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Let A be the antipodal map of Sp and Dp+1. Let ƒ be an equivariant 
diffeomorphism of (Sp x Sp, A x A). Then there is a well-defined free 
involution A( ƒ ) on E ( ƒ ), where 

£ (ƒ ) = Sp x Dp+1ufD
p+1 x Sp 

such that X(/)|Sp x D p + 1 = i x i a n d X(/) |DP + 1 x S p = i x i I n 
[2] G. R. Livesay and C. B. Thomas have shown that any free involution 
( £ 2 p + 1 , T) on the homotopy sphere D 2 p + 1 is decomposable, i.e., there is 
an equivariant diffeomorphism ƒ of (Sp x SP,A x 4̂) such that ( £ 2 p + \ T) 
is equivalent to (£(ƒ), 4( / ) ) . For p = odd, let ,4 be a linear ZM action on 
Sp and D p + 1 . We can generalize the notion of decomposable actions to 
Zn actions. Using the same argument, they have shown that all free Z 3 

actions on homotopy spheres are decomposable. The proof uses the 
following two well-known facts : (a) J : KO(RPp) -> J(RPP) and 

J :XO(L 4 " - 1 (Z 3 ) )^J (L 4 " - 1 (Z 3 ) ) 

are isomorphisms and (b) Wh(Z2) and Wh(Z3) are zero. The argument 
breaks down for Zn actions, for n ̂  4. Hence they asked if there are 
similar properties for Zn actions, for n ^ 4 ([2], [3]). On the other hand, 
we have studied the analogs for free actions of S1 and S3 on homotopy 
spheres. The same argument works if we replace (a) by some restrictions 
on the orbit spaces [7]. 

In this paper we will show that certain free Zn actions on homotopy 
spheres are decomposable and the restrictions are nontrivial and necessary. 

For e = h or s, let e9
9£(L2ml) be the set of (simple, if s = s) homotopy 

of complex dimension m. Then p = YJ= i trj where t is the basic complex 
one dimensional representation of Zn defined to be the multiplication by 
Qxp(2ni/n). Let p = [m/2], q = m — [m/2]. It is clear that 

S2m-l jS2p-l x D2Q D2p x ^ - l a n d 5 2 p - l x glq-1 

are invariant subspaces. Let 
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L 2 M - 1 = L 2 w - 1 ( n ; r 1 , . . . , r J = S2m-1/p9 

M2m-i = M2m-1(n;ru...,rm) = S2^1 x D2qjp, 

N2m-i = N2m-1(n;ru...,rm) = D2p x S2«_1/p, 

K2m-2 = K2m-2(n',ru...,rm) = S2?"1 x S^'/p. 

For s = h or s, let <9*e(L2m" *) be the set of (simple, if e = s) homotopy 
smoothings of L 2 m _ 1 and G/O be the classifying space for G/O-bundles 
and let L2m(Zn)° be the reduced Wall group of Zn. By the theorem of T. 
Pétrie [5] (see also [1]) L2m(Znf acts freely on 6fs(L2m-1). Let 

n:ye{L2m-l)-*[L2m-\GIO] 

be the normal map. W. Browder [1] has proved that n is onto if n is odd 
and according to C. T. C. Wall [6] the coker rj is Z 2 if n is even. 

Let L2*-1 = L2p-1{n;rl9...9rp) and L2*"1 = I2q'1{n;rp+l9... ,rw). 
Let 

*î :^£(L2 m~ x) JU [L2w~ \ G/O] -» [L2^- \ G/O], 

t£
2 :^8(L2 w-1)- l>[L2 M-1 ,G/0] -> [L^-SG/O] , 

?2 :^
£(L2 m~x)i t» [L2q~ \ G/O] - [L2q~ \ BO]. 

PROPOSITION 1. Let X2m~1 be a closed manifold which is homotopy 
equivalent to L 2 m _ 1 (« ; r l 5 . . . , rm). Suppose that there is an h-cobordism 
W2m'1ofK2m'2{n\rl9... , r j to itself so that 

X2m-1 ~ M 2 m - i ^ . ^ . . . ? rj u w2m~1 u N 2 m - ^ n ; ^ , . . . , rm). 

Then for any homotopy equivalence 

f:X2™-^L2™-\n-ru...,rm\ 

thi([X2m-\f]) = 0 and t\{[X2m-\ ƒ]) - 0 if f is a simple homotopy 
equivalence, i = 1,2. 

It is easy to see that for n ^ 4, there is xe [L2 m _ 1 , G/O] such that 
x\L2p~i =/= 0 and if n is even we may choose x elm n. Suppose x = 
^/([X2m_1, ƒ]). Hence X 2 m _ 1 cannot be decomposable. Furthermore, for 

^ ( W + [ x 2 - " 1 , ƒ]) = t\{[X2™~\ ƒ]) ^ 0. 

Since rank L2m(Zn)° ^ 1 for n ^ 4 [5], we have 

COROLLARY 2. For m ^ 3 and n ^ 4, there are infinitely many inequiva-
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lent nondecomposable free Zn actions on homotopy (2m — l)-spheres of 
which the orbit spaces are simple homotopy equivalent to L2m~* (n ;r l 5 . . . , rm). 

THEOREM 3. Let X2m~x be a closed manifold which is homotopy equivalent 
to L2m~1(n;ru . . . , rm). Suppose that there is a simple homotopy equivalence 

f:X2™-i-*L2™-i(n;ru...,rml 

such that t\{[X2m- \f]) = 0J= 1,2. Then X2m~ x is decomposable. 

The proof can be sketched as follows. Let f' be the homotopy inverse 
of/. By assumption, we can modify f' to make f,\M2m~1 and f'\N2m~1 

be embeddings. Then 

W= X2m~l - i n t / ' (M 2 m _ 1 ) - int/'liV2"1-1) 

is an /z-cobordism of K2m~2 to itself. When ƒ is a simple homotopy 
equivalence, we can show that W is equivalent to a product. Therefore, 
X2m~x is decomposable. 

Suppose there is an /z-cobordism W of K2m~2 to itself such that 
X2m~x = M2m~l

 \JWKJ N2m~1. We can choose a homotopy equivalence 
h\X2m~x ->L 2 w ~ 1 such that h\W:W-+K2m~2 x [0,1] is a homotopy 
equivalence and h\dW is a diffeomorphism. Then z(h) = i^z(h\W) where 
i*:Wh(n{K2m-2 x [0,1])) -> Wh(7ü(L2m-1)) induced by 

i:K2m-2 x j-o, 1] c> L 2 m _ 1 

and z(h) is the torsion of h. If X2m~x is decomposable z(h\W) = 0. Hence 
z(h) = 0. Thus we have proved 

THEOREM 4. Let X2m~x be a closed manifold which is homotopy equivalent 
to L 2 m _ 1 (n ; r 1 , . . . , rm). Suppose X2m~i is decomposable, then X2m~1 is 
simple homotopy equivalent to L2m~1(n;ru . . . , rm). 

For Me2Wh(Z„), there is an /z-cobordism Wu of K2m~2 to itself such 
that z{Ww K) = u. Let Xu = M2m~l

 \JWUKJ N2m-\ Let Wu and Xu be the 
universal coverings of Wu and Xu respectively. Wu is an /z-cobordism of 
S2p-x x S2q~i t o i t s e l f S2p-i x S2q-i i s simply-connected. Then 

Wu ~ S2p~x x S2q~x x [0,1] and Xu is a homotopy sphere supporting 
a free Z„ action with orbit space Xu. Wu is homotopy equivalent to K2m ~ 2 x 
[0,1]. Let HU:WU-+ K2m~2 x [0,1] be a homotopy equivalence such 
that Hu\dWu is a diffeomorphism. Let hu = id u Hu u id. Then /zM:XM -> 
L2m~x is a homotopy equivalence and z(hu) = u. 

COROLLARY 5. For n ^ 4, £/zere ar^ infinitely many closed manifolds 
X2m~x which are homotopy equivalent to L2m~1(n;ru..., rm) swc/z that 
thi{X2rn~x) = 0, i = 1,2, but non^ ofX2m~x are simple homotopy equivalent 
toL2™-\n;ru...,rm). 
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Using the same techniques in [7] we can prove 

THEOREM 6. Let (Z2m~ \ Z„) be a decomposable free Zn action on homo-
topy sphere £ 2 m _ 1 . Then Z 2 m _ 1 supports infinitely many inequivalent 
free Zn actions of which the orbit spaces are of same simple homotopy type. 

REMARK 7. If rt = rp+ i9 i = 1 , . . . , p. Then the condition in Theorem 3 
can be weakened to require that ts

2([X2m~ \ ƒ]) = 0. 

REMARK 8. Suppose n is odd. Let A : 9>\Llk~x) -• CZn~x be the Atiyah-
Singer invariants [5]. For x e [L2k~ \ GjO\ let x = n{a) for a e Sfs(L2k-x). 
Define Â(x) = A(a). Using results in [6] it is easy to show that Â is well 
defined. Let 

T 1 : ^ s ( L 2 m - 1 ) - î L > [ L 2 w - 1 , G / 0 ] ^ [ L 2 p - 1 , G / 0 ] - i C z ^ 1 

T 2 : ^ s (L 2 m " 1 ) - l> [L 2 m - 1 ,G /0 ] -* [L 2 «- 1 ,G /0 ] - iC z »" 1 . 

Then we can replace the condition in Theorem 3 by requiring that 
7X[X 2 m - \ / ] ) = ( U = 1,2. 

REMARK 9. Theorem 3, Theorem 4 and Theorem 5 have been indepen­
dently obtained by Chao-chu Liang, who is a student of G. R. Livesay. 

REFERENCES 

1. W. Browder, Free Z^actions on homotopy spheres, Proc. Georgia Conf. in Topology 
of Manifolds (Inst. Univ. of Georgia, Athens, Ga., 1969), Markham, Chicago, 111., 1970, 
pp. 217-226. MR 43 #2720. 

2. G. R. Livesay and C. B. Thomas, Free Z2 andZ3 actions on homotopy spheres, Topology 
7 (1968), 11-14. MR 36 #3343. 

3. G. R. Livesay and C. B. Thomas, Problem 9 in "Problems", Proc. Conf. on Trans­
formation Groups (New Orleans, 1967), Springer-Verlag, Berlin and New York, 1968, 
pp. 235-236. 

4. J. Milnor, Whitehead torsion, Bull. Amer. Math. Soc. 72 (1966), 358-426. MR 33 
#4922. 

5. T. Pétrie, The Atiyah-Singer invariant, the Wall groups and the function (te* + l)/(tex — 1), 
Ann. of Math. (2) 92 (1970), 174-187. 

6. C. T. C. Wall, Surgery on compact manifolds, Springer-Verlag, Berlin and New York, 
1970. 

7. K. Wang, Free and semi-free smooth actions of S1 and S3 on homotopy spheres, Proc. 
Conf. on Transformation Groups (Amherst, 1971), Springer-Verlag, Berlin and New York, 
1972. 

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO, CHICAGO, ILLINOIS 60637 

INSTITUTE FOR ADVANCED STUDY, PRINCETON, NEW JERSEY 08540 (Current address.) 


