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BY CONSTANTIN APOSTOL, DOMINGO A. HERRERO AND DAN VOICULESCU

1. Introduction. Let H{ be a complex separable infinite-dimensional Hilbert
space and let [(H) be the algebra of all (bounded linear) operators acting on H.
The similarity orbit of T € L(H) is the subset

S(T) = (WIW~1: W € L(H) is invertible}.

The purpose of this note is to announce the “almost complete” solution of
the problem of characterizing the (norm) closure S(T)~ of S(T) in simple terms.
Our results reduce the whole problem to the analysis of a very peculiar class of
nilpotent operators and their compact perturbations. Complete results will ap-
pear elsewhere.

2. The main result. Assume that 4 € S(T)7, ie., ll4 — W, TW, || — 0
(n — <o) for a suitable sequence {W,}_, of invertible operators. Since the
spectrum of every operator in the sequence {W,TW, 1}:’=1 coincides with the
spectrum o(T) of T and, moreover, every single piece of o(W,TW,” 1) (essential
spectrum, left or right essential spectrum, normal eigenvalues, etc.) coincides with
the corresponding piece of (7)), it is not difficult to see, by using the upper
semicontinuity of separate parts of the spectrum (see, e.g., [5, Theorem 3.16])
that 4 necessarily satisfies

(0) 0(4) D o(T) and each component of g(4) intersects o(7T).

Furthermore, if f is an analytic function defined on a neighborhood of o(4)
and we define f(4) via Riesz-Dunford functional calculus, then it is easily seen
that || f(4) = f(W,TW, )| — 0 (n — ). If o is a clopen subset of a(4),
f() =1 on a neighborhood of ¢ and f(A) = 0 on a neighborhood of ¢(4)\o,
then P(o; A) = f(A) is the Riesz’ idempotent corresponding to o [6, Chapter
XIV]. Recall that X € o(A4) is a normal eigenvalue if \ is an isolated point of
0(4) and X\ € 0,(4); equivalently: A is an isolated point of 0(4) and P({\}; A)
is a finite rank operator. (The set of all normal eigenvalues of 4 will be denoted
by 64(4).)

The continuity properties of the functional calculus imply that

(i) If A € 04(4), then rank P({A}; A) = rank P({A}; 7).
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Let K(H) denote the ideal of all compact operators and let m: L(H) —
L(H)/K(H) be the canonical projection of L(H) onto the quotient Calkin algebra;
m(T) will also be denoted by T. Let 0,(T) = o(’T\") be the essential spectrum of
T, let 0,,(T) (0,.(T)) denote the left (right, resp.) essential spectrum of T and
let p,_ @(T) (the complement of 6,,(T) N 0,,(T) in the complex plane C) be the
semi-Fredholm domain of T (the reader is referred to [5] for definition and
properties of semi-Fredholm operators). The well-known stability properties of
the semi-Fredholm operators and the upper semicontinuity of separate parts of
the essential spectrum imply that

(iii) 0,(4) D 0,(T) and each component of ¢,(4) intersects o,(T)
and (iv) p,_(A) Cp;_p(T) and ind(A —A4) = ind(\ — T) forall A E p,_ (4).

Furthermore, if (following [1]) we define

min. ind(A — T) = min{nul(A — 7), nul(A — T)*}, A € p,_ (T),
where nul B is the (topological) dimension of the kernel, ker B, of B and B* is
the adjoint of B in L(H), then

(i) If NE€p,_p(A), then min. ind(\ — A)* > min. ind(A — T)* for all k =
1,2,3,.... (Observe that (i)—(iv) imply (0).)

It is easily seen that if 4 € S(T)~, then Ade S(%)“ (where similarity is
defined in terms of the invertible elements of the Calkin algebra). The contin-
uity properties of the functional calculus in the Calkin algebra imply that

(v) If f is an analytic function defined on a neighborhood of ¢,(4) such
that £(T) = 0, then f(4) = 0.

Let p: L(H)/K(H) — L(H p)l)e a faithful unital *-representation. If X is
an isolated point of 0,(T), then p(T) ~ (A + Q,) ® R, , where Q, is a quasinil-
potent operator and X\ € o(R,). For every A € C define

0 if AEo (D),
kQ\; ?‘) ={n if Q, is a nilpotent of order n,
oo otherwise.

With this notation in mind, it is not difficult to deduce from (iii) and (v)
that

(00) If o is a component of 0,(4) and o is not a singleton, then ¢ N
A€o (D) k(\;T) =} #* &

THEOREM 1 (RESTRICTED FORM). If T € L(H) and k(\; T) = oo for all
N € 0,(T), then S(T)™ = {A € L(H): A4 satisfies ())—(iv)}.

3. Pathological behavior associated with nilpotent elements of the Calkin
algebra. It is clear from (iii), (v) and (00) that if X is an isolated point of ¢,(4)
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and k(\; Z) = n, then X is an isolated point of ¢,(T) and n < k(\; ;) < o, Un-
fortunately, this necessary condition (together with (i)—(v)) is not sufficient to
guarantee that A € S(T)~. The reason is the peculiar behavior of certain nil-
potent elements of L(H)/K(H). To make it more precise, we shall need the fol-
lowing definition:

If A is an isolated point of ¢,(T) such that &(; ’f) = pn for some n, 2 <
n <o, and Q, is similar to a Jordan cell of order n, we shall say that A is a
megambic' point of T (affiliated with qgc"(",z;;)).

Then we have

(vi) If X is a megambic point for 4 and k(A; ’f) = k(\; Z), then N is a
megambic point for T; and

(vii) If, moreover, \ belongs to the boundary d0(4) of 0(4) and o is a
clopen subset of 0(4) such that 0 N 0,(4) = {\} then o is a clopen subset of
o(T) and Alran P(o; A) is unitarily equivalent to an operator in S(Zran P(o; T))™.

THEOREM 1 (GENERAL FORM). Let TE€ L(H); then S(T)™ = {4 € L(H):
A satisfies (i)—(vii)}.

The results contained in the preprint [3] by J. Barrfa and D. A. Herrero
about closure of similarity orbits of nilpotent operators are essentially correct but,
unfortunately, the proofs given there contain several errors. Correct proofs of
the same results (indeed, slightly better ones) for the separable case (which is the
only one considered here) has been almost simultaneously obtained by C. Apostol
and D. Voiculescu in [2], by using a different approach. The notion involved in
the definition of megambic point has been taken from this last reference.

Theorem 1 reduces the general problem of characterizing S(T)~ for an
arbitrary T in [(H) to that of characterizing

St @qﬁf") +K)= {4 € S0 Gqu‘”) + K)™: A is unitarily
equivalent to 0/) ®¢{™) + C},

where n > 2,0 <j <n, 0(/) denotes the zero operator acting on C/, q, is the
Jordan nilpotent cell of order #, and K, C are compact operators, This promises
to be a very difficult problem. Partial results will be included in the publication
of the complete results.

In fact, the answer to the above problem is known for several particular
compact perturbations of 0(/) @ q}c‘”). Moreover, given T in [(H) and € > 0,
there exists K, € K(#) such that [IK, Il < e and the closure of S(T + K_) admits
a complete characterization in simple terms (namely, K, can be chosen so that
the condition (vii) can be replaced by the more simple statement

iThis expression has been suggested to the second author by Professor Alberto P.
Calderdn.
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(vii') If X and o satisfy the conditions of (vi) and T|ran P(c; T) is similar
to a compact perturbation of 0¢/) ® qf,‘”), then A|ran P(g; A) is also similar to
a compact perturbation of 0(/) & qf,“') (provided T has been replaced by T+ K )).

4. The closure of the similarity orbit in the Calkin algebra. As a corollary
of our previous observations, we obtain a complete characterization of the norm
closure of an element of the Calkin algebra. The set of all megambic points of T
will be denoted by o, (T).

THEOREM 2. Let T € L(H)/K(H); then

S(T)~ = {4 € L(H)/K(H): A satisfies (iii)—(vi)}.

5. Consequences. Many (very general) results on closure of classes of oper-
ators defined in terms of different parts of the spectrum can be easily derived
from the previous theorems. Namely, we have the following

CoRrROLLARY 3. Let X, Q2 and A be three pairwise disjoint subsets of C
such that X is compact, S is open and bounded, X contains the boundary 92 of
Qand XU QU A+ . Let {Q,-} be an enumeration of the components of S0
and let X, = {u,} be a subset of isolated points of X. If R is the family of all
those operators T in |(H) satisfying the conditions

(A XUQCo(T)CXUQUA;

(b) N\ — T is a Fredholm operator of ind\ — T) = m; and min. ind(\ - T)
=ni>0forall>\eﬂi,j= 1,2,...;

(c) w, is a megambic point of T affiliated with q$,°:), r=1,2,...;then
R~ is the set of all those A in L(H) such that

(al) 0(4) D X U Q, every component of a(A) intersects X U Q U (A™)
and every component of 0,,(4) N 0,,(A4) intersects X U A™;

(a2) If \ — A is semi-Fredholm and ind(A — A) # 0, then A belongs to
Q™ U (interior X U A);

(a3) If \— A is a Fredholm operator of index zero and

A € X \[Q™ U (interior A)],

then \ is an isolated point of X;

(bl) IfA€ §; and \— A is semi-Fredholm, then indA — 4) = m; and
min * ind()\-A)?nj; -

(c1) If u, is an isolated point of 0 (A), then fy (A; u,, A) = O, where

- u,)k’ on a neighborhood of u,,

s, A) =
T s 4) on a neighborhood of o ,(A\{u,};
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(c2) If o is a component of 6,(A) and o is not a singleton, then ¢ N
(X U A) cannot be a finite subset of X,,.

Furthermore, if A = &, then
R™ = U{S(T)": T satisfies (a), (b), (c)}.

Conditions (a), (b),and (c) can be replaced by an arbitrary list of compatible
conditions (related with suitable subsets of the spectrum). The answer is always
the “obvious” one: The necessary conditions derived from (i)—(vii) are also suf-
ficient,

Analogous results hold for subsets of the Calkin algebra.

6. The distance to a similarity orbit. Recent results of D. A. Herrero [4]
on construction of approximants to certain similarity invariant sets of operators
provide a partial answer to the problem of estimating the distance to a similarity
orbit. Given T € L(H), let m,(T) denote the essential minimum modulus of T,
defined by m,(T) = min{\ € o(T*T)"%)}.

ProrosiTiON 4. If A, T € L(H) and kQ\; ’f) = oo for all \ € 0,(T), then
dist[4, S(T)] = dist[4, S(T) + K(H)] = max{a, a*, B},

where
a = sup{m,(\ — A): \ € p,_ (A) and either \ & p,_(T),
or N € p,_p(T) and ind(\ — T) # ind(A — A)},
o* = sup{m,(A — A)*: X\ € p,_(A) and either X & p,_ p(T),
or € p,_p(T) and ind(A — T) # ind(A — 4)},
A,Y(A) = {A € C: max[m,(A — 4), m,(\—4)*] <7}
and

B = min{y > 0: Each component of A,(A) intersects 0,(T)}.
Furthermore, there exists L € S(T)~ + K(H) such that

4 — Li| = dist[4, S(T) + K(H)].
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