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Let NV, be. the 3-dimensional Heisenberg group whose underlying manifold
is R® and whose group multiplication is (¢, Y(n, 2) = (¢ + n, t +z +
%(yu — xv)) where ¢ = (x, ¥),n = (4, v) ER? and t, z ER. Every ¢ € GL,(R)de-
fines an automorphism of N, by the rule o(%, f) = (0%, det ¢ - £). Let A be the sub-
group of GL,(R) which maps the integer lattice I' of N; onto itself. For ¢ €
Aset So =N, 92 o),Teo=T %ﬁ gp(o) where gp(o) is the group generated by
o and o(?) is the 1-parameter subgroup through o. By [2] the analysis of the
right regular representation R of So on L?(I'0\So) reduces to an analysis of
the unitary operator To: F — F ° ¢ where F € L’(I‘\N3). Denote again by R
the right regular representation of N3 on L’(I‘\N3). Then

LYW, =2 D H,

where F € H, iff R(0, z)F = e2™"?F, Each H,, is R-invariant, the multiplicity
of R restricted to H,, is |n| and ToH, = H,. We restrict for convenience our
attention to To restricted to H,, n = 1. Let L denote the left regular represent-
ation of V3.

Let w = (f’_l (1)). Then Tw8,, = 0, is the space of n-degree “theta func-
tions” in H, of period i (see [1]). Set

\,’1 - eznizeﬂixyzleze~1r(g+I)2e2nilx’

lpz = L(1/29 1/23 0)'#%9

‘1’3 = L(l/2’ 09 0)‘1/1 L(09 l/2a 0)‘/’1 L(l/za l/2$ 0)¢]’

THEOREM 1. The n functions Y2 71yiJ2, j even, Y2 7TY§=3/2y,, j odd, j
=0, 2, ..., n define an eigenbasis for 0, relative to w. The eigenvalues are the
first n numbers in the infinite sequence

1,-1,41,—-4...,~-1,§ 1, -

From this result, the results on the “diamond group” Sw can be read off.
This case using vastly different techniques appears in [2]. Also, this is equiva-
lent to diagonalizing explicitly the finite Fourier transform

w* = Bnﬁ (2™Ukm)y, 0 <j, k<n
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Let H,q = H, ° (§ 9). Then H, = 2723 @ L(O, j/n, 0)H,,. Write for
a=(a,---,0,_;)EC, ol =1, To(g) = Z/Z;0;L(0, j/n, 0)g, g € H,. Set
Vo ={To(g): g € H,,}.

THEOREM 2. Let 0 € A. There exists an orthonormal basis ¢* and a uni-
tary operator g — g° of H,,, satisfying

To(g) = To*a(@®), a€C", lol = 1,8 € Hy,.

Up to unit multiple 0* and g —> g7 are uniquely determined by requiring
the following.

@) w* = n/n)e2™0kIny 0<j, k<n.
g — g“ is uniquely determined by requiring (Ryg)* = R _,x(g“’).

(b) Forr=( 2, “

1 \
= " i=0,...,n—1
'21rij2/n)’ / ? i
e
. /

andg—g =go°or.
THEOREM 3. Let 0 € A. There exists
(1) a unitary operator g — g° of H,,,
(2) an orthonormal basis &;, 0 <j <n-1o0f C",
(3) characters Xj» 0 <j <n -1 satisfying

Taj(g) °0 = Xj(O)Taj(go)
forallgE€H,,.

Clearly H, = ==} Vo, is a decomposition into R-invariant and irreducible
subspaces which are o-invariant.
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