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Introduction. S. Bergman [1] and I. N. Vekua [5] have developed
function theoretic methods for treating analytic, elliptic equations in two
variables. In particular, they have developed integral operator methods
for the normalized, second order equation

(1) Au + au, + bu, + cu = 0,

and the fourth order equation

) AAu + au, + 2bu,, + cu,, + du, + eu, + fu = 0.

Colton [2], [3] has shown recently how one may extend the results of
Bergman and Vekua for the second order case when the coefficients and
solution are to be dependent on three variables. Colton’s method is based
on some earlier work of Tjong [4].

In this note we wish to announce that one may extend the ideas used by
Colton and Tjong to treat also equations of higher order, which depend
on three independent variables. We remark that this is the first time a
function theoretic method has been developed for a fairly general, higher
order equation in three independent variables. To simplify our presenta-
tion, and because of lack of space we will announce our results merely for
the case

3) AAu + Q(x, y, z)u = 0;

the more general case, corresponding to equations (2) and the higher
order analogues may be treated in the same manner.

The generating kernels. The approach used by Bergman and Vekua has
been to continue the elliptic equation into the complex domain where it
is formally hyperbolic. By introducing the variables X = x, Z = 3[y + iz],
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Z* = 4[—y + iz] equation (3) may be written in the form

4U 4U 4
0 29 + aXli + Q0(X,Z,Z%U = 0.

@) 0Z%20Z**  “0X?0ZoZ* ' 0

It is convenient for our exposition to introduce the variables [4], [2]
& =22, &=X+2Z, &G=X+271'2%

where { is a complex variable such that 1 —e < |{| <1+ 0<e <3
Furthermore, let E*(&,, &,, &3, 0, t) = E(X, Z,Z*%,(,t), and E¥ = 0E*/0¢;
(i=1,2,3), Ef = 0E*/0t. Suppose E* is a solution of the partial differ-
ential equation

E%;52 + E$333 + 6E3,33 — 8EY,,5 — 4E%,,;
— 8E%;333 — 4E%;333 + 16ET 33 + 16EY,3;

2(1 — t2)
T (EY22¢ + ET33 — 4ET13, — 2ET23,)

(%) 2
+ ;Ez(Efzz + Ef33 — 4ET 3 — 2ETz3)

1 E* 3E%
+ e (1 — 32 E%,, + ———;“ (=34 3t% + tz“

+ Q*E* = 0,

for (x, y,z)e ® = C3, where ® is some neighborhood of the origin, || < 1,
and ( is in the annulus described above. Then

1 dt d¢
X *) = — * 1
6 UKX.Z2%=- ﬁ . LE(X, 2,250/ 05— gy g
where vy is a path joiningt = —1 and t = + 1, is a (complex valued) solution

of equation (4) which is regular in a neighborhood of the origin in X, Z, Z*
space.

One may prove that solutions of (5) exist using the method of majorants.
Indeed, we may find two solutions of the form

EX(E1 60 8 ) = 14 3 200 (64,6, 63,0
() . !
EXEundaba ) = 37 + 2 W (G180 8,

where the coefficients p™ (¢4, &,, &5, ) and q™ (&4, &,, &5, () are uniquely
determined by the following:
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PV (81,82, 85,0 = 0= gV (£, &5, 85,0,
®) P (€182, 85, 0) = —30%(81. &2, 63, 0),

4 (€1, 2,85, 0) = —3(81/2000* (¢4, &2, &3, 0),
and for n = 1 both p™ and q™ satisfy

1
2n + D)(2n + 3)

(n+2) __

22n + 1 p(n+1) + p(n+1) - 4p<n+1) (n+ 1))
122 133 133

— P22 — D533 —6p5%33 +4p5525 +4p553s

+8p%% 23+ 8p{333 — 16p1233 — 16p; 433
_Q*p(n)}’

©)

such that, forn = 1,2,...,

(n) (Oa 62’ é3a C) = 0 = q(n) (0» 52’ 537 C)»
(n) (O 52’ 539 C) - 0 = q(n) (07 52’ 63’ C)

Complete families of solutions. The particular choice of the generating

kernels indicated by (7) are of importance in showing that representations
of the form

(10)

u(x,y,z) = Re P { f, 11,

PR =g | [ [Exzzn o0

Plig=1

dat  d¢
(1 . t2)1/2 C
(11)
[2)1/2 C
are maps of pairs of holomorphic functions onto €4, real solutions of (3).
Indeed, we are able to prove the

+E(X, Z, Z*, 0, ) f (o, z;)(l___dt_ d_q,

THEOREM. Let u(x, y, z) be a real valued €* solution of equation (3) in
some neighborhood of the origin in R®. Then there exists a pair of analytic
functions of two complex variables { f(u, (), fu, )} which are regular for u
in some neighborhood of the origin and |{| < 1 + &, & > 0, such that locally
u(x,y,2) = Re PQ (1.1},

In particular, denote by U(X, Z, Z*) the extension of u(x,y,z) to the
X, Z,Z* space and let

(12) fwl) = —= f g(u(l — 2,0 di/¢?,

(13) fwo) = - J gu( — 12), ) dt/t?,
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where y' is a rectifiablc arc joining the pointst = —1 and t = + 1 and not
passing through the origin. Here
a 1
(14) g, ) =2 o [MJ U(tp, 0,(1 — 0)ud) dt] =U(w0,0),
0

1

g0 = 2; [MJ U,(tw, 0, (1 — t)ud) dt]
2 0
0 1 do 1
s -tz [g(u, 0-5= j St L &2, da]

n
+ g{u(ua 0) - C Jv U{(,u’ O, 0) d,u
0

The previous theorem implies that we may generate a family of solutions
with the Runge approximation property.

THEOREM IIL. Let ® be a bounded simply connected domain in R3, and
define
Ugpm = Re P {u"(™, 0}, 0sn<oo,m=0,...,n,
Uin+1.m = Re PP {0, (™}, 0<n<oo,m=0,...,n,
U4n+ 2,m = Im P?) {ﬂncm, 0}’ 0 =
Ugps3.m = Im PP {0, "¢}, 0<n<oo,m=0,...,n,

where “Im” denotes “take the imaginary part”. Then the set {U,,} is a

complete family of solutions for equation (3) in the space of real valued
%* solutions of (3) defined in ®.

Sn<owo,m=0,...,n,
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