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In June, 1963, at the Graph Theory Symposium in Smolenice,
Czechoslovakia, M. Sekanina asked for the structure of those graphs
whose square is Hamiltonian [1]. At the Graph Theory Colloquium in
Tihany, Hungary, in September, 1966, C. St. J. A. Nash-Williams
asked if it is true that the square of every nonseparable graph is
Hamiltonian [2]. He noted there that L. W. Beineke and M. D.
Plummer had also independently thought of this conjecture. Since
that time this conjecture has become known by the names of Plummer
and Nash-Williams.

The proof of this conjecture is divided into four papers:

[a] On a certain spanning subgraph of a connected bridgeless
graph.

[b] The total graph of a block is Hamiltonian.

[c] On line-critical blocks.

[d] The square of every nonseparable graph is Hamiltonian.

In [a] the following theorems are established:

THEOREM A (TuEOREM 1 IN [a]). Let G be a connected bridgeless
graph. Then there exists a connected spanning subgraph S of G with the
following properties:

(1) S=E\UP, where

(a) E is a (not necessarily connected) Eulerian graph,

(b) P is a (possibly empty) set of paths p; each fwo of which have
at most one point in common, and any such point is an endpoint of both
paths and belongs to E.

(2) Every point of E is a point of at most two paths of P, and if it is in
a path of P, then it is an endpoint of the path.

(3) Given two different points v and w, S=E\JUP can be constructed
such that {v, w} CV(E), v& V(P) =U; V(ps), and w is incident to at
most one path of P.

TuEOREM B (THEOREM 3 IN [a]). Let G be a connected bridgeless
graph. Then there exists a connected spanning subgraph S of G with the
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following properties:
1) S=EVUJUP, where

(a) E is a (not necessarily connected) Eulerian graph,

(b) J is a tratl joining the points v and w, and ENJ = .

(c) P isa (possibly empty) set of paths p; each two of which have at
most one point in common, and any such point is an endpoint in both
paths and belongs to E\JJ.

(2) Every point of E\JJ is a point of at most two paths of P, and if it
15 in a path of P, then it is an endpoint of the path.

(3) Given two different points v and w, S=EJJJIP can be con-
structed such that v and w are the endpoints of J, veE V(P), and w is inci-
dent to at most one path of P.

Theorem B is an immediate consequence of Theorem A.

Now let G be a DT-graph, i.e. a graph having the property that
each line is incident to a point of degree two. Applying Theorems A
and B to DT-graphs we obtain the following results.

TuEOREM C (THEOREM 2 IN [b]). Let G be a connected, bridgeless
DT-graph, and let v, w be any two points of G with deg v>2, deg w>2.
Then there exists in G® a Hamiltonian cycle H containing lines e, f in-
cident to v, and a line g incident to w, with {e, f, g} CL(G) (L(G) is the
lineset of G).

THEOREM D (THEOREM 4 1N [b]). Let G be a graph satisfying the
hypothesis of Theorem C. Then there exists a Hamiltonian path HP of
G? joining v and w, and HP contains a line e of G incident to v.

Furthermore, it is proven in [b] that the square of every connected,
bridgeless DT-graph is Hamiltonian-connected. This proves and gen-
eralizes Kronk’s conjecture [3 ] that the total graph T'(G) of a block is
Hamiltonian, because the subdivision graph S(G) of a block is a con-
nected, bridgeless DT-graph and 7'(G) is isomorphic to (S(G))2.

In [c], the existence of a DT-subblock B, of a line-critical block is
proven in

THEOREM E (THEOREM 2 IN [c]). Let G be a line-critical block with
ID(G)I >0. Then there is a line eg=D(G) such that G(e,) contains an
endblock which is a DT-subgraph of G (D(G) = {(x, y)EL(G)ldeg x
>2,deg y>2 }, G(eo) =G —ey).

In [d], Theorems C, D, and E are used to prove the Plummer-
Nash-Williams conjecture. The proof is indirect and proceeds as
follows.

We let G be a block such that | D(G)| is minimal and whose square
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is non-Hamiltonian.

If |D(G)| =0, then G is a DT-block, hence, by Theorem C, G? is
Hamiltonian.

If |[D(G)| >0, then G is a line-critical block. By Theorem E, G
contains a certain DT-subblock B, Replacing By with a path of
length three we obtain a line-critical block Gy with | D(G1)| <|D(G)].
Therefore, G? is Hamiltonian. We consider in G a Hamiltonian
cycle H; which contains a maximum number of lines of G1. By apply-
ing Theorems C and D, we may extend H; to a Hamiltonian cycle of
G2
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