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1. Introduction. Successful structure theorems for abelian p-groups, such
as Ulm’s theorem and its generalizations [2], [6], [10], [11], usually involve
systems of cardinal invariants. Although such systems serve to classify large classes
of groups, they do not appear to be adequate in general. This is due in part to
the abundance of the groups, and in part to the various pathologies known to
occur. In an attempt to remedy this situation we propose the use of invariants
whose values are not cardinal numbers but rather ultrafilters on a countable set.
Such invariants share many desirable properties with cardinals (for instance, they
do not depend on the prime p involved), but provide much more flexibility than
cardinals do. We present here a statement of some of our results. Details and
further results will appear elsewhere.

A variation on our methods is applicable to the problem of classifying primi-
tive rings with minimal left ideals. This will be touched on briefly in the conclu-
sion, §5.

2. Groups and filtered vector spaces. Let G be a separable abelian p-group,
i.e. one with no elements of infinite height. Then the socle G| p] of G (the ele-
ments of order p) is a vector space over the field Fp of p elements. This vector
space possesses a natural filtration (sometimes called a valuation [4]) induced by
the height function on G, namely G[p] 2 (pG)[p] 2 (p*G)[p] D+ . I G,
and G, are isomorphic groups then their socles are isomorphic as filtered vector
spaces. In this paper we concentrate on providing invariants for the socle, although
some of the techniques can be applied to the groups directly.

Henceforth we make two assumptions which drastically simplify the situa-
tion: We assume that G is standard, i.e. that all of its Ulm invariants are ones,
and furthermore that G/G is isomorphic to Z(p™), where G is the torsion com-
pletion of G. (This is, in a sense, the simplest nontrivial case.) Then
(p"G)[p1/(p"*1G)[p] is one-dimensional for all # and G[p] has codimension
one in G [ p], which can be regarded as the completion of G [p] with respect to
the filtration. Hence we are reduced to studying filtered vector spaces S(= S, D
Sy D8, D +--)over F, satisfying the following conditions: S, =0,
S,/S, . is one-dimensional for all n, and /S is one-dimensional (where S is the
completion of S).
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We shall denote by S the collection of isomorphism classes of such S. (Here
isomorphisms are of course to preserve filtrations.) It is known that any such S
arises as G[p] for some G.

3. Filtered vector spaces and the second dual. Let ¥ be a vector space over
Fp with a countably infinite basis B = {v,, v,, v, ... }. Then the second dual

V** of V is a vector space of dimension 2(2%) in which V is naturally embed-
ded. Any endomorphism ¢ of V naturally induces an endomorphism ¢** of

¥ ** so the general linear group GL(V'), or any subgroup thereof, acts on the
set V¥,

Let UT (V') be the subgroup of GL(V') consisting of those ¢ which preserve
the (increasing) filtration (v, » C (v, v, C (v, v,,v3) * =+, ie. such that
o(v,) €<vy, ...,v,) forall n. (UT stands for upper triangular). Then UT(V)
acts on ¥ ** and we can consider the orbit space V**/UT(V). This contains the
subset V/UT(V) = {0, Uy, Uy, . . . } where v denotes the orbit of v. The rest,

N
ie. (V* — V)UT(V), has cardinality 2(2 %) and we have

There is a natural 1-1 correspondence between (V** — V) UT(V) and the
collection S (of isomorphism classes of socles).

4. The second dual and ultrafilters. Let B = {v,,v,, ...} and let B(B)
denote the Stone-Cech compactification of B, i.e. the collection of ultrafilters ([
on B. Any such ([ induces an element A, of v ** as follows: if fisin V™ then
[ is constant almost everywhere (with respect to ) on B, and we define A, (f) to
be this constant. It is clear that different (’s give different X ’s, and in fact they
give A;’s lying in different UT(V') orbits. Hence we have

There is a natural 1-1 correspondence between B(B) and a subset of
V*IUT(V).

Under this correspondence B corresponds to V/UT(V') (omitting the element
0).

Now B(B) — B has cardinality 2(2N0) as does (V** — V)/UT(V). However
it is far from true that all elements of (V' ** — V)/UT(V) are of the form Xu- If
we denote by | (“first level””) the elements of this form, by L, elements of the
form A, + A, etc. then we have

The sequence |, C L, C L4 C -~ is strictly increasing and its union is a
proper subset of (V** — V)Y UT(V).

5. Conclusion. The ultrafilters in (B) — B provide natural invariants for the
subset [, of (V** — V)/UT(V) and hence for the corresponding subset of S. In
addition they establish a natural 1-1 correspondence between these subsets as the
prime p varies.
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The situation for the higher levels is less clear. Even for L,, where pairs of
ultrafilters ought to provide invariants, nasty problems (involving the Rudin-
Keisler ordering [9] on B(B)) arise which we have only partially solved. Here the
dependence on p remains open.

Beyond these questions lie the problems of extending the invariants to
other classes of socles and to the groups themselves. It is worth pointing out,
however, that isomorphism classes of groups G with G/p“ G standard and torsion
complete and p“ G cyclic of order p correspond naturally to elements of S and
hence of (V' ** — V)/UT(V). Therefore our results apply directly to one class
of groups.

Finally, one can investigate instead the orbit space V **/GL(V'), where
GL(V') denotes the full linear group on V. Here difficulties arise even sooner,
i.e. at level one rather than two [5]. This orbit space can be used to provide in-

variants for certain classes of primitive rings with minimal left ideals via the dual
space characterization [7].

REFERENCES

1. W. W. Comfort and S. Negrepontis, The theory of ultrafilters, Grundlehren der
math. Wiss., Band 211, Springer-Verlag, Berlin and New York, 1974.

2. P. Crawley and A. W. Hales, The structure of abelian p-groups given by certain pre-
sentations, J. Algebra 12 (1969), 10—23. MR 39 #307.

3. L. Fuchs, Infinite abelian groups. Vols. 1, 11, Pure and Appl. Math., vol. 36, Aca-
demic Press, New York and London, 1970, 1973. MR 41 #333; 50 #2362.

4. ————, Vector spaces with variations, J. Algebra 35 (1975), 23—-38.

5. A. W. Hales, Linear analogues of ultrafilters, Bull. Amer. Math. Soc. 82 (1976),
311-313.

6. P. Hill, On the classification of abelian groups, Lecture notes.

7. N. Jacobson, Structure of rings, rev. ed., Amer. Math. Soc. Collog. Publ., vol. 37,
Amer. Math. Soc., Providence, R.I., 1964. MR 36 #5158.

8. 1. Kaplansky, Infinite abelian groups, Univ. of Michigan Press, Ann Arbor, Mich.,
1954 (rev. ed. 1969). MR 16 #444; 38 #2208.

9. M. E. Rudin, Partial orders on the types in SN, Trans. Amer. Math. Soc. 155 (1971)
353—362. MR 42 #8459.

10. H. Ulm, Zur theorie der abzahlbar-unendlichen abelschen gruppen, Math. Ann.
107 (1933), 774—803.

11. R. B. Warfield, Jr., Classification theorems for p-groups and modules over a dis-
crete valuation ring, Bull. Amer. Math. Soc. 78 (1972), 88—92. MR 45 #378.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, LOS ANGE-
LES, CALIFORNIA 90024



