
BULLETIN OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 81, Number 4, July 1975 

RESEARCH ANNOUNCEMENTS 
The purpose of this department is to provide early announcement 

of outstanding new results, with some indication of proof. Research 
announcements are limited to 100 typed lines of 65 spaces each. A 
limited number of research announcements may be communicated 
by each member of the Council who is also a member of a Society 
editorial committee. Manuscripts for research announcements 
should be sent directly to those members of the Publications 
Committees listed on the inside back cover. 

LOOP SPACES AND FINITE ORTHOGONAL GROUPS1 

BY ZBIGNIEW FIEDOROWICZ2 AND STEWART PRIDDY3 

Communicated by Edgar H. Brown, Jr., February 25, 1975 

In this note we announce the results of our computations of the mod 2 
homology of the orthogonal groups 0{n, F^) over finite fields F^ of character­
istic p ¥=• 2. We have obtained a 2-local equivalence between the infinite loop 
space associated with these orthogonal groups and the homotopy fiber JO(q) 
of the map (\jjq - 1): BO(R) —* BSO(R), where \pq is the Adams operation. 
For q = ± 3 (mod 8), these spaces JO(q) are of considerable geometric inter­
est, since n^JO(q) is essentially the image of Jm: n^SO(R) —• n#SF at the 
prime 2. Here / : £0(11) —» SF is the /-homomorphism of G. Whitehead. 

Since the Whitney sum induces an infinite loop space structure on 
JO(q), we can define Dyer-Lashof operations on its homology. We have com­
puted Hj<JO{q), Z2) as an algebra over the Dyer-Lashof algebra. 

Our main results are as follows: 

THEOREM 1. There is an equivalence of infinite loop spaces 

roB0(Fq\2)-^JO(q)i2). 

Here ro2?0(F ) denotes the 0-component of the group completion of 
U~=0BO(n, Fq). See May [3] for details. 
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We should point out that in a recent paper [1], E. M. Friedlander, using 
the methods of etale homotopy theory, has established that there is an equiv­
alence of spaces ToB0(F ) - s-* JO(q). However there seems to be no ap­
parent way of showing that his map is an infinite loop map. 

Using the equivalence of Theorem 1, we can now compute homology 
operations in H^(JO(q)9 Z2) by the methods employed in Priddy [4]. We 
obtain the following result: 

THEOREM 2. H^(JO(q), Z2) = Z2 [vt, v2, . . . ] ® E&t 11 > 1}, where 
the ~v?s are explicitly chosen classes which map onto the standard generators 
{?,} of H^.(BO(R)9 Z2) and the u^s come from the standard generators ut of 
H^(SO(R), Z2). The action of the Dyer-Lashof algebra on HJJO(q)9 Z2) is 
given by 

(1) (F(Mk)= £ (k-a,n-k-b-\)ûa*ûb*ûc\ 
a+b+c=n+k 

(2) Q"(vk* [1]) = £ (n-k-l,a+c-n)va *vb*vc*vd* [2] 
a+b+c+d=n+k 

ifq = ±3 (mod 8); 

(3) Qn(vk * [ ! ] ) = £ (n-k-l,a-n)va*vb*[2] 
a+b=n+k 

ifq=±l (mod 8). 

The generators {Vf} of Theorem 2 can be chosen in two different ways 
corresponding to two different lifts into JO(q) of the inclusion RP°° = 
£0 (1 , R) —• BO(R). There is an involution 3>: JO(q\2) —• JO(q\2) of in­
finite loop spaces which sends one lift to the other. In roB0(Fq) this involu­
tion is induced by conjugation by the matrix (~ a

h
 b

a ) where a, b are elements 
of Fg such that a2 + b2 is not a square. 

We remark here that our computations produce a much simpler derivation 
of the formula for the Dyer-Lashof operations on HJJSO(R)9 Z2) than the one 
in Kochman [2]. 

To obtain generators for the homology groups of 0(n, Fq)9 we proceed 
as follows. Since 0(1 , Fq) = Z2, Hk{BO{\9 Fq)9 Z2) = Z2, and we denote 
by vk the generator of this group. Let T C 0(2, F^) be generated by 
{B, - B] where B = <J>(~ * °). Then T = Z2 x Z2, and we denote by vkl 

the image of xk ® xt under 

Hk(RP~, Z2) ® H^RP00, Z2) - * Hk+l(BT9 Z2) 

->Hk+l(BO(29F1)9Z2). 
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Then we have 

THEOREM 3. As an algebra, ^^=QHJfiO(nt Fq), Z2) is commutative 
with generators vt, vtj, i, j > 0, subject to the relations 

0 ) VU = vj,i> 
(2) Vu = Vi> 

( 3 ) %vk,i = Vi,kvj,r 

By including the extraordinary orthogonal groups 0~(n, Fq) (= auto­
morphisms of the quadratic space (Fq, Q~) where Q~(xt, . . . , xn) = yoc\ + 
x\ + • • • + x\ and /z G F^ is a nonsquare) the relations of Theorem 3 sim­
plify considerably. Since 0~(1, F^) = Z2, let t£ G Hk(BO(l9 Fq), Z2) = Z2 

denote the generator. Let 0+(n, Fq) = 0(rc, F^) (= automorphisms of the 
quadratic space (Fq, Q+) where Q+(xx, . . . , xn) = x\ + • • • + **) and set 
u+ = ufc. There are isomorphisms (F£, Ô*) $ (F™, Ô") « (FjJ+m, Ö*). 

THEOREM 4. 4 s AH algebra 

H^BO(0, Fq), Z2) 0 0 Hjtp&in, Fq)9 Z2) 
w = 0 

is commutative with generators vf, vj, i>0 subject to the single relation 

0>,+)2=0f)2-

The generator vtj of Theorem 3 is seen to decompose as vtj = vj~vj~. 

Proofs and additional details will appear in our forthcoming paper. 
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