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One property of right noetherian rings and noetherian modules is that 
they have a Krull dimension in the sense of Rentschler-Gabriel [11] ; see 
below for a definition. This property is considerably weaker than being 
noetherian. Nevertheless it was shown in [3] and [8] that, if a semiprime 
ring has a Krull dimension, then it is a right Goldie ring ; and it has been 
conjectured that, in any ring with Krull dimension, nil subrings are 
nilpotent. Here we describe a proposition by means of which we have 
established the truth of this conjecture; and we describe other results 
which follow from it. Several of these are concerned with the connection 
between the Krull dimension of a module and its "Krull dimension" as 
defined in [1], which we call its Gabriel dimension. The detailed proofs 
will appear in [4], [6] and [10]. 

The proposition, which is basic to the proofs of the results which 
follow, deals with a module M which has a descending chain of sub-
modules, of order type co, 

M0 3 M1 2 M2 3 . . . 

and an ascending chain of submodules, of order type e for some ordinal e, 

B, £ B2 c . . . ç Bô . . . . 

Let us write ôMn = Bôn Mn. From the two chains above, we obtain 
the following array. 

Note that, by the construction of the array, if <5 ^ ô' then SMn 2 ô'Mn 

-f àMn + 1 for each n. 

PROPOSITION 1. Suppose that, with the situation as described above, there 
is a countably infinite sequence of ordinals <50 < àx < S2 < • • • < s such 
that, for each n,ôn+1Mn =g ônMn + ôn + 1Mn + 1. Then the module 

oo / oo 

n = 0 I n = 0 

is the infinite direct sum of its nonzero submodules 
oo / oo 

<5„+1M„+ X KMJY, ànMn. 
« = 0 / n = 0 

AMS (MOS) subject classifications (1970). Primary 16A22, 16A46, 16A66. 
Copyright © American Mathematical Society 1973 

716 



KRULL DIMENSION-NILPOTENCY AND GABRIEL DIMENSION 717 

PROOF. This is readily verified. 
Before recalling the definition of Krull dimension in the form described 

in [1], we define recursively certain Serre (épaisse) subcategories A'a of an 
abelian category A, a being an ordinal. A[ consists of the artinian objects 
of A; if a is a nonlimit ordinal, A'a consists of all objects of A which are 
artinian in the quotient category A/A'^-u and if a is a limit ordinal, 

If R is a ring and A is the category of right R-modules M, then the 
Krull dimension of M, K dim M, is the least ordinal a such that MeAf

a+u 

if such an ordinal exists. Finally, the Krull dimension of JR, K dim R, is 
the Krull dimension of the right R-module R again provided it exists. 

The usefulness of Proposition 1 in dealing with rings or modules which 
have a Krull dimension lies in the fact [7] that every homomorphic image 
of a module with Krull dimension has finite uniform dimension (meaning 
that it does not contain any infinite direct sum of nonzero submodules). 

The first theorem we state is proved in different ways in [4] and [10]. 
Its validity was conjectured in the original version of [4], and partial 
results have been obtained in [2], [5] and [9]. 

THEOREM 2. Nil ideals of a ring with Krull dimension are nilpotent. 

This, in conjunction with results in [4] and [12], has the following 
consequences. 

COROLLARY 3. Let Rbea ring with Krull dimension. 
(a) Nil subrings ofR are nilpotent. 



718 ROBERT GORDON, T. H. LENAGAN AND J. G ROBSON [July 

(b) Each ideal ofR contains a product of prime ideals. 
(c) R is a right order in a right artinian ring if and only if R satisfies the 

regularity condition. 
(d) K dim R = K dim R/N where N is the prime radical ofR. 

The other dimension of concern to us is called the Krull dimension 
in [1] but here, as in [6], we call it the Gabriel dimension. We start by 
defining certain full subcategories of a Grothendieck category A ; but this 
time they are localizing subcategories Aa. We let Ax be the smallest 
localizing subcategory containing all objects of A of finite length ; if a 
is a nonlimit ordinal, Aa is the smallest localizing subcategory containing 
the objects of A which have finite length in A/Aa_l ; and if a is a limit 
ordinal, Aa is the smallest localizing subcategory containing [Jp<(X Afi. 

Henceforth, we let A denote the category of right R-modules for some 
ring R. If M eAa, and a is minimal, then the Gabriel dimension of M, 
G dim M, is defined to be a. Note that any module with Krull dimension 
has a Gabriel dimension and that 

G dim R = sup {G dim M\M e 4} 

if either side exists. 

COROLLARY 4. The Gabriel dimension of a ring with Krull dimension 
cannot be a limit ordinal. 

The connection between G dim M and K dim M is described in the 
corollary of the next theorem. The theorem's proof again depends upon 
Proposition 1 and will appear in [6]. 

THEOREM 5. Let M be a module with Gabriel dimension and suppose that 
every homomorphic image of M has finite uniform dimension. Then any 
chain of submodules of M, 

M0 j Mx g M2 g • • -, 

such that G dim MJMn+1 = G dim M for all n is finite in length. 

COROLLARY 6. (a) A module with Gabriel dimension has Krull dimension 
if and only if every homomorphic image has finite uniform dimension. 

(b) If a module M has Krull dimension then either G dim M = K dim M 
or G dim M - K dim M + 1. 

There are examples which show that both possibilities in (b) can occur. 
Let (A'ay denote the smallest localizing subcategory of A containing 

A'a. One easy consequence of Corollary 6 is that if M has Krull dimension 
and M e (A'a} then K dim M ^ a. By using a less trivial argument, one 
can obtain the next result which improves on this. 
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THEOREM7. If a module M has Krull dimension and Me<KA'(X+1
s) then 

K dim M ^ a. 

This has the following consequences. 

COROLLARY 8. (a) If R is a ring with Krull dimension and M is an 
R-module with Krull dimension then K dim M ^ K dim R. 

(b) If M is a module with Krull dimension and a is an ordinal then M has 
a largest submodule of Krull dimension less than or equal to a. 

The final result we wish to mention concerns the classical Krull dimen­
sion of a ring R, cl K dim R, which is measured on spec R. If P e spec R 
is maximal, set K(P) — 0; otherwise set K(P) = sup(fc(Ö) + 1) where Q 
ranges over Q e spec JR, Q ^ P. Then cl K dim R = supPespec/{ K(P). 

COROLLARY 9. If R is a commutative ring with Krull dimension then 
K dim R = cl K dim R. 

PROOF. See [4]. 
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