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Unitary dilations of Hilbert space operators and related topics by B. Sz.-Nagy,
CBMS No. 19. Amer. Math. Soc., Providence, R. 1., 1974.

In 1972 V. 1. Lomonosov discovered a technique which settled the
longstanding problem of whether or not two commutative compact
operators have a common invariant subspace. He actually proved more: If A
is a compact operator, then A shares a common invariant subspace with
every operator that commutes with it. In fact as he asserted, a slight
modification of his proof shows that the conclusion holds if A merely
commutes with a compact operator. His technique, which utilizes the
Schauder fixed point theorem, was immediately seized upon by many people
and used to produce even stronger invariant subspace theorems. The paper
A survey of the Lomonosov technique in the theory of invariant subspaces, by
C. Pearcy and Allen L. Shields takes us through Lomonosov’s contribution
to some of its consequences and also discusses the current interesting state
of the invariant subspace problem. A goodly portion of this material has also
appeared in the monograph Invariant subspaces of H. Radjavi and P.
Rosenthal, Springer-Verlag, Berlin, 1973.

There is much of interest in this book. The writing is generally brisk and
meets a high standard for mathematical exposition. These essays can contri-
bute a great deal to showing students some of the areas of operator theory
that have been and are still the subject of considerable research.

Eric A. NORDGREN

BULLETIN OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 82, Number 3, May 1976

Model theory, by C. C. Chang and H. J. Keisler, Studies in Logic and the
Foundations of Mathematics, Vol. 73, North-Holland, Amsterdam, 1973,
xii+550 pp., $26.50.

1. General remarks.' This, in many ways remarkable, book is the first
attempt at a systematic exposition of a young discipline, model theory,
written by two of the main contributors to the subject. Naturally, the
reviewer felt tempted to seize the opportunity to give a general discussion of
the subject itself but unfortunately most of his general remarks had to be
eliminated to bring the review down to a size acceptable to the Editors. To
appreciate another difficulty of writing this review, consider one of the most
striking features of the book, and in fact of model theory itself, namely the
immense variety of topics, methods and orientation. One could hardly find
two subjects further apart than, e.g. Artin’s conjecture on p-adic number fields
on the one hand, and the theory of measurable cardinals on the other, both
given full expositions in the book. And these are just two examples of the
large number of similarly disparate (at least, apparently disparate) matters in

! The reviewer would like to express his thanks to Stephen Garland, Victor Harnik, Jan
Mycielski, Gonzalo Reyes, H. Jerome Keisler and Allan Swett for their helpful criticism of the
original version of this review.
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the book. Hence, any reasonably complete description of the contents alone
has already to be quite long.

And now we have to say that the book does not contain enough!
Naturally, it is impossible to blame the authors for this. Rather, one has to
“blame” the explosion in model theory that has taken place especially
during the last few years. This has produced not only many new results but
also it has changed our general outlook considerably. The book does not
quite, and in fact, cannot possibly, do justice to the emergence of these new
aspects.

The authors employ an apparently natural principle to limit their material;
namely, they consider only the model theory of (finitary) first order logic.
Actually, this limitation no longer seems natural, as surely many teachers of
model theory realize today. (We think here of generalized quantifiers and
infinitary logic in particular.) But even the model theory of first order logic
in the strict sense has important aspects that cannot be much more than
guessed at on the basis of the book. Perhaps a slight blame is due to the
authors who write in the preface that ... this book covers most of first-
order model theory”. There are qualifications in the next few paragraphs of
the preface but they are not quite adequate.

A good reason for the particular choices the authors have made for their
material is the existence of books in the literature dealing with subjects
omitted from the present book. Keisler’s Model theory for infinitary logic,
North Holland, 1971, is in fact quite close in spirit and notation to the
present book and (as Keisler has said to the reviewer) should be regarded as
a continuation of the present book. Later we will mention other books as
well that supplement the present one in various ways.

In summary, let us then warn the reader that he should not expect an
exposition of an elegant uniform single theory but rather the spectacle of
several basic methods developed and applied, sometimes in combinations,
into widely divergent directions. And let us add that there is much more to
practically each of those directions than could possibly be dealt with in the
book, but which is indispensable material for those wishing to do research in
the respective area. On the other hand, let us also state that it is at least
difficult to argue with the judgment of the authors as to what are the
fundamental facets that have to be put into a global introduction to model
theory. If we add that the authors have done a truly admirable, meticulously
careful job in planning the structure and in the actual writing of their work,
the reader should have a first general impression of the book.

First order logic is perhaps the central construction of all of mathematical
logic. Model theory in particular, at least as presented in this book, and as
initially conceived, is simply a general theory of first order logic. However, it
is interesting to note that first order logic appears in a quite different light to
the ‘“metamathematician” working on the foundations of mathematics than
to the model theorist. In foundations, one is interested only in a few special
“foundational” structures, such as Cantor’s universe of sets, the structure of
natural numbers, etc., and one perceives first order logic as a practically
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universal language in which ‘“‘everything” one is interested in can be
expressed.

On the other hand, the modeltheorist is interested in all models (more
precisely, in the class of all models) of a theory and it turns out that this
point of view leads him to view first order logic as having little expressive
power. E.g., a characteristic model theoretical theorem, the Lowenheim-
Skolem theorem implies that there is no way to make a model uncountable
by imposing first order axioms on it. Thus, systematic model theory at its
beginnings (around 1950) did not promise to be a logical continuation of the
earlier development of mathematical logic. Also, in sharp contrast to other
parts of mathematical logic, and to some other parts of mathematics as well,
model theory did not start out with the aim of solving philosophically or
otherwise intriguing specific problems. Rather, model theory for its exis-
tence depended on some basic phenomena discovered earlier plus an
essential amount of enthusiastic philosophical faith in the intrinsic interest
and in the potential usefulness of a general study of the semantics of first
order logic. Alfred Tarski is the one who undoubtedly is responsible, both
by his work and by his direct influence on his students (who are key figures
of model theory today), for the emergence of model theory as we see it
today. A particularly important feature that is connected to Tarski’s in-
fluence is the decisive set-theoretical orientation of model theory.

To start with, model theory inherited two fundamental results which
should in our view both be considered to belong to model theory proper but
which had been obtained at times when systematic model theory did not
exist yet. One is the Lowenheim-Skolem theorem, the other is Godel’s
completeness theorem. The first is a ‘purely semantical’ one in the sense that
it makes reference to the fundamental semantical notion of truth of a
sentence in a model, it also involves a structural property of models, namely,
the cardinality of the underlying set, but it makes no reference to the
syntactical structure of formulas. Now, the adjective ‘model theoretical’ is
sometimes used synonymously with ‘semantical’ and the use signifies the
absence of reference to syntax. From this point of view, the Lowenheim-
Skolem theorem belongs to model theory, but the completeness theorem
does not. Though we do not agree with this point of view, it is easy to see
why it has evolved. Mathematical logic as it became defined in its first era of
maturity before around 1950 was primarily concerned with formalized proof
procedures and it had a general tendency, and sometimes the explicit goal,
of eliminating semantical considerations from the investigation of syntactical
structure. For the emancipation of model theory it was important to em-
phasize the relative independence of the semantical aspect in view of the
fact that other parts of mathematical logic had claimed self-sufficiency of the
syntactical aspect. But it seems to this reviewer that today model theory is
better defined as the investigation of the interplay of semantics and syntax
than as a study of semantics alone. In this view, Godel’s completeness
theorem is the most typical result of all of model theory. This position
should be seen partly as a result of recent shifts of emphasis and interests in
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model theory. E.g., Keisler (Ann. Math. Logic, 1970) has proved a com-
pleteness theorem for the logic with the quantifier ‘“‘there are uncountably
many”’ that has the same form as Godel’s completeness theorem. It seems
hardly possible to exclude this result from model theory proper (of a logic
extending first order logic, of course), e.g., in view of the advanced use of
the typical methods of model theory in the proof. As another example, in
so-called infinitary first order logics on admissible sets syntactic notions that
are generalizations of ‘recursive’ and ‘recursively enumerable’ are indispens-
able for formulating the results.

It is quite fortunate that the completeness theorem is treated fully in the
present book despite the fact that it might have been tempting to take a
shortcut to its ‘purely semantical’ consequence, the compactness theorem
since completeness as it is not used (except once in Chapter 6) again in the book.
Nevertheless, in the book there are traces of the view excluding syntax from
model theory. E.g., questions of decidability (most typically a syntactical notion)
are not considered to belong to model theory (p. 49). Actually, the classical
proofs of undecidability have nothing to do with semantics, and so, with model
theory either. But model theory provides excellent examples of proofs of
decidability of theories and such decidability proofs have played an important
role in model theory. E.g., A. Robinson’s theory of model completeness was
developed for giving a model-theoretical approach to the completeness and
decidability of ‘specific’ theories such as that of algebraically closed fields or real
closed fields. Incidentally, in those proofs the abstract completeness theorem, a
not purely semantical consequence of the original formulation: the set of
logically valid sentences is recursively enumerable, plays an important role.

As a matter of fact, model theory is full of results that are at least partly
syntactical and the book gives an ample sampling of them.

To return to the origins of model theory, the Léwenheim-Skolem theorem
and the compactness theorem stand out clearly as the foundations. Much
later it turned out that, by a fundamental result of Lindstréom (Theoria 35
(1969), 1-11), first order logic is ‘“characterized” by these two theorems, a
fact that is almost ironic in its fittingness.

To give a very rough classification of model theory, we note that, in
retrospect, model theory seems to have had two main lines of inquiry, the
first of which we would like to call generalized algebra, the other descriptive
formal logic. Very roughly speaking, the emphasis in generalized algebra is
on models as opposed to formulas, whereas in descriptive logic, the situation
is the reverse. Of course, no claim is being made about the possibility of a
rigid division, but we nevertheless feel that the distinction is quite real. The
word “‘algebra” in the first phrase refers to ‘““modern algebra” conceived as a
“theory of structure’” and not the earlier meaning of the “formal aspect of
mathematics” that (confusingly) would have more to do with the second
subdivision!

2. The plan of the book. The book has seven chapters. The first five
(with the possible exception of parts of §85.4 and 5.5) form the basic part of
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the material, the rest being a glimpse into advanced model theory. After the
introductory Chapter 1, the basic part is organized around the following
methods of model constructions:

1. Models constructed from constants (Chapter 2). 2. Elementary substruc-
tures and elementary chains (§§3.1 and 3.2). 3. Skolem functions and
indiscernibles (§3.3). 4. Ultraproducts (Chapter 4). 5. Saturated and special
models (Chapter 5).

3. The first two groups of constructions. The first fundamental theorem
is the Compactness Theorem, Theorem 1.3.22, saying that a set of sentences
2 has a model iff every finite subset of %, does. It is derived as a consequence
of the Godel completeness theorem that, in turn, is proved by Henkin’s
1949 method. Henkin’s method constructs the desired model M such that
the underlying set (domain) of M is essentially a set of individual constants
(formal symbols capable of denoting individual elements of models), hence
the title of Chapter 2. Actually, Henkin’s method as well as a related
method, the method of diagrams (p. 68) can be more appropriately de-
scribed by saying that the model is constructed from formulas; in the case of
Henkin’s method, a full ‘description’ of a model is constructed in the form of
a set of sentences. The compactness theorem is the most frequently used
theorem of model theory.

The second fundamental result is the (extended) Omitting Types Theorem
(Theorem 2.2.15) that we decline to state here. It is an extremely useful
result, despite the fact that it concerns countable models only.

The notion of elementary extension was introduced by Tarski and Vaught.
An extension B of A is an elementary extension of A if every finite
sequence of elements in A satisfies the same formulas in B as in A. The
third basic result is the downward Lowenheim-Skolem-Tarski theorem that
in a special case says that any infinite structure of a countable language has a
countable elementary substructure. By an application of the Compactness
Theorem, this can be extended to the full Lowenheim-Skolem-Tarski
theorem (Theorems 3.1.5 and 3.1.6 together). The fourth fundamental
result is Theorem 3.1.13, the Tarski-Vaught elementary chain theorem: the
union of a directed system of structures in which every ‘“‘smaller” one is an
elementary substructure of a ‘‘greater’” one is an elementary extension of
each structure in the family.

Let us look at some applications of the fundamental results listed so far.
There are, first of all, some rather direct applications to special situations,
such as the existence of ‘“‘nonstandard” models of various theories. A first
coherent group of model theoretical results constitutes a descriptive theory
of countable models of countable complete theories (and is most typically a
part of “‘generalized algebra” as we understand this term) (§82.3 and parts
of 3.2). The special kinds of countable models that are isolated in the
discussion are the prime, countably saturated, countably universal, and
countably homogeneous models. The most striking results are Ryll-
Nardzewski’s characterization of Xo-categorical theories and Vaught’s
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theorem that a complete countable theory cannot have exactly two
nonisomorphic countable models (but can have exactly 1, 3, 4, etc.).

Under a second heading fall the two-cardinal theorems. The two-cardinal
theorem of Vaught says that if a countable theory has a model (A, U, - - -)
with card A>card U=R,, then it has a model (B, V, - - ) with card B=X;,
card V=NR,. This theorem is a downward Lowenheim-Skolem type theorem
but it is much more difficult to prove (the ‘substructure’ version, requiring
that the second model be a submodel of the first, cannot be proved in ZFC,
Zermelo-Fraenkel set-theory with the axiom of choice, cf. §7.4). There are
two distinct refinements of this theorem, one being the actual (stronger)
result proved by Vaught (Corollary 3.2.13), the other the two-cardinal
theorem of Keisler (3.2.14). Vaught’s proof evolved from his notion of
homogeneous models. Keisler’s proof is entirely different and relies on the
Omitting Types Theorem. There is one feature of Keisler’s proof that often
arises in other situations and that constitutes the main idea in many proofs.
This has been called the method of expansions. With this, one exploits
(expresses part of) a hypothesis made on a structure by introducing new
predicates that, in combination with the old ones, satisfy interesting first
order properties. In Keisler’s proof, one has a structure A of power a” and
a distinguished subset U of power «. One introduces a predicate denoting a
well ordering of A of order type a”. The interesting (useful) first order
properties will be those that express that the whole structure is not cofinal
with any (first order definable) sequence indexed by elements of U (a
consequence of the regularity of a”). These results, besides being interesting
themselves, are also very useful (often in ways going beyond the material of
the book).

A third topic is model completeness (pp. 110-115), a notion introduced
by A. Robinson, which is very important for applications to algebra. A
theory T is model complete if for models A and B of T, if A is a submodel
of B, then A is an elementary submodel of B. The primary example is the
theory of algebraically closed fields.

A fourth group of results belongs to ‘‘descriptive logic”. This includes
Craig’s interpolation theorem, its application to the proof of Beth’s theorem,
preservation theorems for substructures, homomorphisms, and unions of
chains of models.

4. Indiscernibles. The notion of order indiscernibles due to Ehrenfeucht
and Mostowski (1956) is perhaps the most typical of model-theoretical ideas
in its being a mixture of algebraic and set-theoretical elements (if one
regards linear orderings as ‘‘set-theoretic’’). Let A be a structure, X a subset
of A, < alinear ordering of X (< is not necessarily a distinguished relation
of A). We call (X, <) a set of (order) indiscernibles of A if any two n-tuples
of elements of X, ordered increasingly by <, have the same first order
properties in A. An important but obvious point about this notion is that it
“has a finite character’” meaning that (X, <) is a set of indiscernibles in A iff
every finite subset of X is, “relative to any finite set of formulas” in the
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obvious sense. This enables one to use the compactness theorem to con-
struct models with indiscernibles and with or without additional properties.
Let us note that there are other notions related to indiscernibles with a
similar finite character; these are certain ‘patterns’ of elements consisting of
a set (such as X above) and having some prescribed behavior with respect to
formulas. Many such patterns occur in Shelah’s work on stability.

The fundamental general theorem on order indiscernibles is Theorem
3.3.11 that concerns so called theories with built-in Skolem functions. For
example, a part of Theorem 3.3.11, the stretching theorem tells us how to
generate models with arbitrary ordered sets as indiscernibles once one is
given with an infinite set of indiscernibles.

The decisive step in proofs using indiscernibles with or without special
properties is to create them outright, or, to create their arbitrarily large
finite “‘subpatterns”. In the simplest case when one is interested in the mere
existence of a model with infinitely many indiscernibles, for theories having
infinite models, it turns out that the finite patterns can be created by using
Ramsey’s famous 1930 combinatorial theorem. Together with the funda-
mental properties of indiscernibles (Theorem 3.3.11), this construction
already gives very good results. One is the Ehrenfeucht-Mostowski result on
the existence of models with many automorphisms (3.3.13), another is
Morley’s theorem on the existence of models realizing ‘few’ types over
‘small’ subsets (3.3.14). The latter uses a set of indiscernibles that is well
ordered (although the conclusion has nothing to do with such matters).
Below we will see how indiscernibles with special properties are constructed
and used.

Skipping Chapter 4 for a moment, let us turn to

5. Saturated models (Chapter 5). Given a model A and a subset X of
A, a set 2(v) of formulas ¢(v) with the single free variable v but with
(names for) elements in X might be considered as a specification of the
behaviour of an undetermined and hypothetical element v with respect to X.
3(v) is realized in A if there actually is an element in A satisfying each
formula in 3(v). 2(v) is a type over X in A if (i) it is consistent in the sense
that every finite subset of it is realized in A and (ii), it is complete, i.e.
maximal among consistent such sets. Structures that are saturated to a
certain degree are those that realize all their types of a certain kind. In the
case of the a-saturated structures, for a cardinal «, these are the types over
sets X of power less than a. A structure is (simply) saturated if it is
a-saturated in its own power a.

One of the basic theorems of the theory of saturation is the existence
theorem of a-saturated models in certain powers. Unfortunately, (simply)
saturated structures can be proved to exist in sufficient generality only if one
assumes the generalized continuum hypothesis (GCH), or else, the existence
of inaccessible cardinals. This is unfortunate because saturated structures
have very nice properties. One is their uniqueness, meaning that they are de-
termined up to isomorphism by their first order theory and their cardinality.






