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ABSTRACT. A quadratic spline interpolation theory is developed
which, in general, produces better fits to continuous functions than
does the existing cubic spline interpolation theory.

1. Let A:0=x,<x;<'*'<x,=1 be a partition of [0, 1]. A function s
is a spline of order m having knots in A if s € C™2[0, 1] and, on each
interval (x,_;, x;), s(x) is represented by a polynomial of degree m—1 or
less.

For the case m=3, we call s a quadratic spline. For quadratic splines,
set s,=s(x,), A;=s"(x;) for i=0,1,--+,n, and hy=x,—Xx,_;, S;_1p=
s(x;—h;[2), a;=h;1[(h;+hiyy), c;=1—a; for i=1,2,-++ n.

Any three of the parameters s, ;, 8;_1/2, 5> 4,1, 4; may be used to rep-
resent the quadratic spline s on the interval (x, ;, x,). Because of con-
tinuity, these parameters must satisfy the consistency relations

(1.1 a;s;iy + 35; + €811 = 408,175 + 4¢iSipq)0

and

(1.2) Cihizg + 32 + aidiy = 8(Sit1so — Sicas)(hy + hiyy)
fori=1,2,- -+, n—1. For simplicity, we assume that s and s’ are periodic,
i.e.

(1.3) So=35, and A, =4,

so that (1.1) and (1.2) hold for i=0 and i=n provided that the subscripts
be read modulo n. For a given A, the periodic quadratic spline subspace
has dimension #.

2. If y is a given continuous function satisfying

(2.1) y(0) = ¥(1),
the periodic quadratic spline interpolant s= S,y associated with y and A is
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uniquely defined by the conditions
(2.2 Sica/e = Yirp = V(X — hyf2) fori=1,2,...,n.

More generally, we may define operators S,,=S,,(A, @) by requiring
that S,,y be a periodic spline of order m which interpolates y at n nodes
specified by the parameter vector a.

We extend y periodically with period 1 and define:

e=y—Sy, e=ex), Ifl=max{lfl:1=i=Zn}
Il = max{| f(x)]:0 = x = 1},
o(f; 8) = sup{| f(x) — fF(:|x — x| = 6},
ISsll = sup{l|Ssyll: Iyl =1}, and h = |h,].
If y € C'[0, 1] with »"(0)=y’'(1), we define e;=e(x,).
THEOREM 2.1. Let y € C[0, 1] with y(0)=y(1) and let s=S3y be the
periodic quadratic spline interpolant associated with y and A. Then
Is =210yl st =210y, IS =2,
ledl = 20(y; Bf2), el = 3o(y; h/2).
The bound on ||Ss|| cannot be decreased, in general.
THEOREM 2.2 Let y and y' be continuous and periodic functions. Then
Il =14l =201y, 1l =310, lell = @A Iy,
lell = heo(y'; hi2), lell = 3w(y'; h/2), el = Dy’ h[2),
lell = (sHhax(y'; h[2).

THEOREM 2.3. Let y,y’, and y” be continuous and periodic functions.
Then

ledl = DR*w(y"s b = (DR* 1",
leil = @ho(y”s h) = h Y"1, €l = ho(y”; h) = 2R [1y"],
lell = h*w(y”s ) = DR 1y

THEOREM 2.4. Let y, ', y", and y" be continuous and periodic functions.
Then

lefl = @R 1y, el < G Iy,
“e” é (%%)ha ”y”'ll and " ez" é (%)h:i "ym“.

If, in addition, yiV is continuous and periodic, then
le)l £ @R Iy2 I+ DR 1YN1L el £ GDR* 1yl + EDR 1y,
lell £ GoR® 1yl + (DR 1YYl llel = GDR 1y + GOR* 1y7I.
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These theorems are established by a technique used by Meir and Sharma
in their landmark cubic spline paper [6]. They hold without restriction on
A. Indeed, we may permit x,_,=x, provided that we let s’ be discontinuous
at such “double knots”’. By setting x, =x, and x,,_, =x,, thereby producing
a “triple knot”’, we may drop the assumptions (1.3) amd (2.1).

3. Theorem 2.1 and specific examples produce the third line in the
following table of best possible norm inequalities and error bounds
for low-degree (m—1=0,1,2,3) spline interpolation to continuous
functions on an arbitrary partition A.

nodes = x;_y 184l =1 ly — Sl = w(y; h/2)

nodes = x; Sl =1 Iy — Seyll = @eo(y; hl2)

nodes = x;_;, [[Ssll = 2 [y — Sayll = C*o(y; h[2)
withi =C*=3

nodes = x;, [Sall = 0 ly — Sayll =

TABLE. Best bounds for arbitrary partitions

The last line of this table was established by Nord [7]. See also [3].
We conjecture that the nodes (x;_;+x;+x;,,)/3 would produce finite
constants 4 and B in the relations ||S;| =4 and ||y—S,yl| S Bw(y; A/2).
These nodes have appeared previously in connection with variation-
diminishing cubic spline approximation (see [S] and [4]).

4. For quadratic spline interpolation, the assertion |le|| =0 (/%) cannot
be improved. However, on a uniform mesh with x,=i/n and h;=h=1/n,
point error bounds with an extra factor of / are valid. These are similar
to point error bounds for cubic spline interpolation which have recently
been discovered by T. R. Lucas [2]. See also [1].

THEOREM 4.1. Let A={i[n}. Then |Ss|</2. Let A=(3%./3)[6. If
», Y, ¥, y", and y" are continuous and periodic functions, then
ledl = GEDR 1YL llei—all = BF IY™IL
and
lef_yell = GDR® Y.

The assertion ||S;|| <./2 for a uniform mesh was proved in [8]. It can
also be proved by the methods of [9]. Indeed, each of the assertions of
[9] has a quadratic spline counterpart.
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