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Historical introduction. By the first decade of the twentieth century, the
theory of the multiplier algebra of a Riemann matrix emerged as the principal
part of the closely associated theories of singular correspondences between
algebraic curves and algebraic correspondence on an abelian variety. A. A.
Albert, in a series of papers during the 1930’s, systematically characterized
and classified such multiplier algebras. Although, interest shifted to more
abstract problems in algebra theory, the theory of the multiplier algebra
found its way into the applications of theta function theory to problems in
arithmetic, most prominently evidenced by the work of C. L. Siegel in the
1950’s. In more recent times, A. Weil, G. Shimura and D. Mumford, to name
just a few, have found new applications for this theory. To some extent,
already, in Albert’s work and especially in work done after 1940, it is
H. Weyl’s reformulation of this theory in more representational-theoretic
terms which is considered.

Our purpose in this work is two fold. Firstly, we will present the existence
part of Albert’s work using nilpotent algebraic group theory. The relationship
between nilpotent algebraic group theory and abelian variety theory is not
new to this work and goes back to the works of Cartier [10] and Weil [38] in
the 1960’s. Here, however, the multiplier algebra will be used to define a new
collection of 2-step nilpotent algebraic groups. By ‘new’, we mean specifically
in their relationship to the multiplier algebra. Our methods will be coordinate
free and in this way the inherit identification of vector space with its dual and
the accompanying matrix calculations so usually evident in this theory will be
replaced by a study of those bilinear forms which lie at the heart of this
theory. These bilinear forms will, in turn, be the building blocks of the
nilpotent algebraic groups. The second purpose of our approach rests on the
authors faith that the group theory binds in a natural fashion the various
components surrounding the theory of Riemann matrices.

It may be argued that the history of the ‘Riemann matrix problem’
precedes Albert’s work by a century. During most of this time, it must be
admitted, the algebraic nature of both the problem and its eventual solution
as well as its critical importance to the above-mentioned theories were not
clearly perceived. The idea that the analytic and geometric problems raised
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by these theories would be so served by the techniques of ‘pure’ algebra is a
creation of the early 20th century. Conversely, the ideas and questions raised
by these theories inspired certain aspects of the rapid development of this
pure algebra theory. This mathematical synergism is not unique to our
situation, of course. The remainder of this section will outline this history
which despite the preceding discussion will be, implicitly at least, from a
modern point of view (modern > Albert’s work). Moreover, this history will
be fashioned as if Albert’s work were its goal. This bizarre notion of
mathematical activity, leaving by the wayside any serious discussion of theta
function theory as well as any consideration of aspects of this theory
tangential to our purpose, has the obvious advantage of making the line of
ascent to Albert’s accomplishments discernible, if not totally accurate. We
apologize, in advance, for what has been omitted. Finally, we wish to record
our indebtedness to the work of S. Lefschetz [18] which duly records the
events up to 1928 and from which we will freely borrow and to A. Weil who
set us on the right direction at the very start of this project. If we have strayed
in our task, then we must absorb all the blame.

Below we have listed some of the most influential contributors to the
Riemann matrix problem as well as an approximate time frame of their
interest. Also, in regard to our list of references, they have been chosen with
an eye towards necessity rather than sufficiency. A complete set of references
before 1928 may be found in the previously-mentioned work of Lefschetz.

A. Hurwitz 18831887
G. Humbert 1893-1901
C. Rosati 1913-1929
G. Scorza 1914-1925

S. Lefschetz 1916-1928
A. A. Albert 1931-1935
H. Weyl 1934-1936

The history of the Riemann matrix begins with the study of Legendre’s
integral of the first kind

f dx . 0<k<1,
\/(1 - x)(1 — k*%?)
and with the study of complex multiplication of elliptic functions. Abel and

Jacobi, working independently, observed that sin # could be defined as an
inverse integral

sin u dx
u= —_—_—
x=0 V1 — x?
and so set out to study the properties of the function f(u) defined by
u= ff(u) dx

x=0 \/(1 — x3)(1 = k2 |

This program was the starting point of the theory of Jacobi elliptic functions.
It led to the development of theta function theory and is characterized by
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many beautiful functional equations whose applications to abelian variety
theory and number theory form one of mathematics sparkling achievements.
The basics of this latter theory can be found in Whittaker and Watson [41]
and with emphasis on its applications to Riemann surface theory in Rauch
and Lebowitz [21].

It is easy to see that the function f(u) defined above, is well defined for real
u. By a series of formal steps, involving the ‘periodic’ nature of f(u) and
applying Euler’s addition theorem for Legendre’s integral of the first kind,
Abel and Jacobi extended the domain of f(u) to the complex plane. The
complete understanding of the power and generality of their technique,
making full use of the underlying complex analysis, required a new idea. This
idea was introduced and developed by B. Riemann and was his principal
reason for defining the notion of a Riemann surface. Essentially it makes
sense out of the problem of integrating a multi-valued function of a complex
variable like

1
V(1 = 2)(1 = K%2?)

over paths in the complex plane.

Following Riemann, an algebraic curve C defined by F(z, w) = 0 can be
represented by a compact Riemann surface S on which the relation F(z, w) =
0 defines w = w(z) as a single-valued analytic function, except perhaps at a
finite number of points (the branch points) where it can at worst have a pole.
There are many excellent texts for the theory of Riemann surfaces and we
will use the elementary parts of that theory without further reference. In
particular, the complex integral, along with the standard Cauchy theory,
extends unscathed to S. Loosely speaking, the ambiguous relationship
(single-valued is nice) between w and z defined by the equation F(z, w) = O is
clarified at the expense of having to deal with the topology of S. Since a
birational transform C — C’ of algebraic curves determines a homeomor-
phism S — S’ of corresponding Riemann surfaces, up to birational equiva-
lence on C, S is determined up to topological equivalence. The general theory
of compact Riemann surfaces implies we may take S to be a sphere with g
handles. This integer g is a birational invariant and is called the genus of C
and S.

Denote the fundamental group of S by #,. As is standard, we will identify
any closed oriented curve on S with an element in 7, relative to homotopy
and call such a curve a cycle. From the model of S as a sphere with g handles,
it follows that o, can be generated by 2g cycles. The first homology group
H(S, Z) of S with coefficients in Z can be taken as o,/ {7, m;}. H(S, Z) is a
free abelian group on 2g generators. The composition in H(S, Z) will be
written additively and any set of 2g generators is called a homology basis.
Special homology bases were studied by Riemann, which he called normal.

The holomorphic differentials on § play the same role that analytic
functions f(z) or more precisely holomorphic differentials f(z) dz play over
domains of C, i.e., we integrate them over curves. For a precise definition as
well as proof of the next result see Rauch and Farkas [22, p. 130-132].

, k complex
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The dimension of the space of holomorphic differentials on a compact Rie-
mann surface of genus g equals g.

If dv is a holomorphic differential on S then any integral of the type [; dv
over some path on S from P, to P is called an abelian integral of the first
kind. For a cycle « of S, the integral [, dv is called the period of dv as to a. It
is a birational invariant of C. Let a;, . . ., a, be a homology basis for S and
dvy, ..., dvg a basis of the homomorphic differential on S. Form the matrix
R = {Ry} where Ry = [, du;, 1 <j <g, 1<k <2g We call R a period
matrix of S. Clearly, it depends upon the choice of bases. If aj, . . ., a3, is
another homology basis and dvj, . .., dv; another basis of holomorphic
differentials then the relationship between the corresponding period matrices
R’ and R is described as follows.

o =Dage, a, €L
k
Writing
do, = zA,jdvj, A, eC
J

)
we have
r—
Rrs - Ek askAy'Rjk
Js

and R’ = ARa. In general, any two 2g X g matrices X and Y will be called
equivalent if X = BYb where B is a nonsingular g X g complex matrix and b
a 2g X 2g unimodular matrix. If we simply require that b be a rational
nonsingular matrix then X and Y are called isomorphic. Thus, the period
matrices of an algebraic curve determines an equivalence class of matrices.

If R is a period matrix of an algebraic curve then there exists a rational
alternating matrix C such that

(i) RCR’ =0,

(ii) iRCR' is a positive definite Hermitian matrix.

In general, any 2g X g complex matrix satisfying these conditions is called a
Riemann matrix and these conditions are known as Riemann’s period rela-
tions. The matrix C is called a principal matrix of R. When C = [}, '#] these
conditions were given by Riemann [23] as exactly the conditions to be
satisfied by the period matrix of an algebraic curve taken with respect to a
‘normal’ homology basis and a ‘normalized’ basis of holomorphic differen-
tials. Baker [8] was the first to explicitly write down conditions (i) and (ii) but
in a different context.

The first proof that the period matrix of a compact Riemann surface is a
Riemann matrix was due to Poincaré.

The Riemann matrix appears also in the theory of abelian varieties. This
theory has its roots in the Riemann-Weierstrass theorem of the algebraic
relation between p + 1 periodic meromorphic functions with the same peri-
ods. The explicit concern with the underlying geometry begins with the work
of Humbert [12, 13, 14]. Although, he treats primarily the case of hyperelliptic
surfaces, his point of view prevails in the later work of G. Scorza, C. Rosati
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and Lefschetz. Generally speaking his techniques are applicable to the period
matrices of compact Riemann surfaces having a meromorphic function with
precisely two poles, counting multiplicity. For the special case of genus 2
Riemann surfaces and for the n = 2 case of the theory we are about to
discuss Humbert achieves, if one reads carefully, a complete understanding of
Riemann matrices and their multiplier algebras. His techniques, depending so
deeply on the low dimensionality, do not appear to generalize but in his
program one sees the beginning attempts to free the theory from its geometric
origins.

Suppose now that L is a lattice in C" and IT = C"/L is the corresponding
complex torus. Let r, . . ., r,, be an integral basis for L and form the 2n X n
complex matrix

R={r,...,r,}

called the period matrix of L. In general, R is not a Riemann matrix when
n > 2. A meromorphic function f(z) on C" is called an abelian function for L
if it admits as periods all the elements of L, i.e., f(z + ) = f(z), | € L and
z € C. The complex torus II is called an abelian variety if there exists some
abelian function f whose set of periods is exactly L. This condition has
important geometric implications as to projective embeddings of IT and
analytic implications in connection with the field (L) of abelian functions
for L. Somewhat surprising perhaps is that an equivalent algebraic condition
exists; namely,

II is an abelian variety if and only if the period matrix R of L is a Riemann
matrix.

In this generality the result is essentially due to Scorza [32, 33]. Beginning
in 1914, he initiated a comprehensive study of abstract Riemann matrices and
general abelian varieties. This result however has a long history which as we
have mentioned includes works of Baker and Poincaré. Its proof relies deeply
on the theory of ‘n-dimensional theta functions’.

The period matrix of an algebraic curve is always a Riemann matrix while
the condition that a period matrix of a lattice be a Riemann matrix picks out
exactly those complex tori having an interesting function theory, i.e., abelian
variety. Since not every Riemann matrix is the period matrix of an algebraic
curve, it would appear that the theory of abelian varieties is more general. We
will now see that this is indeed the case. On a compact Riemann surface S of
genus g choose a point P, Let aj,...,a,, be a homology basis and
dv,, . . ., dv, a basis of holomorphic differentials. Consider the corresponding
period matrix R and let L be the lattice in C” having R as its period matrix.
To each point P in S set

Jj(p) = (fp:dv,, ce L:dog).

The mapping P — j(P) is not single-valued but induces a single-valued
injective holomorphic mapping of S into IT = C#/ L. The abelian variety IT is
denoted by J(S) and is called the Jacobi variety of S. This result was
formulated by Jacobi and proved by Riemann. Several authors refer to
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Riemann’s work along these lines as the Jacobi inverse problem theory. Its
proof, along with other related results (see [22]) is one of the important
achievements of theta function theory. Since the Jacobi variety J(S) has the
same class of associated Riemann matrices as S itself, the overlap in research
involving Riemann matrices of S and of arbitrary abelian varieties is great.

As yet, we have not discussed the multiplier algebra of a Riemann matrix.
We shall turn to this now. Let R be a 2g X g Riemann matrix. In the future
we will say that R has genus g regardless of how it comes about. The
terminology, in what follows, is by now standard; however, this was not
always the case. This is by way of a warning to those who consult the
literature before 1935. In fact, the changes in terminology of times betray the
changes in attitude toward the theory. We will call a 2g X 2g rational matrix
M, not necessarily nonsingular, a multiplier of R if there exists a complex
g X g matrix K such that KR = RK. We call K the multiplication correspond-
ing to M. It is clearly uniquely determined by M. In fact, the set of multipliers
of R and the set of multiplications of R are isomorphic finite dimensional
rational algebras.

In the terminology of associative algebra representation theory the multi-
plier algebra defines a rational representation and the algebra of multiplica-
tions defines a complex representation of one and the same abstract associa-
tive algebra. In particular, when M = sl, s € Q, then K = sI as well, where
denotes the identity matrix. In this case we say that we have ordinary
multiplication. Otherwise, we have complex multiplication. Observe we have
already considered special multipliers in connection with the equivalence
class of period matrices of an algebraic curve.

The study of multipliers in connection with problems arising out of the
theory of algebraic correspondences of general algebraic curves was initiated
by A. Hurwitz at the end of the 19th century. Beginning with [15] where he
investigated the (singular) correspendences on a special algebraic curve of
genus 3 occurring in the study of modular equations and in [16, 17] he
established the importance of multipliers as concrete linear models of alge-
braic correspondences, thereby allowing tools from linear algebra to play a
part. Although he does not appear to be greatly interested in the algebraic
structure of the algebra of multipliers, he did consider sets of multipliers and
the concept of linear independence of sets of multipliers. He showed, in
particular, that the set of multipliers corresponding to a Riemann matrix
coming from an algebraic curve of genus g has dimension < 2g2

Suppose C is an algebraic curve of genus g and S its Riemann surface. An
(m, n)-algebraic correspondence on C is an algebraic transformation 7 of C
into itself such that to each z in C, T makes correspond n points wy, ..., w,
in C and each w in C comes from m points z,, ..., z, in C. On S, we will
describe the transformation T by p — ¢, . . ., g,. Choose a homology basis
Ay e ey O and a basis of holomorphic differentials dvo,, . . ., dvg. As p varies
over a; the corresponding points g, . .., g, describe paths whose sum we
denote by X,a,a,. The matrix a = {a,} describes the transformation of
cycles under 7. Also, if f is a holomorphic function defined on an open subset
of S, then the function g defined by g(p) = Z,f(§g) is also holomorphic on
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some open subset of S. The mapping f-— g induces a mapping of the
holomorphic differentials, say

dv, — >, A dv;.
J

The matrix 4 = {4} describes the transformation of the holomorphic
differentials and it is easy to see that AR = Ra. Thus, T determines a
multiplier a as well as its corresponding multiplication 4. Those 7' which
determine complex multiplications are called singular correspondences. There
is a converse to this construction depending on the theory of the Jacobi
inverse problem. In fact, in terms of a notion of equivalence for algebraic
transformations due to Serveri, one can establish a one-to-one correspon-
dence between the multipliers and the equivalence classes of algebraic trans-
formations.

The theory of complex multiplications of abelian varieties also leads to the
multiplier algebra of Riemann matrices. Let L be a lattice in C" such that
A = C"/L is an abelian variety. Then, the period matrix R of L is a Riemann
matrix. The principle of complex multiplication for elliptic functions for-
mulated by Abel can be generalized as follows. If F is an abelian function for
L and A4 is an n X n nonsingular complex matrix then F(4;') is an abelian
function for the lattice L’ with period matrix AR. Let ¥ (L) and F(L’) be the
fields of abelian functions for L and L', respectively. A necessary and
sufficient condition that the elements of % (L) depend algebraically on those
of ¥(L’) and vice versa is that L and L’ be commensurable, i.e., L N L’ is of
finite index in both L and L’. In terms of the period matrices, this is
equivalent to the existence of a 2n X 2n rational nonsingular matrix a such
that AR = Ra. Thus, if we drop the conditions of nonsingularity for 4 and a
we come to the definition of multiplier and multiplication previously given
for R.

The properties of a Riemann matrix R are of course closely related to the
properties of its multiplier algebra. Almost simultaneously, from 1914 on-
wards, Scorza [35] in connection with complex multiplications of abelian
varieties and Rosati [27, 29, 30] in connection with singular correspondences
of algebraic curves, studied the theory of Riemann matrices and their multi-
plier algebras. As we have indicated, Humbert had previously studied this
theory for Riemann matrices of genus 2. Somewhat later Lefschetz sum-
marized in [18] Scorza’s and Rosati’s results as well as providing a history of
this theory up to that time. Also, although his interests were more in line with
applications to geometry and analysis, in [19], a work for which he won the
Bordin prize in 1919, he provided the most complete classification theory of
Riemann matrices and their multiplier algebras up to that time. His interests,
as the title would imply, were the study of certain numerical invariants
connected to Riemann matrices. We will now outline in greater detail the
ideas prominent during this period from 1915 to 1930. This will be important
if we want to clearly understand what changes Albert brought to the theory.

Scorza [33] was the first to study the properties of abstract Riemann
matrices. Along with Rosati, he studied certain numerical invariants which
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provided information about the space of multipliers. Equally important, he
continued the study of the problem of reducing a Riemann matrix R into its
‘pure’ components. Poincaré was the first to see the importance of this
problem and in fact proved the main results when the Riemann matrix comes
from an algebraic curve.

Also, although linear algebra techniques were coming into their own,
Scorza relied on projective geometric techniques for many of his early results.
A decade later Albert gave a simpler proof. A Riemann matrix R is called

impure if it can be written
R = R, O

where R, and R, are Riemann matrices of genus less than the genus of g of R.
The decomposition theorem is as follows.
Every Riemann matrix R can be written

where all the R; are pure, i.e., not impure and any two are either identical or
nonisomorphic.

The importance of this result to the study of the multiplier algebra of R is
that we may reduce the problem to the study of pure Riemann matrices and
in this case the associated multiplier algebra is a division algebra. We will
have more to say about this result in the next section.

Scorza [34] and Lefschetz [19] studied the important problem of classifying
a Riemann matrix of a given genus according to the existence of certain
multiplications. The linear algebra and elementary field theory techniques
introduced by Scorza and fully exploited by Lefschetz would eventually
betray the algebraic nature of the classification problem. Later we will discuss
Rosati’s fundamental contribution as well, which although known at this time
belongs truly to another period.

Consider a Riemann matrix R of genus g and suppose a is a multiplier of R
and A is its corresponding multiplication. Thus, AR = Ra. Let M be the
multiplier algebra of R. Since A and a are matrices we may consider their
respective characteristic equations:

o(s) =det(4 — xI) =0 and F(x) =det(a — xI) = 0.

Many of the linear algebra techniques which are by now so well known
were at the time of Lefschetz only several decades old and their application to
the Riemann matrix theory, already implicit in the work of Humbert, was an
important contribution of firstly, Scorza and later, Rosati and Lefschetz.

It is standard that F(a) = 0 (Cayley-Hamilton), and so if f is the minimal
polynomial of a then f divides F and they have the same roots. Suppose that
R is pure, for the moment. Then f is always irreducible, and F = f", for some
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integer r. Since the degree of F is 2g, the degree of f, say g, must divide 2g,
i.e., gr = 2g. If h is the dimension of the multiplier algebra, then we must also
have, by purely linear algebra techniques, that g divides 4. The history of the
integer A, as an invariant of R, is interesting and was introduced into the
theory in a less geometric fashion. For a Riemann matrix R, the dimension of
the space of all rational 2g X 2g matrices C satisfying RCR’ = 0 was called
by Scorza [32] the index of multiplication of R. This index of multiplication
was just one of the several discussed by Scorza. In an early fundamental
result, he proved that # was equal to the index of multiplication of R.

Lefschetz [19] made a detailed study of the following problem.

If f is an irreducible polynomial and r is an integer then classify those
Riemann matrices R which admit a multiplier whose characteristic polynomial is
f'(x) = O, for some integer r.

In particular he studied the case when f had all real roots and the case
when f had totally complex roots. This continued a program of study initially
considered by Scorza. Later we will see that these results inspired Albert as
well. Although we will not discuss Lefschetz’s classification theory in any
detail, we should point out that this achievement was a crown jewel in the
theory of ‘applied’ linear algebra and field theory, especially Galois theory.
Its influence on Albert’s work cannot be overestimated. It predestined the
nature of Albert’s results and in doing so exerted an important influence on
the theory of associative algebra.

The theory of associative algebra had made substantial progress during the
early part of the 1900’s. Its techniques founded by J. H. M. Wedderburn and
developed by Albert, R. Brauer, H. Hasse and E. Noether, to name just a few,
would finally bring about a solution of the multiplier algebra classification
problem. From what we have written, it would almost appear as if mathe-
matical theories rise and fall as Gibbon’s Rome. We have an immediate
contradiction. The first topic of associative algebra theory, which we consider
is due to Rosati [28, 31], was known to Lefschetz (bottom of p. 383 of [18])
and constituted an important tool in the theory of singular correspondences.
We will introduce it as Albert considered it (see [4]). Suppose R is a pure
Riemann matrix. Then the multiplier algebra D of R is a rational division
algebra of finite dimension. The center k must therefore be a number field.
The dimension of D over its center k must be of the form n? n an integer,
and we call n the degree of D. Thus D is an example of dnormal rational
division algebra. It also admits a positive involution. For if C is a principal
matrix for R, then the mapping X — C 'X'C, determines a positive involution
of D and is called a Rosati involution. Denote it by y. Albert [1] made a
complete study of normal rational division algebras admitting a positive
involution. The following results, however, are due to Rosati [24, 25]. An
element x in D is called y-symmetric if y(x) = x and y-skew-symmetric if
v(x) = —x. Rosati showed that if x is symmetric (with respect to any Rosati
involution) then the roots of its minimal equation are all real while if x is
skew-symmetric these roots are purely imaginary. Albert [2] gave simpler
algebraic proofs of these results and proved converses as well.

We come now to Albert’s work. Consider, as above, the multiplier algebra
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D of a pure Riemann matrix R and let k be its center. Using a Rosati
involution, Albert [2] was able to distinguish two separate classes of multiplier
algebras. Firstly, y defines an automorphism of k. If y acts by the identity
mapping on k we say D is of the first kind while, otherwise, we say D is of the
second kind. These definitions are independent of which Rosati involution is
considered. For D of the first kind, the center k must be a totally real number
field. If D is of the second kind, then k is a quadratic totally imaginary
extension of a totally real field k, and we may write k = ky(x) where
v(x) = —x. As innocent as this result appears it is a ‘global’ result and for this
reason is crucial in understanding Albert’s philosphy.

Albert [3] showed that if D was of this first kind then it is either a totally
real field or a generalized quaternion algebra over a totally real field. It is
important to understand that Albert is now working at building a theory
within abstract associative algebra theory, although its application to the
Riemann matrix problem is never far removed. Suppose then, for the mo-
ment, we consider D as any normal division algebra over a number field £ of
degree n. Using the important invariant of the exponent (see [1, p. 76]), Albert
proved the next result (in a slightly different language).

If D admits an involution of the first kind, then D has degree one or two
over its center.

This result appears weaker than Albert’s main result in [3] but, in fact, they
are (not trivially) equivalent and at any rate sufficient for our purposes (see
[1, Chapter 10)).

The next natural problem to consider is which generalized quaternion
algebras over totally real fields are in fact the multiplier algebra of Riemann
matrices of the first kind. Albert does more, as we shall see, and studies how
the degree of the center of such an algebra is related to the genus of the
Riemann matrix.

In [2], Albert refined a result of Scorza in connection with the relationship
between the multiplicity index 4 and the genus g of a Riemann matrix. Scorza
had showed that A < 2g while Albert proved A divides 2g. This restriction
between the numerical invariants of a Riemann matrix provided sufficient
capital, in light of the preceding result, to completely classify and construct
the multiplier algebras of the first kind. These results are found in [4, 5]. We
list these results essentially as Albert first stated them.

() Let & be a totally real number field of degree ¢ over Q. Then there exists
a Riemann matrix of genus g having k as its multiplier algebra if and only if ¢
divides g.

(II) Let D = K(a, b) be a generalized quaternion algebra over a totally real
field of degree t over Q (see §6 of this work for the notation). Then, if @ and b
are totally positive, there exists Riemann matrix of genus g with D as its
multiplier algebra if and only if 2¢ divides g.

(II) Let D = K(a, b), where a and b are totally negative. Then, there exists
a Riemann matrix of genus g having D as its multiplier algebra if and only if
g 7 2t and 2¢ divides g.

(IV) The above list, (I)-(III), exhausts all the multiplier algebras of the first
kind.
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In fact, Albert considered more general versions of these results and dealt
with Riemann matrices over number fields.

The case of multiplier algebras of the second kind proved to be more
difficult to handle. It required a greater input of associative algebra theory
(some yet to be built). The following discussion will necessarily be brief. In
retrospect, there were two ideas missing in the early 1930’s. First there was
needed information about the relationship between rational division algebras
admitting involutions and cyclic algebras. The class of cyclic algebras was
introduced by Dickson (1906). Their definitions may be found in the main
body of this work. The general theory of cyclic algebras had been built before
Albert’s work by Brauer, Hasse [11], and Wedderburn [37]. The important
result is found in Brauer, Hasse and Noether [9] which implies that every
rational division algebra is a cyclic algebra over its center. If D is a rational
division algebra of degree n over its center k, then a cyclic extension of
degree n, K of k, can be chosen in D which ‘splits’ D over k, in a manner
made precise in §7. Albert studied rational division algebras admitting
positive involutions of the second kind and showed how this splitting field X
could be specially chosen with respect to the involution. The complete theory
can be found in [1]. The second topic which would eventually play a role was
the notion of crossed products and the related idea of factor sets [1, 40]. The
latter had already found its way into the general theory.

In [6], Albert went directly to the problem at hand. In terms of cyclic
algebras and positive involutions, he defined a new type of algebra by a set of
conditions which he numbered (19)—(29). We will denote these conditions by
=. Then he proved the following result.

The multiplication algebra of any pure Riemann matrix of

) the second kind is an algebra satisfying * and any division
algebra satisfying * is the multiplication algebra of some
pure Riemann matrix of the second kind.

Observe that this result is not as specific as those given in (I)—(III) since no
mention is made of restrictions upon the relationship between genus and
degree. Additional information can be found in Siegel [36]. Loosely sum-
marizing Albert’s work, we may say he studied division algebra over Q with
positive involution, characterized them, and showed that except for certain
exceptions they could be realized as the multiplier algebras of some Riemann
matrix.

The final works we consider are due to Weyl [39, 40]. Although they come
after Albert’s original solution, they determined subsequent rethinking and
reformulation of Albert’s work, by Albert himself [7], by Siegel [36] and in
much of what could be called the current point of view. It will certainly be
critical for us. Generally speaking the philosophy behind Weyl’s reformula-
tion is transparent. Consider again the development of Riemann matrices
from the point of view of abelian varieties. There one begins with a complex
vector space C" and studies lattices L of C". The period matrices R of these
lattices may or may not satisfy the Riemann period relations but when such
an R does, then the complex torus C"/L is an abelian variety and we study
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its multiplier algebra. In Weyl’s approach the original situation is reversed.
Now a lattice L, usually Z?*, is specified in R** and one considers complex
structures J on R?" and the resulting complex torus IT = (R*/L, J). For
more details on these concepts see §2 of this work. Loosely speaking J plays
the role of R and has the advantage of being a real matrix. The multiplier
algebra of J is defined as the collection of all 2n X 2n rational matrices
(L = Z?") which commute with J. Thus the unsymmetric condition for a
multiplier in the pre-Weyl theory gives way to a symmetric condition. We will
now describe the Weyl reformulation.

Suppose R is a Riemann matrix and C is a principal matrix for R. Let
© = [R]. The defining conditions for C can be rewritten as

H 0]
ol
where H is a positive definite Hermitian matrix. It follows that £ is nonsingu-
lar. Let

iNCQt =

—_ o1 —iEn 0
J=8 { 0 iEn |
where E, is the n X n identity matrix. Then Weyl proves the following result.

(1) J is areal 2n X 2n matrix,

(ii) J2 = ~E,,

(iii) CJ is a positive definite symmetric matrix.

Conversely, if J’ is any matrix satisfying these conditions for some rational
alternating 2n X 2n matrix C’ then J’ comes from a Riemann matrix R’
which has C’ as a principal matrix. Moreover, R’ is uniquely determined up
to left multiplication by a complex n X n matrix.

ReMARKS. Conditions (i) and (ii) above define J as a complex structure on
R?", If J satisfies (i) and (i) then the existence of a rational alternating
2n X 2n matrix C is exactly what is needed to make (R**/Z*",J) into an
abelian variety.

Finally, in the notation leading up to the theorem, the multiplier algebra
M of R is the same as the multiplier algebra of J.
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1. Algebraic preliminaries. We will consider solely fields K of characteristic
0, namely the rational field Q, the real field R, the complex field C or an
algebraic number field f. All vector spaces and algebras over K will be finite
dimensional.

A. Weil in his Acta paper [6], Sur certaines groupes d’operateurs unitaires,
firmly established the relationship between abelian variety theory and nilpo-
tent group theory. This work has been continued in several directions and by
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this time it is apparent that these two theories are closely interwoven. For a
discussion of these ideas most suitable for this paper see [2]. In this work we
will discuss what the authors believe to be a basic connection between these
theories, involving on the one hand the multiplication algebra of an abelian
variety and on the other certain nilpotent groups and homomorphism built
from these multiplication algebras. In the next section we will recall some of
the theory of abelian varieties and their multiplication algebras as well as
describe the problems and methods of this work. Here, we will assemble some
general results on the nilpotent groups which occur in abelian variety theory.
Let % be an associative algebra over K of the form

A=K- 1R

where 1 is the identity of A and %R is its radical. Consider the subset
N = N(R) of U given by
N={l+a:a€R}
N is a subgroup of the multiplicative group of units %* of U which may be
seen as follows. The product of 1 + &, 1 + Bin N is given by (1 + a)(1 + B)
=1+ (a + B8+ af) which is again in N and if R**! = (0) then the
multiplicative inverse of 1+ a in N is given by (1+a)!=1- «
+ + -+ + +(=1*a* which is also in N.
For any ideal § of R we set

N9)={1+a:a€ 9}

and arguing as above N(9) is a normal subgroup of N = N(%R). Also, it is
easy to see that

N(R/9) = N(R)/N(9).

The group N = N(%R) has a faithful representation p in GL(Y), the nonsin-
gular K-linear endomorphisms of 9 defined by setting

p(1+ a)(B) = (1+ a)B

where 1 + a € N and B € U. Since @R is solvable, a basis for % over K may
be chosen so that the corresponding matrix representation, also denoted by p,
satisfies p(N) C U(m, K) where m = dim, % and U(m, K) is the group of
upper triangular unipotent matrices. In particular, N must be nilpotent. In
fact, N is a K-nilpotent algebraic group in the sense of the following
definition.

DEFINITION. A group G is called a K-nilpotent algebraic group if there is a
faithful matrix representation

q: G- U(K, m), m € Z%,

such that ¢(G) is a K-algebraic variety in U(K, m').

The product rule for N considered above shows that p(N) is the set of
zeroes in U(K, m) of a system of linear equations over K.

We shall be especially interested in 2-step nilpotent groups G, namely,
groups where [G, G] is central. If G is a 2-step K-nilpotent algebraic group it
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is easy to see that G satisfies an exact sequence
0->V,»>G->V,-»0

where V,, V, are vector spaces over K.

We will now apply the above construction to two especially relevant
examples.

ExaMpLE. 1. Let V be a vector space over K and consider % = A(V), the
exterior algebra of V. Then

AV)=K- 10 ]

where R = 3, A{(V) is the radical of A(V). Hence, we may form the
K-nilpotent algebraic group N(A(V)).

ExampLE 2. Let § = 3, A'(V) C &, the notation being as in Example
1.Then ¢ is an ideal of A(V) and we may form

F(V) = N(R /9).

The group %,(V) will be extremely important for this work. An explicit
description of %,(¥) can be given as follows. As a set F,(V) = V X (VA V)
and the group law of composition is given by

(v, w)(0y, W) = (0 + vy, W + Wy + 0, A )

where v, v, € Vandw, w, € VA V.

F,(V) is a 2-step nilpotent algebraic group with center (0, w), w € V A\ V,
and is called the free 2-step K-nilpotent group of V. The reason for the name
‘free’ is the following. We will identify ¥ with

HV)/[5(V), (V)]
in the obvious way. If G is a 2-step K-nilpotent algebraic group and
F:V->G/ [ G, G]

is K-linear then there exists a homomorphism f: %,(V) — G whose kernel is a
K-algebraic group and which makes the following diagram commute:

(56
¢ N
vha6/16 6]

In particular, every K-linear mapping X of ¥ determines a unique homo-
morphism, also denoted by X, of %,(¥V).

There are certain homomorphisms of %,(¥) that will play an essential role
in our theory. We will digress to introduce some necessary notation. Let V'
and W be vector spaces over K. We use Hom(V, W) to denote the space of
K-linear maps from V into W and, in particular, let ¥* = Hom(V, K), the
dual of V. We will implicitly identity ¥ and V *. For T € Hom(V, W) we let
T* € Hom(W*, V*) be the dual of the transformation T defined by T*(F)(v)
= F(T(v)),v € Vand F € W*.
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Let Bil(¥V) denote the space of bilinear forms B of V, B: V X V — K. We
will identify Bil(¥’) with Hom(V, V'*) as follows. For B € Bil(V) put L(B) €
Hom(V, V*) where L(B)(v)(w) = B(v, w), v, w € V. Since L(B) €
Hom(V, V*) we have L(B)* € Hom(V, V*) under the canonical identifica-
tion of ¥ and V**. We say that B is alternating if L(B)* = —L(B) and
symmetric if L(B)* = L(B). These definitions are identical with the usual
matrix definitions. In the same way, we say B is nonsingular if L(B) is
nonsingular. The space of alternating bilinear forms will be denoted by
Alt(V) and the space of symmetric bilinear forms will be denoted by Sym(V).
Then, clearly,

Bil(V) = Alt(V) & Sym(V).
The nonsingular bilinear forms are denoted by Bil*(V) and Alt*(V) = Al(V)
N Bil*(¥), Sym*(¥) = Sym(¥) N Bil*(V).
Let %,(V) again denote the free 2-step K-nilpotent group over V. Its center
is ¥ A\ V. The dual of ¥V A V can be identified with Alt(V). For 4 € Al((V)

we let I(4) € (V A\ V)* denote the unique element making the following
diagram commute:

vxvavaAv
4 v i4)
K

Now for 4 € AlY(V) we may define a group structure N(4) on the set
V' X K whose law of multiplication is

(01, 0))(0y @) = (v + vy &) + &y + A(vy, 1))
where v}, v, € V and a;, oy € K. Then N(A) is a 2-step K-nilpotent algebraic

group whose center contains {(0, @) : « € K} and N(4) modulo its center is
abelian. Moreover, we have the surjective homomorphism P = P,,

P: 5(V) - N(A),

given by P(v, w) = (v, I(A)w) where v € V, w € V' A V. The following dia-
gram is commutative:

Fo(V) S N(A)
l
TN/ [BV), F(V)] =V, >V = N4)/[N(4), N(4)]

Also, P is a homomorphism of K-algebraic groups.

We will call such morphisms P of %,(V) polarizations of ¥ and denote the
set of polarizations of ¥ by Pol(V). Clearly, the mapping 4 — P, is a
bijection between Alt(¥") and Pol(V).

If A € Alt* (V') then all the groups N(A4) are isomorphic and we call the
abstract group they define the K-Heisenberg group over V. A given N(A) is
then called a presentation of the K-Heisenberg group over ¥, which we will
sometimes denote by N,,,.(K), 2m = dimg V. Notice, the existence of a
nontrivial element in Alt(?) implies that V" has even dimension. Also, the
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fixing of an isomorphism of the center of N,,,, (K) with K is equivalent to a
presentation of N,,,,(K) and when this is done we will also say N,,,, K is
oriented.

An important special case is when K = R. In this case we make the
following definition.

DEerINITION. Let N,,, . (R) be an oriented R-Heisenberg group. An auto-
morphism J of N,,,.(R) is called a positive definite CR-structure if J acts
trivially on the center Z of N,,,,(R), J? = —I modulo the center and

[87g] >0, g&2Z, g€ Ny, (R),

where [ g, h] = ghg™'h~! is the usual commutator of g and .

The theory of CR-structures on an oriented R-Heisenberg group has been
studied in [5] and, loosely speaking, relative to a fixed orientation, it was
found that the positive definite CR-structures were characterized as those for
which a good function theory exists.

We will now examine these concepts in relation to field extensions. Let
K/L be a finite field extension of dimension 4. Consider a vector space V
over K and denote by V(L) the inherited vector space structure of V over L.
If dimg ¥V = m then dim; ¥V = h-m. Form %,(V) and %,(V(L)), the free
2-step nilpotent groups over V and V(L), respectively. The identity map
V(L)< V lifts to a homomorphism i: G,(V(L)) - %(V). Consider any
polarization P of V and let 4 be the corresponding alternating bilinear form
of V. The trace mapping ¢ = trg,;: K — L is a linear mapping of K consid-
ered as a vector space over L and hence B = ¢- A4 is an alternating bilinear
form of V(L). Let P(L) be the corresponding polarization of V(L). Then,
where ¢ denotes as well the homomorphism (v, &) — (v, #(a@)), (v, a) € N(A4)
of N(A) onto N(B), we have the commutative diagram

V) S NA)
Ti 1t
P(L)
V(L) - N(B)

We say that P is an extension of P(L) determined by the extension K/ L.

A related but distinct concept, loosely called reduction of the scalars, may
be considered in the general setting of algebraic group theory. Let G be a
K-algebraic group and assume that the set of equations defining G can be
chosen in the subfield L. We say in this case that G is defined over L.
Suppose, for convenience, that G C GL(V) where V is a vector space over K.
Since every linear transformation of ¥ is a linear transformation of V(L) we
have the injective isomorphism

GL(V) — GL(V(L))
which we call the isomorphism of reducing the field from K to L. Since G is a
K-algebraic group defined over L, we have that G C GL(V(L)) is an L-alge-
braic group. We call G the L-algebraic group obtained by reducing the field
from K to L.
We will now specialize to the groups consider above. Since K/ L is a finite
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extension, the associative algebra representation of %,(V) is defined over L
and hence we may consider the L-algebraic group %,(V). Notice %,(V(L)) #
F,(V). Also if P is any polarization of ¥ and A the corresponding alternating
bilinear form of ¥V then the group N(A) is a K-algebraic group defined over L
and may be considered as an L-algebraic group N(A4). Notice as well that
where B = t- A, in the notation considered above, N(4) # N(B). Finally, P
defines an L-algebraic group homomorphism P of %,(V) onto N(A).

2. The nilpotent groups of an abelian variety. It will be convenient to view
complex vector spaces as follows. Let V' be a real vector space of even
dimension n = 2n. A R-linear mapping J of V will be called a complex
structure if J2 = —I. If J is a complex structure on V then the pair (V, J)
determines a complex vector space W with ¥ = W(R) and J the automor-
phism of W given by w — iw.

Let (¥, J) be a complex vector space and %,(¥) the free 2-step nilpotent
group over V. Then, J induces an automorphism, also denoted by J, of
F(V).

Let (V,J) be a complex vector space. Consider the complex torus
(V/L,J), where L is a discrete subgroup of ¥ with ¥/ L compact.

DEerINITION. The complex torus T = (V/L, J) will be called an abelian
variety if it has sufficiently many meromorphic functions to separate points.

Not every complex torus is an abelian variety. We will now discuss
circumstances under which T is an abelian variety. Let V,, be the Q-linear
span of L. Then ¥V, is the unique rational vector space determined by the
conditions L C ¥, C V and V = V, ®, R. Every bilinear form B, of V,
extends by linearity to a bilinear form B of V. The fundamental theorem of
abelian varieties states that T = (V /L, J) is an abelian variety if and only if
there exists an alternating bilinear form 4, of ¥, such that the bilinear form
of V

(x,y) = A(J(x), y), x,y €V,

is positive definite and symmetric.
In [2] this result was reformulated in terms of nilpotent group theory.
Firstly, we note that if

Pyt F( VQ) - N(AQ)
is a polarization of ¥, then P, determines a unique polarization P of V,
P: %,(V) = N(A),

where 4 is the linear extension of 4, to V. A polarization P of V given in this
way will be called a rational polarization. Clearly, this depends upon a fixed
choice of a lattice L of V or a rational subspace ¥V, of ¥ with V' = V, ®, R.

THEOREM. A necessary and sufficient condition for T = (V /L, J) to be an
abelian variety is that there exists a rational polarization P of V such that

(i) The kernel of P in 9,(V) is J-invariant.

(ii) The automorphism that J induces on N(A) is a positive definite CR-struc-
ture, where A is the alternating bilinear form of V corresponding to P.
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DEFINITION. Let V be a real vector space and L C V a lattice. A complex
structure J on ¥ such that the complex torus T = (V/L, J) is an abelian
variety is called a Riemann matrix for V/L. If A = (V/L,J) is an abelian
variety then every rational polarization P which satisfies the above theorem is
called a J-polarization and (J, P) is called a Riemann pair for V/ L.

It should be remarked that for a fixed Riemann matrix J of ¥/ L there may
be many rational polarizations P such that (J, P) is a Riemann pair. Also, if
P is a rational polarization there may be many Riemann matrices J such that
(J, P) is a Riemann pair.

The abelian variety A = (V' /L, J) gives rise to the collection of all rational
polarizations P, P: 9,(V)— N(A), such that (J, P) is a Riemann pair. In
particular, we have associated to A a collection of R-nilpotent algebraic
groups N(4) and compact nilmanifolds N(A4)/T, where A is the alternating
bilinear form on ¥ corresponding to such a polarization P and I' is the group
generated by L in N(A). This correspondence has played a role in [2, 5] where
function theory on N(4)/TI and theta function theory on A were studied in
relationship to each other. However, the abelian variety A admits additional
structure whose understanding will require the construction of polarizations
extending those already considered in the sense defined above. In the remain-
ing part of this section we will study this addition structure. Elsewhere, we
will apply these ideas to nilpotent group-theoretic analysis of the arithmetic of
algebraic number fields.

A linear mapping f of ¥ will be called a morphism of the abelian variety
A=WV/LJ)if f-J =J-fand f(L) C L. Denote the ring of all morphisms
of A by End(4) and put

9M(A) = End(A) ®, Q.

We call 91L(A) the rational multiplier algebra of A. It depends solely upon ¥V,
and J and not the lattice L defining V. Indeed, we may identify IM(A) =
OL(J) with the algebra of linear maps f of V satisfying f-J = J-f and
f(Vy) C V,. Denoting the abstract algebra determined by 9(A) by I, it is
obvious that 91 is a rational associative algebra and

M <> M(A)g C End(V,)  (by restriction)

is a rational representation of N.

Consider a rational polarization P of ¥ /L such that (J, P) is a Riemann
pair and let 4 be the corresponding alternating bilinear form of V. We shall
identify 4 € Alt(V) with L(4) € Hom(V, V*). Then we may regard 4, €
Hom(V,, V§). The mapping

M AM*4, M € IM(A),

is a positive involution of 9N (A), and is called the Rosati involution of
M (A), corresponding to P. Thus, I is a rational associative algebra with a
positive involution.

Let us now state a lemma due to Poincaré that will enable us to completely
structure I (A).
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POINCARE LEMMA. Let (V /L, J) be an abelian variety and take Vg C V, a
rational subspace satisfying V' =V, ®, R C V is J-invariant. Then there
eixsts V5 C Vg such that

WD Vy=V, @ Vg,

(i) V" =V, ®, R C Vis J-invariant.

(iii) If L" is a lattice in V5 then (V" /L", J|V") is an abelian variety.

REMARK. The existence of V is equivalent to 9ML(A) containing a proper
projection operator or idempotent.

We may define ¥ as follows. Let (J, P) be a Riemann pair and let G be
the subgroup of N(A4) generated by P(V"). Let C(G) denote the centralizer of
G. Then C(G)/Z where Z is the center of N(4) will be V",

There are many technical details to verify, but this is the basis of the
argument. (A proof of this assertion can be found in [2].)

We say that J is Q-irreducible if 91L(A) has no nontrivial projections.
Clearly, the Poincaré lemma implies V' = V|, @ - - - @V, where J(V)) = V;
and J; = J|V; is Q-irreducible, i =1,...,/. We say that J; and J; are
Q-equivalent if there exists an M € IN(A) such that M: V; - V; and MJ; =
J;M. We may group together all the Q-equivalent J;’s and change the
indexing to write

r
J=>XmJ, meEL,
1

and call m; the multiplicity of J,. It follows that
"
M(A) = & 2 M(m,J;)
1

where 9N (m,J)) is the rational multiplication algebra corresponding to m,J;
in the above decomposition. Now, it is easily seen that if J; is irreducible then
IM(J,) is a representation p; of a division algebra D, and IM(m,J,) is the
m; X m; matrix algebra over p,(D,).

These considerations led Albert to study those abelian variety A for which
9M(A) is a rational division algebra admitting positive involution. In particu-
lar, he studied the following algebraic problems:

(1) Determine the set of all rational division algebras ) with positive
involution.

(2) For each such %) determine the set of all positive involutions.

We will pull the algebraic results out of the hat whenever we need them
since there are many good expositions of this starting with Albert’s [1].

Let 9D be a rational division algebra with positive involution and f the
center of 9. An involution ¢ of %) necessarily defines an automorphism of f.
We say that o is of the first kind if o|f = identity mapping and of the second
kind otherwise. Albert proved that %) had to belong to one of the following
three classes.

(i) D = f a totally real algebraic number field. In this case the only positive
involution is the identity mapping.
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(ii) 9 = K a quaternion division algebra central over a totally real alge-
braic number field. The positive involutions are necessarily all of the first
kind.

(iii) 9 = ¥ a cyclic division algebra whose center £ is a totally imaginary
quadratic extension of a totally real algebraic number field. The positive
involutions are necessarily all of the second kind.

We will now use the rational multiplication algebra 9T (A) of an abelian
variety A to ‘extend’ the polarizations previously considered. To be consistent
with the notation of the following sections, we shall denote real vector spaces
by Vg and all other structures over R in a similar manner.

Let A = (Vg/L, J) be an abelian variety and suppose its rational multipli-
cation algebra 9N (A) is a rational division algebra %,. Denote the corre-
sponding rational representation by py: Dy — IM(A),. Each rational
polarizatioin Py of V3/L such that (J, Pg) is a Riemann pair determines a
Rosati involution

M > Ag'M*4,

of (Z)IL(A)Q, when Ay is the alternating bilinear form of ¥V corresponding to
Py, and hence a positive involution 7 of GDQ. Let £, be the fixed field of 7 in £.
Then V,, has the structure of a vector space V over f; induced by the action
of IM(A), on ¥V, and p, induces a representation p of % considered as an
algebra over f, on the vector space V over £, In the following sections we will
prove that there exists a polarization P’ of ¥V, or equivalently, a B € Alt(V),
such that the following diagram commutes.

F(V) 5 N(B)
Ti It
Fo
@2( VQ) - N(AQ)
Thus, 4, =t ° B where t = tr £,/ Q.

3. Statement of program. Let %, be a rational division algebra with
positive involution and p, a rational representation of GDQ on a rational
vector space U = U(Q). We want to describe the set of complex structures J
on Ug = U(Q) ®, R such that py(Dy) C IM(J) and for each such J we
want to determine the rational polarizations Py of Uy such that (J, Pg)is a
Riemann pair. As indicated above, the problem lives not over Q but over a
totally real subfield of the center f of %D,.

The plan of attack is loosely speaking that found in [4]. We will find the set
of all polarizations P, of U(Q) which are candidates for a Rosati involution;
namely if 4, is the corresponding alternating bilinear form on U(Q) to such
a polarization P, then the mapping M — Aé‘M *A4, of End(U(Q)) induces a
positive involution of . This will be done in the following steps. Firstly, fix
a positive involution 7 of 9,. Consider the set @(%Dy, py, 7) of all polariza-
tions P, of U(Q) for which the mapping M — Aé‘M *A,, induces a positive
involution of GDQ coinciding with 7 on the center. Clearly, it is only in case (3)
that we need introduce 7 beforehand. Letting D denote the division algebra
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over f, determined by GDQ and p the representation of D on the vector space
U over {, determined by the action of py(fy) on U(Q), we set &(9D, p, 7) equal
to the polarizations P of U such that the mapping M — A'M*A4, M € p(D)
induces a positive involution coinciding with 7 on the center. We will
show that in a natural way @(Dy, pg, 7) and @(D, p, 7) are bijectively
equivalent. Indeed, this correspondence is given by the last diagram of the
preceding section.

The problem of describing @(°D, p, 7) depends ultimately upon knowledge
of the group representation P of )* determined by p; namely

P(8)X = p(8)*Xp(8), & € D*, X € Hom(U, U*).

Finally, for each P, € éE(GDQ, pg> 7) we will produce one Riemann matrix
J = J(Pg) and then all which satisfy

(i) (J, Pg) is a Riemann pair.

(i) po(Dg) C ().

4. Riemann matrices whose multiplication algebras are totally real fields. The
simplest examples of division algebras with positive involution are the totally
real fields. Indeed, the identity mapping is the unique positive involution for
those fields.

For the remainder of this section, f will denote a totally real field and
h = [t : Q] will be its dimension considered as a vector space over Q. Recall,
this is equivalent to the existence of A distinct isomorphisms of f into R.
Denote these isomorphisms by x;, - . . , x,- Considered as an algebra over Q,
f has a unique irreducible rational representation, namely the regular repre-
sentation

r: t— End,(f)

given by (x)(y) = y - x, x,y in f. Every rational representation p of f is the
direct sum of copies of the regular representation r. We will write p = g r to
denote that p is the direct sum of g copies of r. All this is meant up to rational
equivalence. Letting V' be a Q-vector space and setting Vg = V @, R, every
endomorphism X of ¥ extends uniquely to an endomorphism Xy of Vg. In
particular, r(f)g C End(fg) and we recall the elementary result that r(f)g is
diagonalizable. Specifically, a basis of £z can be found relative to which the
corresponding matrix representation of f determined by r is given by

x1(x)
X — ', ) 0o |, x €L
0 Xa(%)

Consider now a fixed rational representation p = g - r of f on the vector
space V = V(Q) over Q. The dimension of V(Q) is clearly A-q. The
representation p of f determines a vector space structure on ¥ over f given by
setting

a-v = p(a)v, a€Ef, veEeV.
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We denote the resulting vector space over £ by V(). The dimension of V(f) is
q. We will now solve the problem of determining all the polarizations of V(Q)
that induce the identity involution on f. We denote this set by @(f, p). In
general, for an arbitrary vector space W over a field K and 4 € Aly(W) we
let w(A4) be the polarization

w(A): (W) — N(A)
of %,(W) corresponding to 4.

Let 4 € Alf(V(f)) and 7 = w(4) the corresponding polarization of
%,(V(). Let 1: £ - Q be the trace mapping of £ over Q defined by #(a) =
tr(r(a)) where tr denotes the usual trace of the endomorphism r(a) of f
considered as a vector space over Q. Then B =1t A is an element of

Al(V(Q)). Denote by 7' = w(B) the corresponding polarization of %,(V(Q)).
For x,y € V(f) and a € f we have

p*(a)B(x,y) = B(x, ay) = t(A(x, ay)) = t(aA(x,)),
Bp(a)(x,y) = B(ax,y) = t(A(ax, y)) = t(ad(x, y))
since A is f-invariant
Bp(a) = p*(a) B
and 7' = 7(B) is in @(t, p). For # = w(A4) in Pol(¥V(f)) we put t(7) = o’ =
@(B), B =t o A. It follows that
t(Pol(V(k))) C @(k, p).

The reverse inclusion lies deeper. To prove it, let B € Alt(¥(Q)) be such that
7 = w(B) € @, p). By definition, p*(a«)B = Bp(a), whenever a € . This
is equivalent to the condition B(ax,y) = B(x, ay), whenever a €, x,y €
V(Q). Let vy, . .., v, be a basis of V(f) and consider the Q-linear mappings

6, ;: a —> B(av, v), a€f, 1<i,j<agq.
The nonsingularity of the trace form implies the existence of elements §; ,; € £
satisfying
B(av, v) = t(§,;0), 1<i,j<gq.

Since B(ax, y) = B(x, ay) and B is alternating, we have § ; = —§; ;. Then for
x =34, xvandy = Z4_, y,u, X, y; € f, we have

B(x,y) = t( 2 gi,j(xiyj - xjyi))‘
1<i<j<gq
Let A € Alt(V()) be defined by
A(x,y) = ( DI A CATES xjy,-)).
1<i<j<g
We see that B = ¢ o A. Thus, the converse is verified and we have shown that
@(t, p) = H(Pol(¥(F))).

We can express this correspondence using the two homomorphisms
it H(V(Q)) » %,(V(Y)) and t: N(4) — N(B) discussed earlier in terms of the
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following important commutative diagram:

HE®) S NA)
1 1t 7 =ma(4), @ =a(B), B=1t°A.
FVQ) - NB)

Let p be a rational representation of f on the vector space V = V(Q) over
Q and let 7' = w(B) € @(f, p). Let # = #(4) € Pol(V(f)) be the unique
polarization satisfying the commutative diagram. We shall now construct the
‘real closure’ of this diagram. Since %,(¥(Q)) and N(B) are rational algebraic
groups, we may consider the group of real points of these algebraic groups
which may be identified with %,(Vg) and N(By) respectively. As always By is
the R-linear extension to an alternating R-bilinear form on Vg We will
denote by 7g the extension of o' to %,(Vg) or equivalently g = m(Bg). We
saw that %,(V(f)) and N(A4) are the f-points of rational algebraic groups.
Hence, by reducing the field to Q, we may form rational algebraic groups
which are isomorphic to %,(V(f)) and N(A), respectively. Denote the group of
real points of these rational algebraic groups by %,(V(f))g and N(A)g respec-
tively. The construction of N(A)g can be explicitly described as follows. The
group N(A) considered as a rational algebraic group is given as a set by
V(Q) X £(Q), where £(Q) indicates we are considering f as a vector space
over Q. Then N(A)g as a set is 'y X fg and the group multiplication is given
by the R-linear extension of 4: V(Q) X V(Q) = ¥(Q) to Ag: Vg X Ve -
As before we let mg: F,(V(£))g — N(A)g be the extension of . Finally, the
mappings p and ¢ have unique extensions as well, which we denote by ix and
tg, and we have the commutative diagram

TR

qu'2(V(f))n i N(A)R
Tig g

Ve > NBy)

We are now in a position to state and solve our second problem, namely, to
find the set of all complex structures J on Vy satisfying the following two
conditions.

(@) pr(a)J = Jpg(a), a €,

(ii) (J, 7g) is a Riemann pair.

Since the polarization og of %,(¥Vy) comes from the rational polarization 7’ of
%,(V(Q)), the content of condition (ii) is that J induces a positive definite
CR-structure on N(Bp).

Consider p(f) acting on N(A4) by the rule

p(8)(v,a) =(8-v,8%), 8 a€t veEV.

For each 8§ €f, p(8) is a homomorphism of the group N(A) because A4 is
bilinear over f. Then we may consider p(f) as homomorphisms on N(A)
considered as a rational algebraic group and hence on N(A4)g. Also, pg(f) =
grr(®) diagonalizes when considered as endomorphisms of the vector space
Vr with eigenvalues given by the isomorphisms x; of f into R, each with
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multiplicity ¢g. Let N, . (R, x;) be the subgroup of N(4)g generated by the
subspace of Vi C N(A)g corresponding to x; under the action of pg(f).
Clearly, pg(f) extends to a homomorphism N, . (R, x;), this action being
given by

pr(8)(v, @) = (8P, 8(i)2a), 8D = x(9).

It follows that the center of N, (R, x,) is 1-dimensional by comparing this
action with the action of pgp(a) on N(A) above.

It is now easy to see that

(@) N(A)g = TN, (R, x).

) Ny (R, X)) =Ny (R), i =1,..., A

(c) Modulo the center of N, (R, x,), the induced action of pg(a) is
v — aPp, where a® = x,(a).

We say this decomposition of N(A4)g is compatible with p(f).

Consider the homomorphism #g: N(A4)g — N(B)g and the decomposition
N(A)g = IT}N,,, (R, x,) compatible with p(f). The restriction of #g to
N(R, x;) is an isomorphism of N(R, x;) into N(B)g. Consider 75 on the center
of N(R, x;). Then, under the assumption that N(B)g is oriented we may orient
each N(R, x;), i = 1, ..., h, by requiring z to be orientation preserving. We
will assume implicitly throughout that it has been done.

Let J be a complex structure on Vy satisfying the conditions (1) and (2)
with respect to 7' € @(f, p). The endomorphisms pg(f) of Vg induce homo-
morphisms of %,(¥g) which commute with the automorphism induced by J
on %,(Vg) by assumption, which implies that J determines an automorphism
of F,(V(H)g. To see this, simply show that J preserves the kernel of pg. By
assumption J also preserves the kernel of mg and hence the kernel of
F(V(E)r — N(A)g as well. We are identifying all the induced actions of J
above under the one symbol J for convenience. Thus, J is an automorphism
of N(A)g. Write N(A)g = II'N 2¢+1(R, X;). From condition (2) it follows from
condition (c), recalling the isomorphisms x; are distinct, that the subgroups
Ny, +1(R, x;) are invariant under J. Let J; be the restriction of J to
Ny +1(R, x;). Since J is a positive definite CR-structure on N(By) it follows
that J; is a positive definite CR-structure on N, (R, x;). Thus, every J
satisfying conditions (1) and (2) with respect to 7’ can be written J = IT%J,
where J; is a positive definite CR-structure on N,, . (R, x,), i = 1,..., h.

Conversely, if J; is a positive definite CR-structure onN,, . (R, x;), i =
1,...,h letJ = 7]J, be the corresponding automorphism of N(A4)g. Clearly,
J acts trivially on the center of N(A4)g and hence preserves the kernel of rg.
This implies we may consider J as an automorphism of N(Bg). Clearly it is a
positive definite CR-structure on N(Bg) which by construction lifts to an
automorphism of %,(Vgz) commuting with p(f)g. It follows that this induced
action on V7 is a complex structure on Vy satisfying conditions (1) and (2).

We have proved that if § denotes the set of positive definite CR-structures
on N, . (R) then IT}$ corresponds to the set of all complex structures J on
Vg satisfying conditions (1) and (2) with respect to =’.

5. Representation of involutions: quaternion algebras. Let ) be a rational
division algebra having a positive involution of the first kind. By the algebraic
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theory 9 is described as follows. Let f be the center of 9. Then £ is a totally
real field and A =[f, Q] < 0. If 9 # ¥ then % is a quaternion division
algebra K = K(q, b) over f defined as a 4-dimensional vector space over f
with f-basis 1, i, j, k satisfying

i’=a, j*=b, k*®= -ab,

ij=—ji=k,  jk=-kji=-bi, ki=-ik=-a

where a, b € 1.

Let L be a subfield of K. We may consider K as a left-vector space over L
or a right-vector space over L where the two structures coincide if L = f, the
center of K. In all cases we shall write linear endomorphisms of K over L on
the left.

Consider K as a left-vector space over L and take x € K. The mapping r(x)
of K defined by r(x)(y) = y - x, y € K is an endomorphism of K considered
as a left-vector space over L. We will write r(x) as r,(x) whenever we are
considering the mapping 7(x) in this way. The mapping

r.: K— End, (K)

is called the right-regular representation of K over L. It satisfies r,(x -y) =
ri(»)ri(x), x,y € K, and hence is an algebra homomorphism over f of the
converse algebra K° into End, (K).

For x € K, we put N,(x) = det r,(x) and since K is a division algebra it
follows that N, is a group homomorphism of K* into L*. We will write
N(x) = N,(x), whenever L is a maximal subfield of K. In particular, let Lf(i),
and call N(x) the norm of x. Explicitly, if § = x + yi + zj + tk €K then
N(8) = x*> — ay? — bz? + abt* and hence N maps K* into £*.

Consider now K as a right-vector space over L. To each x € K, we consider
the mapping /(x) of K defined by I(x)(y) = xy,y € K, and easily see that /(x)
is an endomorphism of K as a right-vector space of L. Considered in this way
we write /(x) as /;(x). The mapping

/,: K— End, (K)

is called the left-regular representation of K. In this case /;(xy) = I(x){.(»)
and hence /; is an algebra homomorphism over f of K into End, (K).

In this section and the next, unless otherwise specified, we will consider K
as an algebra over its center f and write r and / for r, and / respectively.
From the theory of simple algebras it follows that 7, is an irreducible rational
representation of the rational algebra K° and every rational representation of
the rational algebra K° is the direct sum of copies of 7y. The same theory
implies 7 is an irreducible representation of K° and every representation of K°
is the direct sum of copies of . The analogous results hold for /, and / where
K?° is replaced by K. The next result holds only when K° is considered as an
algebra over f, being a special case of a result from the theory of central
simple algebras. Form the algebra K ® K° and consider the mapping (a, )
— l(a)r(B) of K ® K° into End(K). The result is that this mapping induces
an algebra isomorphism of K ® K° onto End(K). Hence, the linear span over
f of the commuting products /(a)r(8) is End(K).
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Let K* = Hom(K, f) be the vector space dual to K and consider
Hom(K, K*). For y € K* and X € Hom(K, K*) put

R(VX = r*(v)Xr(y),  L()X = *()XI(y).

It is easy to verify that R is a group representation of K* on Hom(K, K*) and
L is a group representation of (K°)* on Hom(K, K*). For the remainder of
this section we will study the representations R and L and representations
related to them. In the next section we will use this information to study the
theory of Riemann matrices for the quaternion algebras.

Let K be considered as an algebra over f and recall the group homomor-
phism N = Ny,: K* — t* defined above. It is easy to see that there exists a
unique involution ¢ of K of the first kind satisfying the condition N(§) =
60(8) = 0(8)8. If 6 = x + yi + zj + tk € K, then o(8) is given by the for-
mula

a(8) = x — yi — zj — tk.

LeMMA 5.1. Let T = T* be in Hom(K, K*). Then the following statements
are equivalent:

M T(y, v) = T(1, DN(y),

D r(NTr(y) = NOT,

{1 *MTi(y) = N(»)T
for all y € K. We have identified T with its corresponding symmetric bilinear
form of K over t.

ReMARK. The space of all such 7 = T* € Hom(K, K*) which satisfy these
conditions is 1-dimensional and relative to the basis 1, i, j, k of K over f; one
such T is given by the matrix

Proor. Statement (II) and (III) both specialize to statement (I), and hence
all we need prove for the first part of this lemma is that (I) implies (I) and (I)
implies (III). These proofs are almost identical, hence we shall simply prove
(I) implies (IT). Thus assume (I). Suppose T(1, 1) = 1 for convenience. Then
from

T((a + B)8, (a + B)8) = N((a + B)8) = N(a + B)N(8)
= N(8)T(a + B, a + B)
we have upon expanding both sides that
T(ad, B5) = N(8)T(a, B)
or equivalently
r*(8)Tr(8) = N(8)T.
Suppose now that T = T* € Hom(K, K*) satisfies this condition. Then, if
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8 = x + yi + zj + tk € K we have by condition (1)
7(8, 8) = T(1, 1)N(8) = T(1, 1)(x* — ay* — bz + abt?)
which proves our lemma.

We may rewrite conditions (II) and (III) in the following form:

ALY r*(8) T = Tr(o(9)),

(1LY *(8)T = TI(a(8)).

Let us for the remainder of this work let 7" denote the element defined by
Lemma 1. We will use 7 to analyze the representation R of K* on
Hom(K, K*). Consider the subspace of K spanned by i, j, k over f and denote
it by K_;. It can be characterized as the eigenvalue 1-space of the involution
o. Further K = f & K_;,. We can now write

Hom(K, K*) = T- Hom(K, K)
T-IK)®r(K)=T-1K)® T-I(K) Q r(K_,).
Consider the subspace W = T - /(K). For T-/(a) € W, we have using the
commutativity of » and /

R(8)(TH(@)) = r*(8) T a)r(8) = TI(a)r(8a(8)) = N(8)TI(a).
Hence,

I

R(8)|W = N(8) - identity mapping.
Now write W = W, ® W, where W, = TIK_,) and Wy = TI(f). Clearly,
W¢ c Sym(K), since T € Sym(K). Consider T/(a) € TI(K_,). Then since
o(a) = —a,
(Tla))* = Ha)*T = Tl(o(a)) = -Tl(a)
and hence W, C Alt(K). Now consider the subspace V' = TI(K) ® r(K_,) and
write V = V, ® Vg where V,, = Tr(K_)) and Vi = TI(K_)) ® r(K_,). Arguing
as above, it is easy to show that ¥V, C Alt(K) and Vg C Sym(K). Consider
V, = Tr(K_,). The action of R(§) on Tr(a) € V,, is given as follows,
R(8)Tr(a) = r*(8)Tr(a)r(8) = Tr(8as(8)),

which is again in V, since o(8ao(8)) = do(a)a(8) = —bac(8) € K_,,
whenever a € K_;. Hence V, is R-invariant. Also, since the action of K on
K_, given by a — yao(y), « € K_;, v € K is irreducible, it follows that V is
an R-invariant and irreducible subspace. Consider Vg = TI(K_)) ® r(K_).
Let A = i, j, k in the following. Since r and / commute, it is obvious, from

what we have said about ¥, that each of the spaces Tr(K_,)/(\) is R-invariant
and irreducible. Hence

V=V,® Vg = Tr(K_,)A E.B‘k Tr(K_)I(A)
=i,
where the subspaces on the right are 3-dimensional R-invariant and irreduci-

ble subspaces. We will summarize some of the above discussion in the next
two lemmas.

LEMMA 5.2. Let W = TI(K) and V = TI(K) ® r(K_,). Then
Hom(K,K*) = W V
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where W and V are R-invariant subspaces satisfying

(I) R(8) restricted to W acts as N(8) times the identity mapping on W for all
é €K

(D V = @ Z\_y,,x Tr(K_)I(A) where each of the subspaces of the direct
sum is R-invariant and irreducible.

LEMMA 5.3. Let W and V be as in Lemma 2. Then

(i) At(KK) = W, ® V,, where W, = TIK_) and V, = Tr(K_,) are the
alternating elements of W and V respectively.

(ii) Sym(K) = Wy & Vg, where Wy = TI(f) and Vi = TI(K_) ® r(K_)) are
the symmetric elements of W and V respectively.

Clearly W= W,® Ws and V=V,® Vg and we have completely
described the representation R of K* on Hom(K, K*).

The preceding discussion generalizes as follows. Let p be a representation
of the algebra K° over f on the vector space U over f. Consider the
corresponding group representation P of K* on Hom(U, U*) defined by
setting

P(8)X = p(8)*Xp(8), § € K*, X € Hom(U, U*).

We can write p = ¢ r, r the regular representation K° and consider the
associated decomposition, up to identifications,

q
U= @2K,
1
where K, =K, u=1,...,q9, and pK°)|K, = r(K°). Also, then U* =
@ S9K* and we can write

Hom(U, U*) = @ >, Hom(K,, K*) ® > B(u, )

u<v

where B(u, v) = Hom(K,, K}) ® Hom(K,, K¥). Each of the subspace of the
direct sum decomposition are closed under duality and P-invariant.
Consider Sym(U) and let &(u, v) C B(u, v) be defined by

S(u,v) = {X ® X*: X € Hom(K,, K?)}.

Clearly we can write
Sym(U) = @ > Sym(K,) ® > S(u, v).
u u<v

Using Lemma 3 and identifying K = K, we have
Sym(K,) = Wg(u) © Vg(u)
where Wy = Wy(u), Vg = Vg(u) and R(K*) restricted to Sym(K) is identical
with P(K*) restricted to Sym(K,).
Consider & (u, v). The mapping X — X @ X* identifies
Hom(K, K*) = Hom(K,,, K*) —» S(u, v) C B(u, v)
and under this identification the restriction of P(K*) to & (u, v) coincides with
R(K*). Hence we may write

S(u, v) = Wy(u, v) ® Vy(u, v)
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where under the identification above W = W(u, v) and V = Vg(u, v). We
have proved the following result except for some simple observations.

THEOREM 5.1. Sym(U) = W(p) © V(p) where

(D) Ws(p) =2, Ws(u) @2, _, Ws(u, v) is the subspace of Sym(U) on
which P(8) acts by N(8) identity, 8 € K*.

Q) Vs(p) = @ Z,Vs(w) ® 3, ., Vs(u, v) is the direct sum of 3-dimensional
P-invariant and irreducible subspaces.

It is easy to see that dim Wg(p) = 2¢*> — ¢ and dim V(o) = 3(2¢*> + ).
Consider now Alt(U) which we may write as

Alt(U) = DD AIK,) & D Ay, v)

where A(u, v) = {X @ (-X*) € B(u, v): X € Hom(K,, K})}. As before the
space Alt(K,) = Alt(K) and hence we may write
Al(K,) = W, (u) ® V,(u)

where W, = W, (u) and V,, = V,(u). Also the restriction of R*(K*) to Alt(K)
is trivially the restriction of P(K*) to Alt(K,). This time the mapping X — X
@ (-X*) identifies Hom(K, K*) = Hom(K,,, K}) with %(u, v) and under this
identification the restriction of P(K*) to %(u, v) is the same as R(K*). Hence

A(u, v) = W, (u, v) ® V,(u, v)
where W = W,(u, v) and V = V_(u, v) under the identification.

THEOREM 5.2. Alt(U) = W,(p) ® V,(p) where

1) Wyp)=DEZE, Wy(w) D2, Wy(u, v) is the subspace of all A €
Alt(U) satisfying P(6)A = N(8)A whenever § € K*.

Q@) V)= D2, V() ®Z,, Vy(u, v) can be written as the direct sum
of 3-dimensional P-invariant and irreducible subspaces and is the subspace
spanned by all the 3-dimensional P-invariant and irreducible subspaces.

It is easy to see that dim W,(p) = 2¢*> + ¢ and dim V() = 324> — q).
We will for later applications describe Wg(p) and W, (p) in terms of
matrices. Since W, (u) = TI(K_) and W, (u, v) = TI(K) we have that W, (p)
consists of all matrices of the form
T 0
. (I(Buo))’ 8 =-0(8,,), 1 <u,v<gq.
0 T
From Wg(u) = TI(f) and Wy(u, v) == TI(K) we have that W(p) consists of
matrices
T 0
(1(8,0)), 8, =0(8,), 1 <u,v<gq.
0 T
Let K be a quaternion division algebra central over a totally real field £.

Consider a rational representation p, of K on a vector space U = U(Q) over
Q. Then p, induces a vector space structure on U(Q) over f, denoted by U,
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where scalar multiplication is given by a - u = pp(a)u, a €, u € U. Since t
is central, p, induces a representation p of the algebra K over f on the vector
space U. To each positive involution 7 of K of the first kind we have defined
the sets @(K, pg, ) C Pol(U(Q)) = AlY(U(Q)) and (K, p, ) C Pol(U) =
Alt(U). Let ¢ be the trace mapping of f over Q. Then ¢ induces a mapping,
also denoted by ¢, from Pol(U) into Pol(U(Q)) given as follows. If 4 €
Alt(U) then t(4) = t4 € Al(U(Q)). Arguing as in §4 we may show that

HA(K, p, 7)) = Q(K, Po> )

which as in §4 may be expressed by the commutative diagram
HU) S5 NA)
1p Ut 7 =n(A4) € &K, p, 7).
F(U(Q) > N(B)

Hence, the problem of describing @(K, pp) = U, ,@(K, pg, 7) is the same
as that of describing @(K, p) = U, €K p, 7).

We will first solve this problem when p is the regular representation r of the
algebra K°. However, before doing so we will divide the quarternion division
algebras over f into two distinct classes. The totally positive quaternions, K*,
are those K(a, b) for which —a and -b are totally positive. The totally
indefinite quaternions, K-, are those K(a, b) for which a, -b are totally
positive.

For K*, the involution ¢, defined in the preceding section, is the only
positive involution while for K™, ¢ is not a positive involution. However, K~
does have positive involutions of the form

7(8) =u'e(8)u S,u €K and o(u) = -u.

The complete set of positive involutions of K™ can be described as follows. If
7, is a fixed positive involution of K™ then every other positive involution can
be written as

7(8) = u'r(8)u

where u € K~ satisfies

L 7o(w) = u,

2. r(u) has positive eigenvalues.
We are now ready to describe (K™, r) and @K, r).

Consider @(K™*, 7). It consists of all those X € Alt(K) satisfying r*(6)X =
Xr(a(8)) for § € K. Multiplying on the right by »(§) we have for such an X

r*(8)Xr(8) = Xr(8a(8)) = N(8)X.
Thus, by Lemma 3 we have
@K™, r)y = W, = TIKY).

Consider now @(K7, r) = U 5, @, r, 7). Let 7 be a positive involution
of K~ and let u € K, satisfy 7(8) = uo(8)u~" for all § € K~. We claim

@K, r, 1) = Tr(u)l(f).
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From o(u) = —u it follows that (Tr(u))* = r*(u)T = Tr(o(u)) = —Tr(uw)
and hence Tr(u) is alternating. If § € K™ then
r*(8)(Tr(u)) = Tr(o(8))r(u) = Tr(u)r(us(8)u™") = Tr(u)r(r(8))
implying Tr(u) € @(K", r, 7). Conversely if 4 € @K, r, 7) then Ar(u™) is
symmetric from
(Ar(u™M)* = r(u™)*4* = -Ar(r(u™)) = Ar(u™)
and in light of Lemma 1
r*(8)Ar(u™) = Ar(r(8))r(u™") = Ar(u™)r(o(8))
implies Ar(u™") € TI(f) proving our claim.
We have, from the discussion just completed, that
&K, r) c Tr(KZ)
where Tr(K7,) is the 3-dimensional R-invariant and irreducible space consid-
ered in Lemma 2. Now let 7, be a fixed positive involution on K~ given by
70(8) = uy0(8)ug', u, € K7;, and consider @K™, r, 79) = Tr(u)i(¥) C
Tr(KZ,). Take y € K™ and consider
R(¥)Tr(ug) = r*(v) Tr(ug)r(y) = Tr(yugo(v))-
It follows that
R(y)@(KZ,, r, To) = él7’(K:l’ r,T)

where 7(8) = v,0(8)vy"

assertion follows from
()8 = 030(8)055 = ¥(ro(y"81)(y8))v"

trace(r(7(8)8)) = trace(r(ro(y'8y)y'8y)) > 0
since 7, was assumed positive. We summarize as follows.

LemMaA 54. @K™, r) = TIK™).

LEMMA 5.5. Let 7 be a positive involution given by 7(8) = us(8)u™', u € K2,.
Then

and vy = yuuo(y) is a positive involution. The last

@K, r, 7) = Tr(u)l(¥).
Moreover

Te(Ko) = 3 RO)QK 77

where R(8)Q(K™, r, 7) = @K, r, 7'), 7 a positive involution.

Consider now the general case where py, is a rational representation of K on
a rational vector space U = U(Q). Let, as discussed, p be the representaion
of the algebra K over f on the vector space U over f. We want to describe
@K, p).

Assume firstly that K = K* and hence @(K, p) = @(K, p, o). Then (K, p)
consists of all those polarizations 7 = #(4) where 4 € Alt(U) satisfies

p(8)*4 = Ap(a(8)), & €K
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This is clearly equivalent to the condition 4 € W ,(p) and hence
@(K*, p) = W,(p)-

Before we interpret this result in terms of a commutative diagram we will
make several observations. Since Alt(U) = (U A U)*, where U A U is the
center of %,(U), we may, using duality, consider the dual of W,(p) C Alt(U)
in U A\ U. Specifically

W,(p)* = {w € UA U: Wy(p)w = 0}.
Since W, (p)* is central in %,(U) we may form the group
N(K™, p) = F(U)/ W, (0)*

and we observe that 7 € @(K™, p) if and only if 7 induces a homomorphism
of N(K™, p). Hence, the relationship @(K™, py) = @(K*, p) = W ,(p) can be
expressed by the following commutative diagram:

F(U) - F(U)/W(p)* = NK* p)"S N(4)
Ti l’ B = t'A.

F(U(Q)) - N(B)

THEOREM 5.3. The space @(K™, po) is bijectively equivalent to the space of
all polarizations w of %,(U) which factor through the group N(K*, p). This
equivalence is given in the preceding diagram.

Now let K™ be a totally indefinite quaternion division algebra and 7 a
positive involution given by 7(8) = wo(8)u”', u € K7,. Let @(r) =
& (K", p, 7). Arguing, exactly as in the special case of the regular representa-
tion above we have that

€(r) = W(p)p(w).

Take y € K, then, as before the involution ' defined by 7/(8) = va(8)v7!,
where v = yuo(y) is a positive involution of K~ and P(8)&(r) = @(7).
Observe we may also write 7(8) = wr(8)w™' where w = yr(y) and 7(w) = w.

Consider any 4 = Sp(u) € @(7), S € W,(p). Then if y € K~ we have
P(y)A = p*(v)Sp(w)p(y) = Sp(yuos(y)) and hence P(y)4 € S- p(KZ)). Since
Sp(KZ)) is a 3-dimensional P-invariant and irreducible subspace of Alt(U), it
follows that

P(y)4 € Sp(K7)) C V,(p), YEK.

In particular, @(7) C V,(p) for all positive involutions 7 of K~ and (K", p)
C V4(p).

Fix the positive involution 7, and consider @(7y). Since &(7y) =
W,(0)p(tp), where 74(8) = ug'a(8)u;', we have that p = dim @(ry) =
dim W,(p) = 2¢*> — ¢. Choose a basis S, of W(p), p=1,...,p, and con-
sider the basis 4, = S,p(u), p=1,...,p. Each 4, is contained in the
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3-dimensional P-invariant, irreducible subspace S,p(KZ,). Since dim V,(p) =
3(2¢% — @), it is reasonable to conjecture that

Vo) = @ 3 5,00

To prove this, we must show that 34 _,S,p(K")) is a direct sum. We will do
this by induction. Suppose for n < p, the sum X7 s ,(KZ)) is a direct sum
and consider S,p(KZ)). If the sum X}_, S,p(K- ) is not a direct sum the
irreducibility of S,p(KZ)) implies S,o(KZ,) C 2:"_‘, S,0(KZ,). Then for any
8 € K7,, § # 0 we have

n—1
Snp(s) = 21 Sp,p(sp.)’ 8,:, € l(:l'

Hence S, = 2”=1 S,p(8 18 ) and, since S, = Sy, it follows that
PIINY p(8 78) = =i ‘ S p(o(6 ~'8,)). The induction hypothe51s implies §7'8,
et,u=1...,p, and hence S, is lmearly dependenton Sy, ..., S, overf
This last assertion contradicts our choice of the S, and our claim is proved.
The next theorem summarizes some of our discussion.

THEOREM 5.4. For every positive T of K~ we have
@K, p, ) = W(p)p(u) C V4(p)

where 1(8) = uo(8)u~", u € K-,. The space V,(p) is spanned over ¥ by @(K", p)
and is the smallest P-invariant subspace containing any @(K", p, 7), T a positive
involution of K.

Let 7 be a positive involution of K~ and consider @(7) = (K", p, 7). As
after Theorem 3, we may view @(r)C Alf(U) = (U A U)* and consider
@ (p)* defined by

@(r)* = {w € UA U: &)w = 0}.

Since every polarization 7 € @ (7) induces a homomorphism of the group

N7, p) = F(U)/@(r)*

we have the following result.

THEOREM 5.5. For each positive involution 7 of K~ the space (K", py, 7) is
bijectively equivalent to the space of all polarizations w of %,(U) which factor
through the group N, (K", p). The exact relationship is given by the commutative
diagram

HU) > NK,p) = FU)/a(n)* > N(4)

i bt 7 = 7(A).
F(U(Q)) - N(B)
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Theorem 4 also implies that if N(K-, p) = %,(U)/V,(p)* the following
diagram commutes for all positive involutions 7 of K™.

F(U) — N, p)
N \:
N,(K, p)

In terms of matrices, (K™, p) = W,(p) has been described in the discus-
sion following Theorem 2. Consider K™ and a positive involution 7 of K~ and
set T(1) = Tl(u)r(u) where 7(8) = uo(8)u~". Then the elements of @(K", p, 7)
are given in the form

T(r)
0 ((/8,,), 7(8)=-8,, 1< mo<gq.
0 T(7)

6. Riemann matrices: quaternion algebras. In §5 we obtain a description of
@ (K, py, T) where K is a quaternion division algebra central over a totally real
field f with positive involution 7 and rational representation p, on the
rational vector space U = U(Q). Let p be the corresponding representation
over f of K on U = U(f). We expressed the relationship between @(K, p, 7)
and @(K, p, 7) in terms of the commutative diagram

FU) 5 N4
1i bt 7 € &K, p, 7).
%(U(Q) > N(B)

As in §4 we may consider the real closure of this diagram

R

(U — N(A4)r= N(dp)
Tig v
T(Un) = N(B=N(By)
The problem is to describe for each 7' € @(K, py, 7) the collection of all
complex structures J on Uy which satisfy
(1) pr(e@)J = Jpg(a), « E K.
(2) (J, mg) is a Riemann pair.
As in §4 we may decompose N(A4)y into a direct product compatible with the
action of p(f). Precisely, let pp(¥) = g - rg(f) and define Ny ., (R, X;) to be the
subgroup of N(A4)g generated by the subspace of Uy corresponding to the
‘character’ x; of f in R. Then
@) N(A) = [N, (R, X,).
(b") Ngy.1(R, x;) is isomorphic to Ng, . ((R),i =1,..., h.
(¢) Modulo the center of Ng, ., (R), the restriction of pg(f) is given by the
scalar action determined by x;, i = 1,..., A.
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It follows, exactly as before, that R (K, py, B), the collection of all complex
structures on Uy satisfying conditions (1) (2'), is given by

h
%(K, pQ’ B) = ];I‘QI(A)

where £;(4) is the set of all positive definite CR-structures J; on Ng, (R, x;)
such that the induced action of J; on Ug = Ng, . (R, x,)/center commutes
with p(K), elementwise.

We shall now find elements in R (K, py, B). The first case we consider is
where p, = r,. Again, we break the discussion with two cases.

Let K* be a totally positive quaternion division algebra, B € @K™, ry)
and A the corresponding element in @K™, r), with B =¢-A4, where r
denotes the right regular representation of K* over its center f. Then we may
write A = TI(8), 0(8,) = -8, Observe that T is totally positive definite, i.e.,
T(y, v) is totally positive in f, y % 0, since K" is totally positive. Consider
N(8p) = T(8¢, 8y)- It has a totally positive square root in the algebra f ®, R
which, by R-linear extension, acts on Ug = Kg. Thus, we can define the
automorphism J of N(4)g by

(85 7) d (_60_8’ 7)’ (8’ Y) € N(A)R

VN(8)

That this is an automorphism follows from the formula
1(8g)*Al(8;) = N(8p)A.

Since 82 = —N(8,), J? = -1 modulo the center, and acts by the identity
mapping on the center. Now take § € K* satisfying r(y)8 = x;(y)é for fixed
i=1...,hand for all y € £. To see that the restriction of J to the groups
Ng,+1(R, x,) is a positive definite CR-structure, we write § = (§, 0) € N(A)g
and note that

[8,J8] = A(8, J8) =V N(8,) T(8,8)
which is totally positive whenever 8§ # 0. Clearly, J/ commutes with r(«) on
Kg.

The case of K7, a totally indefinite quaternion division algebra, goes as
follows. Let 7(8) = uo(8)u™', o(u) = —u be a positive involution of K~ and
take B € @(K", ry, 7) corresponding to 4 € @(K", r, 7). We may write 4 =
Tr(u)l(a), a € £. Without loss of generality, we may take a = 1. Let v = u™".
Then 7(v) = ulo(v)u = -uwu = —u' = —v and o(uu' = 7w Hu™' =
N(u™) is totally positive on ¥, by the assumption of positivity of 7. Consider
the mapping J of N(A)g given by

u!
(8’ Y) - (_'—_"" 6’ 7)5 (8’ Y) € N(A)R
VNG
It is again easy to see that J is an autormorphism of N(A4)g, whose square
J? = —I modulo the center and induces, by restriction, to each Ng,+1(R, X)) a
positive definite CR-structure.
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We will now return to the case of a general representation p, of K on a
rational vector space U = U(Q). Let p be the corresponding representation
of K over f on the vector space U = U(f) over f. One of the advantages of
introducing the groups N(A) and N(A)g for an 4 € &(K, p, 7) is that p(t*)
extends to a group automorphisms of N(A4) and ‘diagonalizes’ as a group of
automorphisms of N(4)g. We shall now see that for arbitrary K the group
generated by some basis of K over f also acts as a finite group of automor-
phisms of N(A4)g. This in turn will allow us to find a ‘Riemann matrix’ for 4.

Consider K = K* and 4 € @(K™, p). Then, since o, the standard involu-
tion on K™, is positive, we have that for all § € K*, § 5 0, 06(8) = N(o) is a
totally positive, element in f and hence has a totally, positive square root in
f ®, R. Then for § € K* the mapping

1
(u, 0) > (———p(S)u, a), (u, @) € N(A)x
VN(8)
is an automorphism of N(A4)g. The group generated by the automorphisms
corresponding to 8 = 1, i, j, k is clearly a finite group of automorphisms of
N(A)g. Notice as well, that, since f is central, these automorphisms induce
automorphisms on the groups N, (R, X))

In the case K = K" and 4 € @(K", p, 7) not all of p(K") extends to N(A).
However, we can do the following. Write 7(8) = uy0(8)uy", 0(uy) = u,. Then
T(up) = —uy. Choose v, such that o(vy) = —vy, T(vg) = vy and 1, ug, vy, UyL,y
span K~. Then uyr(uy) = —u2 and v,7(v,) = vg are totally positive in f ® oR
and, as above, we have the automorphisms of N(A4)g,

(u, a)->( - p(up)u, 0‘),
0 (4, @) € N(A)R.
(u, a)e( \/1_ o(v0)o, a),

Hence, the group generated by the basis 1, ug, vy, Uy, acts on N(A)g as a
finite group of automorphisms. As above the subgroups Ng, . (R, x;) are
invariant.

Now, take any positive definite CR-structure J; on Ng . (R, x;), i =
l,..., h. In either case the group O(J;) of automorphisms of Ng, . (R, x;)
which commute with J; is maximal compact and contains a conjugate of the
finite group of automorphisms defined above. Thus, a conjugate of J;, which
is still a positive definite CR-structure, commutes with this finite group and
hence on Ng, . (R, x;) modulo the center with p(K).

7. Representation of involutions: cyclic algebras. We will now study rational
division algebras admitting a positive involution of the second kind. Such
algebras are necessarily examples of cyclic algebras whose theory we will
recall below.

Let 9 be a rational algebra having dimension s over its center . Let K be a
cyclic extension of f contained in 4 of degree s over f and denote the Galois
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group of K over f by G. We will call 4 a cyclic algebra over f and X its
splitting field if a basis of 4 considered as a left-vector space over L exists of
the form

s—1

L2
satisfying the next two conditions

(i) For each a € K we have jaj™' € K and the mapping

a—joj i K> K
is a generator of G.

(i)j* = b € K*.

For the rest of this section, ¢ is a rational division algebra having dimen-
sion s over its center f and 7 is a positive involution on & of the second kind.
The positivity of = implies that the fixed field £, of 7 is a totally real field. It is
well known that every rational simple algebra may be realized as a cyclic
algebra and hence ¢ is a cyclic algebra. We may choose a splitting field K for
¢ having special properties relative to the involution 7. Firstly, f is a totally
complex quadratic extension of f, and a ¢ € f may be found satisfying

(iii) ¥ = fo(c),

@iv) 7(c) = —c.

Now, we may choose a cyclic extension K, of £, of degree s contained in ¢
with the following properties.

(v) K, is a totally real field.

(vi) 7 acts by the identity mapping on K|,

(vii) K = K(c) is a splitting field for the cyclic algebra .

We will now suppose that, once and for all, a ¢ € f has been chosen
satisfying (iii) and (iv) and a cyclic extension K, of f, has been chosen
satisfying (v)—(vii) and a basis i, j, . . . ,j* ! of the left vector space & over K
satisfying (i), (ii). We then have the following two important properties.

(viii) 7(j)j = a € K, is totally positive.

(i) Nejt(®) = Ny ().

Also, in terms of our given 7 the positive involutions of ¢ which have the
same effect on f as 7 are all of the form 7/(8) = ur(8)u~" where 7(u) = u and
the eigenvalues of the regular representation of ¢ applied to u are all positive.

Consider a rational representation py of #° on a rational vector-space
U = U(Q). Then as we saw in §4, p, determines a vector-space structure on
U over f,, which we denote by U again, where scalar multiplication is given
by a-u = py(a)u, a € §,, u € U. Since f; is central in 39, po() consists of
endomorphisms of U and hence p, induces a representation of the algebra ¢
over f, on U which we will denote by p. To each positive involution 7’ on &
we have defined the sets

@(3, pg, ') C Pol(U(Q)) = Alt(U(Q)),
@(#9, p, ) c Pol(U) = Al(U)

and where ¢ now denotes the trace mapping of f, into Q, ¢- Al(U) C
Alt(U(Q)). As in §4, we can in fact show

H&(3, p, 7)) = @(9, pp, )
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and we have the commutative diagram

F(U) > N(4)
T , 1t
5UQ) 5 N(B)

Thus, we are led to a study of the set @(, p, 7). We will write 7" ~ 7 to mean
7 and 7’ coincide on f and we are interested in the sets @(d, p, 7) and
@, p)= U, _, &, p, ).

The crucial part of the study will again be the group representation P of &*
on Hom(U, U*) defined by

P(8)X = p*(8)Xp(8) & € 9%, X € Hom(U, U*).

It is this group representation P which will be our concern for the rest of this
section.

Consider ¢ as an algebra over f,. Let r and / denote the right-regular
representation of 3% and the left-regular representation of & over ¥, respec-
tively, and R and L the associated group representations of #* and 4% on
Hom(d, #*). We will construct a T € Sym(+#) which will play the same role
in structuring the representations R and L as the T considered in Lemma 4.1.
Consider an X € Hom(d, #*). We define the conditions (r), (I) and (g) for
such an X as follows.

@) r*(8)X = Xr(7(8)),6 € 9,

O *(8)X = XI(7(8)), 6 € I,

(g ™ X = X.

The T € Sym(¥) will satisfy all three of these conditions and will be uniquely
determined by them. We will observe below that any two conditions (r), (g) or
(1), (g) determines the other (1) or (r) respectively.

Let T,: K X K — k, be defined by

TO(as Y) = tI'K/EO(ST(‘Y)), 8! Y € K.

Since trg /¢ (8(8)) = trg ¢ (8) for all § € K and g € G, G the Galois group of
K over f,, and since 7 € G it follows that

To(8, v) = trg e (87(Y)) = trg e (7(87(y)))
= trgr (v7(8)) = T(y, &)

and hence T, € Sym(K), K viewed as a vector space over f,. Essentially, the
same argument shows that

To(g(8). 8(v)) = To(8,7), gEG, 8,YEK,
using the commutativity of G. Take now 8, y, « € K. Then
To(8at, v) = try e (8ar(y)) = tryp (1(8ar(y))) = tryp (yr(a)7(5))
= To(v1(@), 8) = To(8, yr(a)).

We summarize the properties of T in the next lemma.
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LEMMA 7.1. Let Ty: K X K — ¥t be defined as above. Then T, = T¥ and
Dg*'Tog=Tpg €GC,
(@ii) r*(8)Ty = Tor(7(8)), 8 € K,
(iii) I*(8)T, = Tol(7(8)), 8 € K.
Condition (iii) follows automatically from conditions (i) and (ii) by noting
To(8a, B) = To(7(8ax), 7(B)) = To(r(a)7(8), (B)) by (i)
To(r(a), 7(B)8) by (ii)
= To(7(a), 7(7(8)B)) by ()
To(e, {8)B) by (@)

We will use T, to build 7. The required conditions for T force the
following definitions. For 0 < p < s define

T,: Kj* x Kj* > 1,

by
Tu(YjM’ 9j*) = To(v, %t (")), v,8 € K.
Put
T=® X T,
o<pu<s

From 7(j)j = a € K, it follows that jr(j) = jaj~'. For any a € K we will
denote the conjugates of a over f by a©@, ..., a®~ P, where a = a©. Hence
J7(j) = a® by condition (i). It follows that j*s(j*) = a'V .. . a'® € K, since
r(jaj™") = j(r(a))j ! = jaj! by the abelian property of the Galois group of K
over f,. Thus,

T, (y* &*) = trg ) (aV ... a®Wyr(8)), 71,8 €K

THEOREM. 7.1. Let T be defined as above. Then T = T*. Further, for
Y, 6 €9

@ TGy, j&™) = T(aya™, 8),

@ii) T((y), 7(8)),= T(y, 8). Hence condition ( g).

(iii) T(ya, 6) = T(y, 67(a)), a € ¥. Hence condition (r).

@iv) T(ay, 8) = T(y, 7(a), 8), a € &. Hence condition (1).

PRrROOF. As above conditions (ii) and (iii) imply condition (iv). Also 7' = T™*
is obvious.
We will begin by proving (i). Let a;,; = a' ... a®. Consider y = 2 x,j*
and§ =X y,j* € ¥, x,,y, € K. Then
vt =2 x ()% ava =3 a-a®xm

By definition

T(jyj_l’jsj_,) = % TM(xI(‘»‘?i”, yftl?]") = % U'K/fo(a[”]x'(‘l)'r(y'(‘l)))‘
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Since try ; is invariant relative to the action of G and
.1 . -1
Ja = aga a® .

It follows that the sum on the right becomes
—1
% try /e (apma a® x,7(y,)) = T(aya™, 8).
The proof of (ii) goes as follows. Let 7(y) = Z x;j*. Then

, 1 (s—p)
Xs—p = Z(alnl'r(xu)) ",

Consider

T(r(v), 7(8)) = % trK/fu(a[y]x;.T(y;)) = % trK/!o(a[S—“]x.s"—yT(y.;—-p))‘

Using Galois invariance again along with the formula for x;_,, we can easily
see that the last sum can be written

1
br(b) % trK/fO(aE-"")_I‘]af}l]‘r('xp)y“)'

However, Ny (@) = Ni,(a) = br(b) and Ny (@) = q a2 which im-
plies that this sum is

% trK/fo(am'r(x“)yF) = T(8, v) = T(, 8).
To prove (iii) it is sufficient to show that for x, y,z € Kand 0 < g, v, w <
s we have
T(xj"z*, yj*) = T(x”", yj*7(z*)).
If v+ w#p and v + w # p + 5 both sides are 0. We will therefore assume

that v + w = p or » + w = p + 5. The proof in either case is the same so we
will take » + w + p. By definition

T(x)zj*, yj*) = trg e (agyxz®(»))
and
T(”, y*r(z)) = T(x)”, yafiJr(2®);”)
trK/fo(a[,,]af:,{yq- (z)7(x))

= trg e (apuxz®@7(y)) = T(%’z*, »j*)

I

which is what we wanted to prove.
Thus, we have found a T € Sym(#) satisfying conditions (r), (1) and (g).
Below, we will show T is uniquely determined by these conditions.

COROLLARY. T - 7 € Sym(¥) and satisfies
r*(8)(T-7) = (T-1)I(8), €,
*(S)T-7)=(T-7)r(8), 8§ 9.
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PROOF. Simply observe that 72 = 7 and from (iii) of the preceding theorem
(T =m*T=T-7'=T-7

and T - 7 is symmetric. The remaining assertions are equally obvious.

We call any X € Hom(#, 9*) satisfying the condition (r) an r-form and the
condition (I) an /-form. The set of all symmetric r-forms will be denoted by
Sr and the set of all symmetric /-forms by S/. Before describing the sets Sr
and S/ we observe that T vanishes off the ‘diagonal’ Kj* X Kj*, 0 < p <s
and that a symmetric r-form or a symmetric /-form is uniquely determined by
its ‘top row’ K X Kj*, 0 < p <s.

LEMMA 7.1. Let 9 be the space of all § € ¥ satisfying 17(z) = z. Then

(1) 1= Tr(d),

) Sr = TI(By).

3) In particular, £,T = Sr N &I and T, up to constant f-multiple, is the
unique r and I-form that is symmetric.

Proor. We will prove (1). Clearly Tr(d,) C §,. Consider an X € S/ and
the linear mapping of K over §, given by

x = X(x,j*), x € K.

There exists an 7, € K such that X(x, j*) = trg (%), x € K. Hence, by
the definition of 7 on K X K it follows that

X(x, %*) = X(r(y)x,j*) = trg s (n,x7(»)) = T(x, yr(n,))
for all x, y € K. Thus,

X = r(j ()T

on K X Kj*, 0 < p<s. Consider n = Zy¢,,/j"(n,). By condition (1)
7(m) = n and r*(n)T is symmetric. Indeed, r*(n)T is a symmetric /-form.
Since T vanishes off the diagonal X = r*(n)T on K X Kj*, forall0 < p <s.
Thus, since both sides are symmetric /-forms X = r*(n)T and X € Tr(dy).

Property (2) is proved in a similar fashion. We will proceed to property (3).
For an X € Sym(¥) which is both an /-form and an r-form we can write
X =Tr(n) = TI(n'), n, " € &, Since T is invertible r(n) = /(n") which im-
mediately implies 1 = ' € f,. Hence our lemma has been proved.

Consider the representation of #* on 4 defined by setting

()0 =1(y)dy, yEI, S

Let 9, C ¢ be defined as in the preceding lemma. Then cd, is the eigenvalue
(—1)-space of 7 and & = &, ® 8. Clearly, ¢4, and cd, are e-invariant. We
will need that they are e-irreducible as well. The proof runs as follows. Let U
be an e-invariant and irreducible subspace of 4, and 0 # z, € U. From
e(zf)zo=2*' € U and e(l + z{)zo =z + 224 + 2, € U

it follows that all powers of z, are in U. In particular 1 € U. Let 1, 4, , §°~!
be a basis of K|, over f,. From

e(@*)- 1eU and e(1+0%)-1€U
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it follows that all powers of # are in U and hence K, C U. Finally the
elements 0%* + 7(8%*) are in U since &(j*)§” and (1 + j*)8” are in U,
p, v € Z. However, these elements span ¥, over f;, as pu, » run over the
integers implying U = 43,

We are now ready to study the group representations R and L using the
elements T and T- 7 as our main tools. Consider End,({#) as a subalgebra of
End(#®). Its dimension over ¥, is 2s*. Define

W = T End, 9 c Hom(3, 4*), V = T-1 End; ¢ C Hom(3, 9*);

clearly, both are f,-subspaces of dimension 2s* over ¥,. We will show that W
is the eigenvalue (— c?) subspace and V is the eigenvalue c? subspace relative
to the endomorphism R(c). Once this has been shown we have W N V = (0)
and arguing by dimension

Hom(d, 9*) = w & V.
Take X = TY € W where Y € Endy(#). Then
R(c)X = r*(¢)TYr(c) = Tr(-c) Yr(c) = —c*TY = X
since Y is linear over f and ¢? € f,. Similarly, for X € V we have R(c)X =

¢2X and our assertion is proved.
The theory of central simple algebras gives

End(?) = I(§) ®, r(9°) =9 ®, 9°

where /(§) ®, r($°) denotes the linear span of the products /(8)r(y) over f
where 8§, y € 9. We will use this strongly in our analysis of the spaces W and
V.

Consider W = T Endg(#). We begin by showing that W is R and L-
invariant. Take X = TI(8)r(y) € W and a € 9. Then

R(a)X = r*(a)TI(8)r(y)r(a) = TI(8)r(ayr(a)) E W

and hence W is R-invariant. A similar argument shows that W is L-invariant
as well. Observe that for §, y € 3, we have ayr(a) and adr(a) in ¥4, Thus far
8,y € ¥, and X = TI(8)r(y) a refinement of the above argument shows that
R(a)X and L(a)X are in TI(d) ®, r(dy). It follows that the subspaces

W, = TI(3,) ®; r(d), W, = Tl(9g) ®¢ r(Jo)r(c) = Wr(c)

are R and L-invariant. There subspaces W, and W, are easily seen to be the
symmetric and alternating elements, respectively, of W and W= W, & W,.
These subspaces are also irreducible with respect to the joint action of R and
L. This need only be proved for W,. Identifying W, with 4, ®, 4, as vector
spaces over f the representations R and L on W, induce representations R,
and L,, respectively, on 3, ®; ¥, given by

Ry(8)(a ® B) = (1(8)ad) ® B,
Li(8)(a ® B) = a ®(1(8)B8), a,B E Dy
Now as we have seen the mappings a — 7(8)ad of 9, as § runs over 4* act

irreducibly. The joint action of R, and L, on 9, ®, J, is the same as the
tensor product of this irreducible action with itself and hence is irreducible.
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Thus, W, and also W, are irreducible with respect to the joint action of R and
L.

We shall now decompose W, and hence W, into R-invariant and irreduci-
ble subspaces. Before we considered Sr the space of symmetric r-forms with
respect to 7 and found that Sr = TI(d,). To indicate the dependence of Sr
upon 7 we shall now write Sr = Sr(r). It is obvious that the space Ar =
Ar(t) = Sr(t)r(c) consists of all the alternating r-forms with respect to 7 and
is in fact the space @(¥, r, 7) defined above under the identification Pol($)
with Alt(9).

The space Sr(7) is obviously an L-invariant subspace of W, the action on a
typical element X = TI(8), 86 € 3, being given by

L(v)X = I*(y)TI(8)I(y) = TI(1(y)8y) € 5r.
Since the mappings & — 7(y)8y of 9, act irreducibly as y runs over 9%, it
follows that Sr(r) = TI(¥,) is L-invariant and irreducible. Observe that the
dimension of Sr(r) over f,is s>. Now let 1 = ag, aj,...,a,t=s>—1bea
basis of ¥, over f, and consider the spaces
Sr(*r)r(aj) = TI(Yp)r(e;), 0<j<t

For X € Ti(9g)r(a), we have L(8)X in TI(#y)r(ey) and it is easy to see that
TI(9y)r(e) is an L-invariant and irreducible subspace consisting of all sym-
metric r-forms corresponding to the (not necessarily positive) involution
7(8) = ay7(8)a;". Arguing by dimension we have

W, =@ gogr('r)r(aj).

Analogous results for W, = W,r(c) immediately follow. We summarize these
results as follows.

LEMMA 7.2. Let W = T Endy(®) = TI(§) ®r(9°) and set
W, = TI(8;) B (3y), W, = Wyr(c).

Then W = W, © W, is the decomposition of W into the direct sum of its
symmetric elements W, and its alternating elements W,.

(i) The space Sr(t) = Ti(,) of symmetric r-forms relative to = is an
L-invariant and irreducible subspace and

t
Wy =@ X sr(n)r(a)
j=0
wherei = ag, ..., &, t = s> — 1is a basis of 9, over ¥,
(ii) The space Ar(r) = Sr(r)r(c) = Q(P, r, 7) of alternating r-forms rela-
tive to 7 is an L-invariant and irreducible subspace and

Wy = Wir©) = ® 3 SHr(0r(e) = © 3 ,()r(a)

with notation as in (1).
Moreover, W, and W, are irreducible with respect to the joint action of L
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and R. There is a completely analogous set of results decomposing W, and
W, into R-invariant and irreducible spaces.

Consider ¥V = T-7- End(®) = T-7- () ® r(9°. We may identify V
with & ®, 9° and observe that ¥ is R and L-invariant where this identifica-
tion associates to R and L the representation R, and L, on ¢ ®, 9° given as
follows. If 8§, @, B € ¥ then

Ry(8)(a ® B) = (a8) ® (B5),  Ly(8)(a ® B) = (8a) ® (3B).

Let V| be the space of symmetric tensors in ¥ ®, #° and V; the space of
alternating tensors in ¢ ®; 9°. It is obvious that both V| and ¥} are invariant
with respect to R, and L, jointly. Moreover, if ¥, and V, are the correspond-
ing subspaces of V then V' = V| @ V, where V, and V, are R and L-in-
variant. Also, as is known, the spaces V| and V; are irreducible with respect
to the mappings a ® B8 — Xa ® XB, X € GL,(¥#). Finally since V, C
Sym(?#) and V, C Ali(#) we have Sym(#) = W, ® ¥V, and Al((H) = W, ®
V,.

Let p be an arbitrary representation of the algebra $° over £, on a vector
space U over f, and P the induced group representation of 4* on
Hom(U, U*). The theory of simple algebras allows us to identify p with g - r,
r the regular representation of 9° over f, and ¢ > 1 an integer, up to
fo-equivalence. Hence, without loss of generality, we assume p = ¢ - r and

q
U=@® Y 9,
p=1

where each 9, = ¥ is p-invariant and the restriction of p(8) to 3, is r. Hence,
U*= @D Z%_, 9F and

Hom(U, U*) = @ é Hom(4d,, 9})

mr=1

where each of the factors Hom(d,, 4;*) = Hom(#, 9*) is P-invariant and the
restriction of P(§) to Hom(d,, ,,) is R(8). Thus, the study of the group
representation P reduces to Lemma 7.2 and the discussion immediately
following it.

Consider Hom(3,, 9;) = Hom(#, 9*) and write

Sym(ﬂy) = Wi(wn) ® Vi(p), Wi(pw) = W, Vi(w) =V,
Alt(ﬁu) = Wy(u) ® Vy(p), Wy(p) = Wy, Vz( p) = v,

For pu # » let
Sym( u, ») = the symmetric elements in Hom(#,, 3) @ Hom(9,, 9}

Alt(p, ) = the alternating elements in Hom(#,, 9) @ Hom(3,, 3}

The mapping X — X @ X* of Hom(¥,, 4¥) into Hom(3J,, 9;) & Hom(ﬂ,,, 35
determines an isomorphism

w Uy

Hom(3, o 3}) = Sym(g, »)
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while the mapping X — X @ (-X*) of Hom(d,, 4) into Hom(d,, 4;}) &
Hom(?,, 4;}) determines an isomorphism

Hom(#,, 9) = Alt(u, »).
In the following these isomorphisms will be understood and we may write
Sym(p, v) = W,(p, ») ® V,(p, »)

where W = W,(u,v) and V = V,(u, ») under the first isomorphism and
hence Sym(U) = W,(p) ® V,(p) where

W) =B W, (U)® 3 W(p, ),
4 p<v

Vie) = ®X V(1) @ X Vi, »).
" w<v

Also, we may write
Alt(p, v) = W,(p,v) ® V (s, v)

where W = W,(u, v) and V = V,(p, ») under the second isomorphism. Then
Alt(U) = W, (p) ® V ,(p) where

W,(p) = & % Wy(p) © Mgv Wa(u, »)s

Vi) = © % Vo) @ Ev Va(p, »).

Let Sr(p) = Sr(p, ) be the symmetric r-forms on U corresponding to p
and 7 in the sense that X = X* € Hom(U, U*) and
p*(8)X = Xp(7(8)), b€

Similarly, let Ar(p) = Ar(p, 7) = (Y, p, 7) be the alternating r-forms on U
corresponding to p and 7. We have

5r(p, 7) =@ % Wl(.u" 'T) @ ”%y VV.\-(”" v, 7)

where W (u, 1) = Tl(%,) and W, (p, », 7) = TI(¥) under the first isomor-
phism. Also,

@(9, pr) = Ar(p, 7) = Sr(p, T)r(c).
The dimension of each of these spaces is g% over ¥,

We are now in a position to discuss the original problem of this section. Let
po be a rational representation of 99 on the rational vector space U = U(Q)
and p the corresponding representation #° on the vector space U over £,
Denote the set of positive involutions 7/ on ¢ coinciding with 7 on the center
by [7]. Recall the relation (@ (9, p, 7)) = @(9, pp, ™) and the corresponding
diagram

FU) S5 N4
T Ut 7 € @, p, 7).
F(U(Q)) — N(B)
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Let p = r and take 7" € [7] where 7'(8) = ur(8)u”', u € 9, Consider the
space Tl(3,)r(u) C W, and take X = TI(y)r(u), y € 9, For § € ¥,
r(8)*X = r*(8) Ti(y)r(u) = TI(Y)r(uw)r(ur(8)u™") = Xr(r'(8)).

It follows that TI(9)r(u) = Sr(r’), the space of all symmetric r-forms on 9
corresponding to 7’. Observe that since we have already proved that Sr(r) is
L-invariant and irreducible, we have Sr(7') L-invariant and irreducible as
well. Thus

U Sr(v) c w,.
7 E€[7]

Consider the sum 354+ R(8)TI(3y)r(u). This space is both R and L-in-
variant and since it is contained in W, which is both R and L-invariant and
irreducible under their joint action

W= 2 R@)TU(d)r(u) = X R(8)Sr(r)
sEP* sEY*

and W, is the smallest R and L-invariant space containing  r(1’).
Consider Sr(t) = TI(d,). For any 8, € &, consider X = TI(§y) € Sr(7).
Then, if § € 4~

R(8)X = r(8)*TI(8,)r(8) = TI(8,)r(87(8))
where v = §7(§) € 9, Take now y € ¢* and write
r(V)*R(8)X = r*(y) TI(8o)r(v) = TU(So)r(v)r(vr(y)v™).
Since as we saw 7/(8) = vr(y)v~! is a positive involution in [7] we have
Sr(r) = R(8)Sr(1)

where 7’ is the positive involution in [r] given by 7'(y) = vr(y)v™ with
v = 87(8). Thus, W, is spanned over f, by U S,(7"). We will summarize
this discussion as follows.

relr

LEMMA 7.3. Let 7 € [7] be given by 7'(8) = ur(8)u™', u € §,. Then

Sr(r) = TI(9)r(u) c W,.

Moreover, W, is the smallest R-invariant space containing Sr(t") and
U epn 21(7) spans W, over o

The analogous ‘alternating’ result is the following.

LEMMA 7.4. Let 7' € [7] be determined by 7'(8) = ur(8)u™', u € 9. Then

A, r, ') = Tl(cd)r(u) C W,

Moreover, W, is the smallest R-invariant space containing @(%, r, v') and
&(, r) spans W, over £,

In terms of commutative diagrams we can reinterpret this last lemma as
follows. Considering Pol(4) = Al((¥) = (3 A 3)* we can associate to any
subspace U of Pol(¥) = Alt(¥#) its dual U* as a subspace of 3 A & given as
the set of all elements of ¢ A ¢ annihilated by U. Let

N, r, p') = 5(8)/ @S, r, 7)*, N3, r) = G(3)W3.
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Then &(¥, r, 7') consists of # € %,(#) which factor through to define homo-
morphisms of N(9, r, 7').

F(9) SN, rT)>  N4)
Ti It
F(H(Q)) - N(B).
Moreover N(¥, r) is the ‘largest’ group in which every polarization 7 €
@ (¥, r) defines a homomorphism.
The generalized results can be found using Theorem 7.1 and we simply
observe @9, 7, 7) = W (p, T)r(u) = @(d, 7, 7)r(u) where 7'(8) = ur(®)u!,
u € 9, and state the following theorem.

THEOREM 7.2. Let 7' € [7] be given by 7'(8) = ur(8)u™", u € 9y, Then
&, 0.7) = (DS Wik 1) @ 3 W,(5,1)r0)r(w)
u<v

is a subspace of W (p) which is the smallest R-invariant subspace containing
@3, p, 7). Moreover (9, p) C W,(p) spans W 4(p) as a subspace over ¥,

8. Riemann matrices. Cyclic algebras. We come now to the problem of the
existence of ‘Riemann Matrices’. Continue the notation of the preceding
section. Thus, 4 is a cyclic division algebra with center £, 7 is a fixed positive
involution for ¥ having f, as its fixed field in f and 7’ is any positive
involution coinciding with 7 on the center. Let p, be a rational representation
of #° on the rational vector space U = U(Q) and p the corresponding
representation of #° on the vector space U over f,. Then we have the
relationship

H&(D, p 7)) = &(I, pg, T')

given by the commutative diagram

F(U) > N(4)
i Y 7 € &9, p, 7).
5(U(Q)) — N(B)

Consider the real closure of this diagram,

G(U > NA)g
Tir I
g2(Uk) - N(B)R

as we described in §§4 and 6. The problem as before is to describe for each
7' € @(J, py, 7') the collection of all complex structures J on Uy satisfying

Q") pa(@)] = Jpg(), o € 9.

(ii”) (J, mg) is a Riemann pair.

Let N(A)g = [[{Ny, . (R, x;), W =t : Q), 2p = dim; U be the decom-
position of N(A)g compatible with the action of p(f,) as discussed in §§4 and
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6. Then, R.(9, py, B), the collection of all complex structures on Uy satisfying
(i”) and (ii”) is given by

y
R, pp, B) = III@(A)

where §,(4) is the set of all positive definite CR-structures J; on Ny, (R, x;)
such that the induced automorphism in Ug = Ny, (R, X;)/center commutes
with pg(#), elementwise.

The existence of an element in R (9, py, B) is assured as follows. Since -2
is totally positive in ¥, we find a totally positive square root V —c? in the
algebra f, ® ;, R. The mapping of N(A)g,

0.1~ w0n1), @< M
-c

determines such an element using the R-linear extension of the action of f; on
U to an action of (fo)g = {, ®, R to Ug.
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