, 6 > 0 and denote by 7, := inf{7 : R(¢) = a} the first hitting time
of the Bessel process. Then by the strong Markov property,

1 T, T,+1
P{J RP(ndr<(1+ 6)x} = [FD{ R P(t)dt < dx; J R P(ydr < x}
0

0 Ta

0 0

T, 1
= P{ R P(ndr < 6x}P{J R7P(1)dt < x|R(0) = a}

Ta 1
= IP{ R P(ndr < 5x}[P’{J la+ W(n)|Pdr< x}. (3.8)

0 0

By the scaling property of R, we have, for x < 6~ 'a>F,

P{J R (e < ax} - P{ RP(ydr < aﬁzéx}
0 0

1
= IP{ R P(ndt < ¥ %0x, 1, < 1}
Jo

1
= [P’{ RP(ydr < aﬁzéx},
0

the last equality following from the fact that {fol RP()dt < a’26x} C {r; < 1} for all
x < 07 'a®>P. Hence, by (2.18),
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2 TAQ =P/ sap pe-pyp
Q=P T(1/P) |

Ta
lim (i)1+1fx2/ﬁ log P{J R P(n)dt < 6x} =
X— 0
(3.9)

We mention that it is possible, by means of stochastic calculus techniques, to show that

o« RP(1)dt is distributed as {2/(2 — B)}?a*# /supo<,<1 R*(t), so that the ‘liminf’ expres-

sion on the left-hand side of (3.9) is a true limit and its value is actually 0.
To estimate P{J"Ol la + W (1) dt < x}, we take a function ks from (2.20) and notice that
for w € {a+ W(t) = x"YPhys(), Vt € [0, 1]}, we have
1 1
J la + W(n)|Pdr < xJ hyP(ndt = x.
0 0

Hence, by Lemma 2.3,
1
lim(i)r+1fx2/ﬁ log [P’{J la + W(0)|Pdr < x}
X— 0

= 1im33fx2/ﬂ logP{a+ W (1) = x P hs(1), vt € [0, 1]}

I
= —— | B3(ndt
ZJO é( )
= —(14 0)B,. (3.10)
Combining (3.8)—(3.10) and choosing ¢ and « sufficiently small, we obtain
1
1im(i)r+1fx2/ﬁ log IP{J R P(pdr < x} = _B,.
xX— 0

This yields the second part of Lemma 2.2.

4. Slow exit from more general domains

4.1. Domains with regular varying boundary

Let A :R; — R, be a non-decreasing continuous function starting at 0 and p-regularly
varying at infinity (with p > 1): for any a > 0, A(ar)/A(r) — a”, r — oco. Let A~ denote
the inverse function of A. Then A~ is (1/p)-regularly varying, so that

v(r) = r YPAT(r)
is a slowly varying function. Let

D= Dd,A = {(X9 y) = (xls <o Xds y) € Rd-H -y = A(HX”)}, (41)
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where ||x|| is the Euclidean norm of x := (x, ..., x;) € R?. Sharp estimates for exit times
from such domains may be found in Li (2001).
We provide the following generalization of Theorem 1.1.

Theorem 4.1. Let d = 1, A and v be as above. Let D = Dy p be as in (4.1). Assume that
1/(1/‘7’/(”+1)(T)T) -

pm w(T) (42)
Then
s ) 1(p+1)
lim 2P0 =T M D= D/2)
T fy(D) P IN2rs - )T T T(p/2) ’
where
T(r=D/(p+1)
ST = i el -3)

Remark. The extra assumption (4.2) is verified, for example, by functions v(7) = c(log T)*
(with a € R) and by functions ¥(T) = c exp{b(log T)*} (with a € [0, 1]).

Proof- We only sketch the proof, starting with that of the lower bound. The splitting
argument now reads

P{rp > T} = P{A(|W()|)) < oT P/ P D hs(t/T) < 1 + W(1), Yt € [0, T]}
= P{A(IW())) < oT """ Vhs(1/T), V1 € [0, T]}

X P{oT?/ P D hs(t/T) < 1+ W(1),Vt € [0, T]}
and for the first factor we have

log P{A(|W(N)|)) < oT?/**Vhy(¢/T), V1 € [0, T1}
= log P{|W(1)|| < A~ (QTP/(P“)ha(t/T)), vt € [0, T]}

—log P{IW(n)| < TN~ (o777 Vho(1/ T)), Vi € [0, T1)

T 1
e KN (YO
0
1
_ 2@’2/}) T(p—l)/(pﬂ)J By (QT”/(”H)h(;(t))dt
0

K
~ (p=1)/(p+1),,-2 p/(p+1)
2077 T v (QT )
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The rest of the proof strictly follows that of the lower bound in Theorem 1.1 after (2.21) with
the replacement of x by xv~2(T?/(P*D). Note that the optimal choice of o is

2(p+l
o =o(T):= ( K )P/ (p+ )V_p/(p+1)<Tp/(p+1))
ZpBO 5

and (4.2) provides the equivalence v(oT PI(PHDY ~ (T P/(P+DY) which considerably simplifies
the calculation.

Now we turn to (a sketch of) the proof of the upper bound. We retain the notation of
Section 2. In particular, we use a partition {#, ..., ty}, the supremum S(z), and the
constant k. Take a small constant m > 0 and a large constant M > (. Introduce three
events

(p+1)
0 — 01— Lsmy=—"T""
Vp/(p+l)(Tp/(p+1>) ’

mT P/(p+D) M TP/(p+D)
0=00): VPl (T P/ D) S(n) = 5(T) < y /(DT /(D) [

MT /(P }

0, = 0.(T) = {S(T) = vy P/(PHD(T P/(p D))

Bounding the parts relating to Q_ and Q, is no problem. Indeed, by the classical large-

deviation estimate for S(7'), we have

_ logP{O.} _ M
limsup ————> < — —,
PR 2

and we can choose M as large as possible. On the other hand, taking #; = 7, T for any fixed
71 € (0, 1), we have

1
lim sup
T—o0 fp(T)

1 mT P/(p+D)
< lim sup logPS |W(O)|| =A™ | 1+ , Ve [0, 1]

logP{rp =T; O}

r—oo Jfp(T) v P/(p+D (T p/(p D)

KTy
- 2m2/p’

the last inequality being a consequence of (2.6) and (4.2). So this part does not present any
trouble either, as long as we choose m > 0 sufficiently small.
Finally, the estimate relating to the main domain Q follows the scheme of Section 2. Let

vo(T) :=P{rp=T; 0}.
Similarly to (2.5), we obtain
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t€[tio1,1]

yo(T) < IP{ sup |[WO)| <A™ ( sup W(f)+ 1), Vi < N, Q}.
€0,

Proceeding as in Section 2, we obtain the counterpart of (2.8), namely,

- -k ti — ti
vol) = ¢y [E{IQQXP< 2 TSP T S(t,-))) }

i=1

Note that uniformly for all i =< N, we have, on the event Q,

T p/(p+D)
Vp/(p+1)(Tp/(p+1))

v(l + S(t)) ~ V( ) ~ 1/(Tp/(erl));

indeed, the first equivalence follows from the definition of Q and the Karamata representation
for slowly varying functions, whereas the second is a consequence of condition (4.2).
Accordingly, for all large T,

_ (1 —e’x S~ 4—ti
'}/Q(T) = cj\/[E{CXp <_ ZVZ(TP/(p+1))Z 1+ S(t,-)]z/i’> }

i=1

Now we simply follow Section 2 but with « replaced by xv~2(T?/(?*D) In place of (2.9), we

have
(1 — ey’ D/p Jl dr
7)< c)E -
vo(h) = ¢ {eXp< TP/ | (T2 4+ S@Pe ) |

and taking b = (1 — &)’k TP~D/P/202(TP/(P+D) in (2.10), we arrive at the following
counterpart of (2.11):

. logyo(T) . . 1 R L A Y
11rTrLs;1p G s6>1£9f>011rTrLsolipfp(T)logE exp| — 23T PP LS(I) dr | ».

We already know from (2.16), via the key estimate (2.15), that the expression on the right-
hand side equals —(p + 1)(K/Zp)”/(”“)B(l)/(”H), which yields the desired upper bound. [J

4.2. Non-Euclidean norms

Let K be a non-empty connected open set in R that contains 0. According to Theorem 7.2
in Port and Stone (1979),

P{W(1) € K, Yt € [0, T} ~ cexp(—AT), T — oo,

with some positive constant ¢ and A being the principal eigenvalue of the Laplacian (f%A) on
K (with zero boundary condition).
We can transform this statement into
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P{W(s) € xK, Vs € [0, 1]} ~ cexp <— %), x — 0+,
x

by ordinary scaling arguments. Using the latter relation instead of our formula (2.6), one can
easily obtain the results of this paper for the exit times from a parabolic shape

Dy = {(x, y) ERT 1 y> Hx)"},
for any norm H(-) in R, equivalent to the Euclidean. Obviously, 22 will everywhere replace

2
J(d-2)2"

4.3. An open problem: quasi-conic domains

The natural question is what happens if p =1 and v is an appropriate power of a
logarithmic function (using notation from Section 4.1). The answer should be something
intermediate between the subexponential behaviour of the exit probability treated in the
present paper and the polynomial behaviour which appears for purely conic domains.

The only known results are those of Li (2001), but his upper and lower estimates are still
of different orders of magnitude. It does not seem that our methods are appropriate for a
complete analysis of that case.
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