
BULLETIN OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 82, Number 2, March 1976 

EXISTENCE THEOREMS 

FOR PARETO OPTIMIZATION IN BANACH SPACES 
BY L. CESARI AND M. B. SURYANARAYANA 

Communicated by Alston Householder, November 26, 1975 

1. Introduction. Pareto-type optimization problems with vector valued 
cost criteria are of importance in Economics (Pareto, 1896). Recently, there has 
been an extensive study of necessary conditions for optimality in such problems. 
We only mention here Smale [3], Weinberger [4], and Yu and Leitmann [5]. 
In the present paper we state existence theorems for Pareto optima in the very 
general setting of Banach spaces and ordering defined by cones. 

2. The main statement. Let Z be a Banach space and A be a closed con
vex cone in Z. Given x, y EZ, we write x <A y if y - x G A. Given a non
empty set A of Z, an element *0 G Z is said to be a weak A-extremum of A if 
x0 belongs to the weak closure of A and there is no x G A, x ¥* x0, with x <A 

x0. If Z* is the dual of Z and A* is the polar of A, that is, A* = [z* G Z*|z*X 
< 0 for all X G A], then x0 is a A-extremum if and only if x0 is in the weak 
closure of A, and for each x G A, x ¥* x0, there is some element X* G A* such 
that \*x < X*x0. We shall assume below that A has the following angle property 
(e): there is an element a G-A* and a number e, 0 < e < 1, such that A C 
[z\az>e\\a\\\\z\\). 

Let (X, r) be a topological space, (B, || • ||) be a Banach space, and (G, p), 
(Y, d)9 (U, d') be metric spaces. We assume that (G, a, /i) is also a finite com
plete measure space with measure /x and a-algebra a of -̂measurable sets. We 
also assume that Y and U are a-compact, that is, countable union of compact 
subsets. Let A be any subset of G x Y such that for any t G G the set A(f) = 
[y G Y\(t, y) G A] is nonempty. For each (t, y) G A, let U(t, y) be a nonempty 
subset of U. Let f(t, y, w), g(t, y, ü) be given functions defined on the set S = 
[(t, y, M) G G x F x U\(t, y) G A, u G U(tf y)] with values in B and Z respec
tively, or ƒ: S —> B, g: S —•* Z. We assume that A, S, ƒ and g satisfy a Carathéo-
dory condition (C) on G, that is, given e > 0 there is a compact subset K C G 
with ix{G - K ) < e such that the sets AK = [(r, y) G A\t G A"], SK = [(>, j \ w) 
G .S|f G ^ ] are closed and f: S —• B, g: S —• Z, restricted to SK> are continuous 
(in the weak topology of B and Z respectively). 

Given any Hausdorff space //, we denote by y(G, H) the set of all immeas
urable functions on G with values in H. For any Banach space Bt we denote by 
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LX(G, B) the set of all strongly (Bochner) integrable ^-measurable functions z on 
G with values in B. Let L and M be two operators (not necessarily linear) de
fined on a nonempty subset X0 of X9 and having values in Lt(G, B)9 n(G, Y) 
respectively, for which we assume that, if xk E X0, x E X, and xk —• x in X, 
then we have also x EX0, and there is a subsequence [ks] such that L** —• Lx 
weakly in L x (G, B)9 and Mxrfc$ —• Mx in measure in G as s —* °°. 

For (f, .y) E A we consider the sets 

2fc JO = K*°. ^) ̂ Z x £|z° Gjfr j , ti) + A, 

z = ƒ(r, ƒ, 11), u E {/(*, ƒ ) ] , (t, 7) E 4 . 

We say that the sets Q(f0, y),y EA(t0)9 satisfy property (Q) at (r0, .y0) with respect 
to y9 provided 

§ ( W o ) = n dcolJ&(t09y)\yeA(t0)9d(y,y0)<e]. 
€>0 

We say that a pair (x, w), x E X0, M E JU(G, £/), is admissible provided (Mx)(f) 
eA(t)9 u(t) E £/(f, Mx(t))9 (LxXt) = ƒ(*, M*(f), u(f)) M-a.e. in G, and 
g( •, Mx:( • ), u{ • )) E LX(G, Z). We consider the Z-valued functional I[xf u] = 
fG g(t, Mx(t)9 u(t)) dfjL defined on a class fi of admissible pairs. We denote by 
{x}^ the set [x E X0\(x, u) E £1 for some i/]. We say that the class £2 is closed 
(with respect to the Pareto-Lagrange problem under consideration) provided, 
whenever (xk, uk) E Sl9 k = 1, 2, . . . , xk —> x in (X, Z) as fc —• °°, x E X0, 
and there is some w E /x(G, f/) such that (x, u) is admissible, then there is also 
some ûE /x(G, £/) with (x, u) E Î2 and ƒ [x, u] <A ƒ [x, w]. This definition is 
justified by lower closure theorems (cf, [1]). The class of all admissible pairs is 
closed. We assume that Z is reflexive. 

THEOREM 1. Under the assumptions above, let SI be a nonempty closed 
class of admissible pairs such that {x}^ is relatively sequentially compact in X. 
Let there be a Z-valued function <di)91 E G, KpE.Lx(G, Z), such that <p(t) <A 

g(f, y» w) for all (t, y, u) E S. Finally, let the sets Q(t, y)9 y E A(t)9 satisfy 
property (Q) with respect to y in A{i)9 for almost all t GG. Then, the Z-valued 
functional I[x, u] has at least one A-Pareto optimum in £2. 

Other existence theorems are given in [1]. In particular, variants of Theo
rem 1 are given in [2] which make it unnecessary to verify property (Q). Here 
we present a special case of Theorem 1 for Pareto-Lagrange problems in Euclid
ean spaces for ordinary differential equations. 

3. A special case. For each tt 0 < t < 1, let A(t) C En and U(f) C Em, 
be given closed subsets. Let S = [(f, x, ü)\0 < t < 1, x E A(t)9 u E U(t)] be 
closed. Let B0 be a compact subset of -4(0), and Bx a closed subset of 4(1). 
Let gif, x,u) = (gl9...9gN) and f(t, x, u) = (fx, . . . , ƒ„) be given functions 
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continuous on S. Let £2 denote the set of all pairs of functions x(t) = (xx,..., 
x
n)>

 w(0 = (ui » • • • > u
m)> 0 < t < 1, x{ ' ) absolutely continuous, w( • ) meas

urable on [0, 1], satisfying the differential system dx/dt = f(t, x(t), u(t)) and 
the constraints x(t)EA(t), u(t)EU(t) a.e. in [0,1] ,g( • ,x( • ), M( • ) ) € I 1 [0, 1], 
and the boundary data x(0) E Z?0, x(l) E fij. We consider the problem of Pareto 
optimization in £2 (with respect to the positive cone A = [(Xt, . . . , XN)\X( > 0, 
Ï = 1, . . . , N] in EN) for the vector valued cost functional I[x, u] = (Ix, . . . , 
7^) with ƒƒ = fa g ft, *(/)> w(0)dt, j = l9 . . . ,N. We need consider here the 
sets 

3 f t * ) = [ (z 1 , . • • , z", Z1, . . .9zn)\Z*>gfit, X, 11),/ = 1, . . . ,iV, 

a* »ƒ,(*, x, II), z = 1, . . . , n, u E U(t)], 
for x e A(t), 0<t< 1. 

COROLLARY. HWÎ the above notations, let the sets Q(t, ) satisfy prop
erty (Q) with respect to x in A(t), for almost all t E [0, 1]. Let there be a con
tinuous scalar function <ï>(f), 0 < f < +°°, with $($")/? —> +°° as f —• +«>5 a«c? 
an index j0 with 1 <j0 <N such that gj0(t, x, u) > #(| ƒ(*, x, u)\) for all (t, x, u) 
E S. Further, let there be scalar functions ^ G L J O , 1] such that g ft, x, u) > 
vft) f°r BH (t, x, u) G S, j = \, . . . , N, j ^ /0. Then, there is at least one A-
Pareto optimal solution for I in 12. 
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