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Introduction and results. Consider the parabolic operator in
divergence form

) Lu = u, — {aii(x, t)u,‘.},_,.
where we have employed the convention of summation over repeated
indices. Here x = (x1, %3, - *+ -, x,) denotes a point in E* with n=1

and ¢ denotes a point on the real line. Assume that the coefficients of
(1) are bounded measurable functions of (x, £) in S=E»X(—1, 27)
for some T7'>0 and that there is a constant A>0 such that
aij(x, £)2:2; _2_)\1 z! 2 almost everywhere in S for all zEE".

Let G be a bounded domain in E*X (0, T). We prove that to each
function f& C(dG) there corresponds a weak solution # of the boun-
dary value problem

Lu =0, in G,

(2
u(x, t) = f(x, 1), on 4G.

The precise definition of weak solution is given below; here it suffices
to know that #& C(G). The notion of regularity of a boundary point
is defined in the usual way: a point (¥, s) €9G is said to be regular
for L in G if, for each f&EC(AG), the corresponding solution % of (2)
satisfies

lim u(x, t) = f(y, 9)-
@,0)—=@W,8)iz,0) EG

D. G. Aronson [1] has shown that every operator of the form (1)
possesses a fundamental solution g(x, ¢; £ 7) and this fundamental
solution satisfies
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3 Cigalx — &t —7) S glx, 6, 7) S Cogale — &8 — 1)

in S for t> 7, where g, is the fundamental solution of the heat operator
Ly =u;—a;Au, and where o; and C; are positive constants, 1=1, 2.
The purpose of this note is to announce the following result which
relates regularity of boundary points for L to an ordering of funda-
mental solutions exemplified by (3).

THEOREM. Let Ly and L, be operators of the form (1) and assume their
fundamental solutions g1, g2 satisfy

(4) gl(xy t; £) T) é Kg?(x> t; E: T)

in S for some constant K. If (y, s)E0G is regular for Lyin G, then (y, s)
s regular for Ly in G.

For uniformly elliptic equations in divergence form, Littman,
Stampacchia, and Weinberger [3] have shown that the regularity or
irregularity of a boundary point is independent of the equation. There-
fore, to classify a given boundary point it suffices to consider only
Laplace’s equation. The following corollary to our theorem gives an
analogous result for equations of the form (1) in a cylindrical domain.

COROLLARY. Suppose G=Q=QX (0, T], where QCE" is a bounded
domain. A point (y, s) E0QX (0, T is regular for L if and only if yEIQ
is a regular point for Laplace's equation in Q.

The special case in which (1) is the equation of heat conduction was
proved by Babugka and Vybrony [2]. Using the estimate (3) together
with our theorem, the general result is an easy consequence of the
special case.

For general domains in E**!, however, there is no uniformity of
regular points for parabolic equations of the form (1). This follows
from Petrovsky’s work [4] on the equation of heat conduction in one
space dimension. Moreover, using the results in [4] one can easily
construct examples which show that our result is sharp.

Outline of the proof. The proof proceeds in two stages. We first
prove the theorem when G =Q, a cylinder. The result for the cylin-
drical case is then used to derive the theorem in the general case via
an approximation technique.

Cylindrical case. If the boundary values f are sufficiently smooth it
is easy to show that the boundary value problem (2) has a unique
weak solution # such that
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u — f € L*[0, T; LX@)] N L0, T; By *(@)].

Using some extensions of the estimates derived in [1] and following
the method of [3 ] there is a natural extension of this solution operator
to C(@Q). The function # obtained in this manner is called the weak
solution of the boundary value problem and has the following proper-
ties:

(a) for each 6>0, u(x, ) €L2[8, T'; Hige(@) VL[5, T; Line(@) ];

(b) [Selasjusps;—udp:] dx dt=0 for all & C*(Q) vanishing in a
neighborhood of 4Q;

(c) there is a sequence {f¥} of polynomials on dQ converging to f
in the supremum norm such that the sequence of solutions {#¥} of
the boundary value problems

Lu =0, in Q,
u(x, 1) = f*(x, 1), onaQ,

converges weakly in L2[0, T; H'2(Q)] to u.

Note that points in @X(TI') are always irregular and points in
@ X (0) are always regular. Therefore, we need only consider points of
92X (0, T]. Moreover, since %(xq, t,) depends on the boundary data
f(x, t) for t<io, we need only consider f& C(3pQ) where dpQ denotes
the parabolic boundary of Q, 80— {@X(T)}.

A function V(x, ) is a barrier for (y, s) QX (0, T'] with respect
to L if

(a) V(x, ) EL=[0, s; L2(Q) ]N\L2[0, s; H2(Q)],

(b) V is a weak solution of Lu =0 in 2X (0, s],

(c) for any p>0 there is an m >0 such that

Vzm on{ar0N[0,s]} — {|x—y] <p0=s—1<0p}
(d) V is continuous at (y, s)with
lim Viz, ) = V(y,s) = 0.

(z,2) = ,8);(z,0)eQx (0,s]

As expected the regularity of a boundary point (y, s) is equivalent
to the existence of a barrier for (y, s) with respect to L. The existence
of a barrier is, in turn, equivalent to the continuity at (y, s) for all
sufficiently small p>0 of the solution #* of the exterior boundary
value problem

Lu=0, nef{s€eQ; |z—y| <p} X (s—opsl,
u(x,s — p) =0, one{xeeﬂ;lx—yl < p},
u(x, t) =1, ona{xEGQ; lx—yl <p} X [s — p,s].
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We obtain the explicit representation
© we ) = [ g 155 D, )

where g is the fundamental solution of the operator L and »* is a non-
negative Borel measure of bounded variation. The analogous repre-
sentation in the elliptic case is derived by a variational argument
[3]. This argument has no counterpart for parabolic equations and
consequently we are required to obtain (5) directly from the differen-
tial equation by use of an approximation argument. The theorem in
the cylindrical case follows from (4) and from the representation (5)
by a modification of the argument used in [3].

General case. Let {t;} be a partition of [0, T']. D =U§:Q; X (¢;_, t;]
is called a multicylinder if each ; is a finite union of smooth domains
in E* and D is connected. For the multicylinder D, define

L[D; HY*] = U L[t;y, t;; HVX(Q)].

J=1

The sequence {PN } of multicylinders is said to approximate G if
PYCG, PYC PN+ for all N21, and PY—G as N— . Since P¥Y /G
it follows that L2[P¥; H2] and we define

5(G) = ( LP¥; B,

N=1

u is said to be in 3Cio(G) if #E3(G*) for any domain G* whose
closure is a compact subset of G.

Let f€ C(AG) and extend f to FE C(G). It follows from the cylindri-
cal case that there is a solution #? of the boundary value problem

Lu =0, in PV,

© u(x, t) = F(x, t), on 9pP~.

We define #&3C10.(G) to be a weak solution of the boundary value
problem

Lu =0, in G,
u(x, 1) = f(x, 1) € C(3G)
if (a) u is a weak solution of Lz =0 in G and

(b) there is a sequence {PN } of multicylinders approximating G
and a continuous extension F of f to G for which a subsequence of the
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sequence { u? } of solution of the boundary value problems (6) con-
verges weakly in 3¢(G) to u.

As in the cylindrical case the regularity question reduces to the
question of continuity of the function #*. We use the multicylindrical
approximation to obtain a representation formula for #* and then
proceed as in the cylindrical case to prove the theorem.
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