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Introduction. All spaces considered are assumed to be metrizable. The
terminology follows that of [5]. The letter k will denote an infinite cardinal.

The purpose of this note is to introduce the notions of k-Souslin and
k-Borel sets and to announce certain basic results obtained in their study.
The results reinforce the feeling that these are the “natural” Borel and
Souslin sets to study in nonseparable spaces of weight k. The N,-Souslin
and X,-Borel sets are the standard Souslin and Borel sets studied in
separable spaces.

The k-Borel sets of a space of weight <k can be resolved into “hyper-
Borel” classes which form an increasing transfinite sequence of type
w(k + 1), the first ordinal of cardinal k + 1. Moreover, there exist spaces
for which these classes are strictly increasing. One important property of
k-Borel sets which is not a property of Borel sets (in nonseparable spaces)
is that a locally k-Borel subset of a space of weight < k is k-Borel.

Every k-Borel subset of a space is a k-Souslin subset. On the other hand,
the complement of a k-Souslin subset may not be k-Souslin, so k-Souslin
subsets need not be k-Borel. However, a general form of Souslin’s theorem
holds: if a set and its complement are k-Souslin in a complete space of
weight < k, then both are k-Borel.

Both the k-Borel and k-Souslin sets are shown to be related to the Baire
space of weight k in a way analogous to the relationship which exists
between the classical Souslin and Borel sets and the space of irrational
numbers.

Proofs and details will appear in [2].

1. o-discrete bases and co-o-discrete mappings. We recall that a family
2 of subsets of a space X is o-discrete if B = )| 8, where each 2, is
(relatively) discrete in the sense that for each x € B € 4, there exists an
open set Oy in X such that Oy N B’ = J whenever B # B' € 4%,. (See [8,
Lemma 1] for equivalent statements.) A collection & of subsets of X is said
to possess a o-discrete base if there exists a o-discrete family # of (not
necessarily open) subsets of X such that each set in & is a union of sets
from 4.
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DEeFINITION. We call a mapping f: X — Y co-o-discrete if the collection
{f(U)|U open in X} has a g-discrete base in Y.

REMARK. In the nonseparable theory of (k-) Borel and (k-) Souslin sets,
mappings which are merely continuous or Borel measurable rarely pre-
serve structure. This is not the case, however, if the mapping is (in addition)
co-g-discrete. Note that any mapping with a separable domain is co-o-
discrete; and so in the separable theory this was always the case.

We list here as propositions some of the more basic properties of co-o-
discrete mappings.

PROPOSITION 1. If f: X — Y is co-o-discrete, then so are the following :
@ f: X = f(X).
(b) f:U - Y, where U = X is open.
(c) f:E — Y, where E = f~Y(M) for some M < Y.
On the other hand, the restriction to a closed subspace need not be co-o-
discrete.

PROPOSITION 2. If X is separable or Y is o-discrete, then every map
f:X = Y is co-o-discrete. Conversely, if X is nonseparable and Y is not
o-discrete and if Y is complete, then there exists a non-co-a-discrete map
from X to Y.

PROPOSITION 3. Every open map (with a metrizable range) is co-o-discrete,
and so all projection maps (onto metrizable spaces) are co-o-discrete.

PROPOSITION 4. If Y is complete, and f: X — Y is 1-1 and takes Borel sets
to Borel sets, then f is co-o-discrete (cf. [3, §3.2, Theorem 5)).

We call the Baire space of weight k, and denote by B(k) [7, §2], the
product space [[T, (n = 1,2,...) where each T, is a discrete space of
cardinal k. It is well known that B(N,) is homeomorphic to the space of
irrational numbers. We say that a (metric) space X is a-locally of weight < k
(abbreviated 0-LW < k;see [8, §1]and [9, p. 23] if X = U,‘,"; 1 X, where
each x€ X, has a neighborhood in X, of weight < k. The following
theorem extends Theorem V of [5, p. 444] (cf. also [8, Theorem 4]).

THEOREM. Let X be a complete (metric) space, and suppose f:X — Y is
continuous and co-g-discrete. Then either f(X) is a-LW < k or X contains
a closed set C homeomorphic to B(k) (or to the Cantor space if k = X,)
such that f|C is a homeomorphism.

2. Hyper-Borel sets. The family of Borel sets of a topological space X,
denoted B(X), is the smallest family of subsets of X which contains (i) the

% In [3] we called a mapping f: X — Y o-discrete if the collection {f~'(V)|V open in Y
had a o-discrete base.
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open sets of X, (i) X — B whenever B e B(X), and (iii) | ), B, whenever
each B, € B(X) and {B,} is a countable family of sets of X. We now define
the family of hyper-Borel sets of X, denoted HB(X), to be the smallest
family of subsets of X which contains (i) the open sets of X, (ii) X — B
whenever Be HB(X), and (iii) ( J, B, whenever each B, € HB(X) and {B,}
is a o-discrete family of subsets of X.

2.1. Classification of hyper-Borel sets. Given a space X, we define
hyper-Borel classes G, = G,(X) for each ordinal « = A +n (4 a limit
ordinal orOand n =0, 1,2,...) as follows:

G, = family of open sets in X ;

G, ., = all unions (resp. intersections) of countable families from
G, 4,—, if nis even (resp. odd);

G, = all unions of ¢-discrete families from ( J,<; G,.

In addition, we define the hyper-Borel classes F, = F(X) by taking
F,={X — BBeG,}.

THEOREM 1. If X is metrizable, the hyper-Borel classes coincide with the
usual Borel classes [S, p. 345] for each countable ordinal o. Thus, B(X)

= U“<"’l G(X) = Ua<w1 F(X).

Theorem 1 is a consequence of the Montgomery theorem [5, p. 358]
which, in part, shows that the union of a discrete family of G, (or F, for
o > 0) sets is again of that class (x < w,).

THEOREM 2. If X is a (metric) space of weight < k and w = w(k + 1)
denotes the least ordinal of cardinal k + 1 (the immediate successor of k),
then HB(X) = (Jy<0 G, = Uu<w Fu-

It is clear that the operations defining the classes G, and F, produce
only hyper-Borel sets; that these operations produce nothing new beyond
the ordinals of cardinal k is a consequence of the fact that a o-discrete
family in a space of weight k has at most k members.

2.2. k-Borel sets. A second way to classify hyper-Borel sets is to call a
set, B < X, k-Borel if B is hyper-Borel in X of class o for some ordinal «
of cardinal <k. By Theorem 1, the N,-Borel sets are the ordinary Borel sets.

THEOREM 3. If B < X is hyper-Borel and has weight < k, then B is
k-Borel in X.

The theorem follows easily from Theorem 2 applied to ClB.

2.3. Existence of sets of exact class a. If a set is of class G, (or F,) in a
space X but is not of any lower class, then the set is said to be of exact
classo in X. It is well known [5, p. 371] that the space of irrational numbers
B(X,) contains sets of exact class « for each countable ordinal «. This is a
special case of the following theorem.
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THEOREM 4. The Baire space B(k) contains sets of exact class o for each
ordinal o of cardinal < k.

The proof embodies an extension and modification of the techniques
used in [1]. Theorem 4 shows that the concept of k-Borel sets for k > ¥,
is by no means a superfluous one.

2.4. Absolute k-Borel sets. We are mainly concerned with spaces which
are absolutely k-Borel; i.e., spaces which are k-Borel sets in every (metric)
space in which they are embedded. Using Lavrentiev’s theorem [5, p. 429]
one can show that a space X is an absolute k-Borel set of class « if, and
only if, it is of class o in some complete metric space (¢« = 1).

THEOREM 5. If Y is an absolute k-Borel set of class o and of weight < k,
there exists a closed subset A of B(k) and a continuous bijection h:A - Y
such that f(U) is of class o in Y whenever U is open in A (cf. [7, Theorem 4)).

Recent work of A. H. Stone [7], [8], [9] has developed an extensive
structure theory for nonseparable absolute Borel sets, which culminates
in a complete classification and topological characterization in terms of
Borel isomorphism classes. It is the conjecture of this author that most,
if not all, of this theory can be extended to the more general class of
k-Borel sets.

2.5. Locally k-Borel sets. A set E = X is said to be locally k-Borel in X
if each xe E has a neighborhood Uy such that Uy N E is a k-Borel
subset of X.

THEOREM 6. If E = X has weight < k and E is locally k-Borel in X, then
E is a k-Borel subset of X. Furthermore, if E is locally of class G, (F,) in X,
then E is of class G, (resp. F,) in X.

3. k-Souslin sets. We recall that a set 4 < X is a Souslin [4, p. 203]
(analytic [6, p. 207]) subset of X if A can be expressed in the form

A= | ﬁFu...t,, (t = (t1,t35- ),

te B(Ro) n=1

where each F,,_, is a closed subset of X. If now we define 4,, ,, to be the
union of all the sets ()=, F,. , With s; = ¢, for i = 1,...,n, then it can
be shown [3, p. 2] that the system {4, , } has the following properties:

(Ay) 4 = U{A,]re B}

(Az) Ay, = U{A31...Snsn+1lsi =t,i=1,..., n}'

(A3) {A,,. ., Jte B®y), n=1,2,...} has a (countable and hence)
o-discrete base.

(A i Ay, = (=1 Ay, for each t e B(R,) (closure in X).

DErFINITION. We say 4 < X is a k-Souslin subset of X if subsets 4,,
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< X (not necessarily closed) can be defined so that properties (A;)—(A,)
hold with B(N,) replaced by B(k).

Note that this definition is more restrictive than the definition of
“k-analytic” in [7] which requires only that

(Ao) 4= U mAtl...zn = U ﬂ Zu...t,.-

teB(k)n=1 teB(k)n=1

Property (A,) follows from (A,), (A,), and (Ay).

3.1. Operations under which k-Souslin sets are closed. A family {4,|de D}
of subsets of a space X is said to be o-discretely decomposable if, for each
d e D, we can write A; = | J Az, (n = 1,2,.. ) so that {4,,lde D} is discrete
in X for each fixed n. Such collections were studied extensively in [3],
where we showed they arose naturally in the study of Borel measurable
mappings.

TueoreM 7. If A=/, (i, A" (teB(k)) and each A" is a
k-Souslin subset of a space X satisfying

(1) At A=) {45 nAls;=1t, i=1,...,n} and

(2) {4} is o-discretely decomposable for fixed n,
then A is k-Souslin in X.

COROLLARY 1. If A, A,,... is a countable family of k-Souslin sets in a
space X, then A = () A, and A’ = U A, (n=1,2,...) are k-Souslin in X.

COROLLARY 2. Each hyper-Borel subset of a space is a k-Souslin subset
(for every cardinal k = NR,).

Two other important sources of k-Souslin sets are the following:
THEOREM 8. A locally k-Souslin subset of a space X is k-Souslin in X.

THEOREM 9. A continuous co-o-discrete image of a k-Souslin subset of a
space of weight < k is a k-Souslin subset of the range.

3.2. Absolutely k-Souslin sets and co-c-discrete mappings. By an
absolutely k-Souslin set we mean a set which is k-Souslin in every (metric)
space in which it can be embedded; or, equivalently, if it is k-Souslin in
some complete metric space (cf. §2.4).

THEOREM 10. Every continuous, co-o-discrete image of B(k) is absolutely
k-Souslin. Conversely, every absolutely k-Souslin space of weight < k is a
continuous, co-o-discrete image of B(k).

3.3 The theorems of Lusin and Souslin. We give here the precise state-
ments of a general form of the Lusin separation theorem and the famous
theorem of Souslin.
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THEOREM 11 (GENERALIZED LUSIN SEPARATION THEOREM). If P and Q
are two disjoint k-Souslin sets in a complete (metric) space X of weight < k,
then there exists a k-Borel set B in X such that P < Band BN Q = .

THEOREM 12 (GENERALIZED SOUSLIN THEOREM). If A and X — A are
both k-Souslin subsets of a complete (metric) space X of weight < k, then
both are k-Borel in X.

One important consequence of the above theorems is the following
characterization of absolute k-Borel sets.

THEOREM 13. A 1-1, continuous and co-o-discrete image of a closed subset
of B(k) is absolutely k-Borel and of weight < k.

The converse has already been noted in Theorem 5.
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