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1. Introduction. In this paper we announce results concerning exten-
sions of ergodic actions of locally compact groups. Our results about exten-
sions, together with related results and applications, enable us to obtain a
measure theoretic analogue of Furstenberg’s work in topological dynamics, to
extend several well-known aspects of ergodic theory, and to present a unified
view of these various phenomena. The author wishes to thank Professor
G. W. Mackey for many helpful suggestions and conversations.

2. Generalization of the von Neumann-Halmos-Mackey theory. By an
ergodic G-space, where G is a locally compact second countable group, we
mean a Lebesgue space (X, u) together with a Borel action of G on X, under
which u is invariant and ergodic. (X, u) is called an extension of the ergodic
G-space (Y, v) if there is a Borel G-map p: X — Y with p«(u) = v. By de-
composing i with respect to » over the fibers of p, L2(X) becomes a Borel
G-Hilbert bundle over Y [8]. In the study of a single G-space X, an impor-
tant role is played by the decomposition of the representation of G on L2(X)
defined by translation. For the study of extensions, the decomposition of
L?(X) into G-invariant subbundles over Y plays an analogous role. Theo-
rems A, B, and C are the generalization to extensions of the classical “discrete
spectrum” theory of von Neumann and Halmos [4], [9], as generalized, in
part, by Mackey [5]. The classical results and Mackey’s generalization are
included in these theorems as the special case in which Y is one point.

DEFINITION. X has relatively discrete spectrum over Y if L2(X) is the
direct sum of finite dimensional G-invariant subbundles over Y. X has rela-
tively elementary spectrum over Y if each of these subbundles can be taken
to be one dimensional.

DeFINITION. If Y is an ergodic G-space and K a compact group, a Borel
map c: Y x G — K is called a homomorphism, or cocycle, if for each g,

h €G, c(y, hg) = c(y, h)c(yh, g) for almost all y € Y.
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THEOREM A (STRUCTURE THEOREM). If p: X — Y is an extension
with relatively discrete spectrum, then there is (i) a compact group K and a
closed subgroup H C K, and (ii) a Borel cocycle c: Y x G — K, such that
up to equivalence modulo null sets, X = Y x K/H, p is projection onto Y,
and the action of G on X is given by (v, [k])g = (vg, [k]lc(v, g)). If X has
relatively elementary spectrum, we can take K abelian and H = {e}.

THEOREM B (UNIQUENESS). Let Y be an ergodic G-space and S the
group under tensor product of equivalence classes of 1-dimensional Borel
G-Hilbert bundles on Y. If X is an extension of Y with relatively elementary
spectrum, and Sy is the set of equivalence classes of one dimensional G-bun-
dles appearing in the decomposition of L*(X) over Y, then Sy is a countable
subgroup of S. Furthermore, if Z is another extension of Y with relatively
elementary spectrum, then X and Z are equivalent extensions if and only if
Sy =83.

THEOREM C (EXISTENCE). Let S be as in Theorem B, and T C S a
countable subgroup. Then there is an extension X of Y with relatively ele-
mentary spectrum such that Sy = T.

For extensions with relatively discrete but not relatively elementary
spectrum, the natural analogue of Theorem B is false even for ¥ = {e} [5].
Nevertheless, by considering the notion of a normal extension, so called be-
cause in Mackey’s theory of virtual subgroups {6] it is the analogue of a nor-
mal subgroup, one obtains a class of extensions, containing those with rela-
tively elementary spectrum, for which versions of Theorems B and C hold.

DEFINITION. Let p: X — Y as above, and let y — H,, exhibit L*(X)
as a G-Hilbert bundle over Y. Then x — H, . is a G-Hilbert bundle over
X. X is called a normal extension of Y if this G-bundle is equivalent to a
trivial G-Hilbert bundle on X.

THEOREM B'. Let X and Z be normal extensions of Y with relatively
discrete spectrum. Then X and Z are equivalent extensions of Y if and only
if the G-bundles they define are equivalent. In this case, the subgroup H in
Theorem A can be taken to be the identity.

THEOREM C'. Let S be a countable collection of equivalence classes of
finite dimensional irreducible G-bundles on an ergodic G-space Y, such that
S is closed under complex conjugation and contains every irreducible com-
ponent of the tensor product of two elements of S. Then there is a normal
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extension X of Y such that L*(X) is equivalent as a G-bundle to Z,cs(dim 0)o.

3. Generalized discrete spectrum. We shall call actions that can be
built up from a point by taking extensions with relatively discrete spectrum
and inverse limits, actions with generalized discrete spectrum. In [7], Parry
described a class of Z-actions, those with a separating sieve, that is a measure
theoretic analogue of the class of distal actions. One can easily extend his
definition to actions of an arbitrary group. The following is an analogue of
Furstenberg’s structure theorem for minimal distal flows [2].

THEOREM D. A nonatomic ergodic G-space has a separating sieve if
and only if it has generalized discrete spectrum.

The next result exhibits the connection with quasi-discrete spectrum.

THEOREM E. A totally ergodic transformation has quasi-discrete spec-
trum [1) if and only if it is equivalent to a totally ergodic affine transfor-
mation [3] (on a compact, connected, abelian group) with generalized discrete
spectrum.

The proofs of Theorems D and E depend upon (among other things) the
following two results, which are of independent interest.

THEOREM F. L2(X) has no nontrivial finite dimensional G-invariant
subbundles over Y if and only if the fibered product X xy X is ergodic.

THEOREM G. Let H, C L2(X) be the sum of the finite dimensional
G-invariant subbundles over Y, and H, C H, the sum of the 1-dimensional
G-invariant subbundles. Then there are intermediate G-spaces W, V with
X — W— V — Y such that L*(V)=H,, LX(W) = H,,.

Further discussion, as well as detailed proofs, of these and other related
results will appear elsewhere.
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In the section (§5) on applications of Theorem A of [1], the statement
of Corollary 2, p. 1140 is stronger than what is yielded by the argument out-
lined in the succeeding discussion.

It should be replaced by

COROLLARY 2. For n odd, we have X, J,(u) = 0 for R the unipo-
tent radical of any proper parabolic subgroup of U, .



