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This note is an announcement of four theorems I proved in [5]-
[9] on the isomorphisms of the linear, symplectic, and unitary con-
gruence groups. A sketch of the proofs is given.

NoTATION. Let V be an n-dimensional vector space over the field F,
nZ2. Forc&GL,(V), let ¢ denote the contragredient of ¢ (inverse of
the transpose). Let —denote the natural map of GL.(V) onto PGL,.(V);
for any subset S of GL,(V), S is the image of S in PGL,(V) under
the — map.

A transvection 7 is a linear transformation of determinant one
which fixes all vectors of some hyperplane, called the proper hyper-
plane of 7. If 771 then (r—1) V is a line called the proper line of 7. An
element 7 of PGL,(V) is called a (projective) transvection if 7 is a
transvection. The proper line and proper hyperplane of 7 are defined
as the proper line and hyperplane of 7.

Congruence groups. Again let ¥ be an n-dimensional vector space
over F, n=2; let o be any integral domain with quotient field F. An
o-module M CV is bounded if there is an o-linear isomorphism of M
into some free o-module of finite dimension. Assume M is a bounded
o-module with FM = V. We define the integral linear group GL.(M)
as {cEGL.(V) |cM=M}. The integral symplectic group Sp.(M) is
{c€ESpa(V) |eM =M} and is only defined for even .

Let f(x, ¥) be a nondegenerate hermitian form on V whose involu-
tion maps the domain onto itself; the integral unitary group Un(M, f)
is defined as Un.(M, f) = {c EU(V,f) | e M =M}.

Now let @ be a nonzero ideal in 0. Consider the groups

GL.(M;a) = {¢ EGL.(M)| (¢ — 1)M C aM},
SL,(M; a) = GL.(M; a) N\NSL.(V)
and let TL,(M; a) be the group generated by all transvections in
GL,.(M;a).
Now put Sp.(M; a)= {aESp,,(]l[)l (¢—1)MCaM} and let
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TSp.(M; a) be the group generated by all transvections in SP,(M; a).
We say a group A is a linear congruence group if GL.(M)DA
DOTL.(M; a). We will call A a symplectic congruence group if
Spa(M)DADTSpa(M;a).
Let

Un(M, f, @) = {c € Un(M, /)| (¢ — DM CaM},
U:-(M) f’ a) = U”(Mi f: a) mSLn(V)

and let T,.(3, f, a) be the group generated by all transvections in
U.(M, f, a). We say a group A is a unitary congruence group if
Un(M,f) DAD T (M, f, ).

Projective congruence groups. Now let A be any one of the above
linear, symplectic, or unitary congruence groups. The projective
congruence group corresponding to A is the group A, the image of A
under the ~ map of GL,(V) onto PGL,(V).

Main theorems. Let A be any one of the linear, symplectic, or
unitary congruence groups. If A is a linear congruence group then for
every line L and hyperplane H of V with LCH there is a nontrivial
transvection in A with proper line L and proper hyperplane H. If A is
a symplectic or a unitary congruence group then for every isotropic
line L of V there is a nontrivial transvection in A with proper line L.
Similar statements then obviously hold for projective transvections in
the projective congruence group A.

Now consider an automorphism A of A. Assume #=3 in the linear
case, =6 in the symplectic case, and that char F2 and f(x, ¥)
has Witt index at least 3 in the unitary case. Using group-theoretical
properties of the double centralizer of a projective-transvection,
in all cases (linear, symplectic or unitary) we are able to group-
theoretically distinguish the projective transvections in A from the
other transformations of A. From this it follows that A maps any
projective transvection to a projective transvection again.

If A is a linear congruence group we then obtain a bijection of the
set of lines and hyperplanes of V such that either the set of lines is
mapped onto the set of lines or the set of lines is mapped onto the set
of hyperplanes. In either case we have a bijection which satisfies the
hypothesis of the fundamental theorem of projective geometry and
therefore the bijection is induced identically from either a semilinear
isomorphism g of V onto V or a semilinear isomorphism % of V onto
its dual V. It then follows that either A¢=(gag™)~ for all §EA, or
that A¢= (k=0 h)~ for all sEA.
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If A is a symplectic congruence group the automorphism A induces
a bijection of the set of lines of V onto itself. We may again apply the
fundamental theorem, conclude the bijection is induced from a semi-
linear isomorphism g of V onto V and then show Ac=(gog™1)~
VeEA. In fact g is a symplectic semisimilitude; that is B(gx, gv)
=NB(x, ¥)* for all x, ¥ in V where B(x, ) is the alternating bilinear
form defined on V, \ is a scalar in F independent of x and vy, and # is
the field automorphism associated with the semilinear map g.

Finally if A is a unitary congruence group, the automorphism A of
A again maps projective transvections to projective transvections and
so we obtain a bijection of the set of isotropic lines of V onto itself.
Extending this bijection to all the lines of V and again applying the
fundamental theorem of projective geometry, we show A¢ = (gog=1)—
V5 EA where g is some semilinear isomorphism of V onto V. As in the
symplectic case one easily sees g is a unitary semisimilitude. That is,
f(gx, gv) =Nf(x, y)* for all x, y in V with \ a scalar in F, » the field
automorphism of g, and f(x, y) the hermitian form.

Having determined all the automorphisms of the projective con-
gruence groups, we obtain as corollaries (under the same assumptions
as above )the following three theorems.

THEOREM 1. Let A be a linear congruence group and A an auto-
morphism of A. Then either

(i) there is a semilinear isomorphism g of V onto V and a homo-
morphism x of A into F such that

Ao = x(0)-gog™?  forallo € A,

or (ii) there is a semilinear isomorphism h of V onto the dual space V'
and a homomorphism x of A into the field F such that

Ao = x(o) - hh  forallc € A.

THEOREM 2. Let A be a symplectic congruence group and A an auto-
morphism of A. Then there is a semilinear isomorphism g of V onto V
(in fact g s a semisimilitude) and a homomorphism x of A into +1
such that

Ao = x(0)-gog™?  forall ¢ € A.

THEOREM 3. Let A be a unitary congruence group and A an auto-
morphism of A. Then there is a semilinear isomorphism g of V onto V
(in fact a semisimilitude) and a homomorphism x of A inio the elements
of norm 1 in the field F such that
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Ao = x(o)-gog™'  for all e € A.

Isomorphisms between congruence groups of different types. Now
let A; and A; be any two of the above congruence groups of different
type; (i.e., Ajalinear congruencegroupand A, a symplectic congruence
group, or A; a unitary congruence group and 4, - - - etc.). Let the
associated integral domains involved all have characteristic not 2, let
all dimensions involved be at least 6, and when 4; is a unitary con-
gruence group suppose the hermitian form has index at least 3.

Let A be an isomorphism of A; onto A;. Again we show the trans-
vections in A; possess group theoretical properties no other trans-
formations in A; enjoy except the transvections. It follows the iso-
morphism A maps projective transvections to projective transvec-
tions. So we have a bijection between the lines in the underlying
vector spaces of A; and A,. This time since these two vector spaces
possess radically different geometries, the existence of such a bijection
leads to a geometrical contradiction. Thus 4; and A, cannot be iso-
morphic; this in turn clearly implies A; and A; cannot be isomorphic.
Thus (under the assumptions above) we prove

THEOREM 4. Let A, or A, be any of the linear, symplectic, or unitary
congruence groups. Then A, and Aq are not isomorphic unless they are of
the same type.

Further questions. We did not determine all the automorphisms of
the four-dimensional symplectic congruence groups. Over perfect
fields of characteristic 2 there are exceptional automorphisms which
arise from the well-known duality of the Dynkin diagram of the Lie
algebra B..

Finally it would be interesting to settle the question of the iso-
morphisms between congruence groups in low dimensions. And the
question of the automorphisms of the unitary congruence groups
with respect to a hermitian form of index less than 3 remains un-
settled.
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