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We are concerned here with the oscillatory behavior of solutions of
the following second order nonlinear ordinary differential equation

(1) y” + yF(y21 x) =0, x>0,

where yF(y?, x) is continuous for x>0 and lyl <, and F(¢, %) is
nonnegative for x>0 and £=0. The prototype of equation (1) is the
so-called generalized Emden-Fowler equation:

2) Y+ gq(x) ] yl“f sgny = 0, x>0,

where ¢(x) 20 and ¥ >0. Here we are interested in the determination
of sufficient conditions for the existence of at least one oscillatory
solution, and also in the complementary problem, i.e., the determina-
tion of conditions which guarantee the nonexistence of oscillatory
solutions of (1).

The problem of oscillation and nonoscillation of solutions of equa-
tions (1) and (2) has been of great interest in recent years; we refer
the reader to [7] for a current survey of the literature on this subject.
In most of these studies, it is convenient to subdivide the discussion
according to the nonlinear character of equation (2). We say that
equation (2) is in the sublinear case if ¥y =1 and it is in the superlinear
case if y = 1. More generally, one says that equation (1) is in the sub-
linear case if F(¢, x) is monotone decreasing in ¢ and it is in the super-
linear case if F(¢, x) is monotone nondecreasing in f. Results in the
same direction as ours may be found in Belohorec [1] for equation
(2) when v<1, and in Jasny [3], Kurzweil [5], Kiguradze [4], and
Nehari [6] for equation (2) when 4> 1. For the more general equation
(1), the superlinear case has been considered in Nehari [6], and in
Coffman and Wong [2], but as far as we know the corresponding
sublinear case has not been investigated. In the present work, we
attempt to present a unified treatment for the study of this specific
oscillation problem both in the sublinear and the superlinear case.
The main results include oscillation and nonoscillation theorems for
both of the two classes of equation (1) and contain as special cases all
of the results cited above. In fact, in the process of this generalization
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we also achieve a certain degree of simplification. The basic method of
proof depends upon the introduction of certain “Lyapunov” type
energy functions and comparison with an appropriate oscillatory or
nonoscillatory second order linear equation.

Let G(t, x)=/¢ F(s, x)ds, and let p(x) be a positive continuous
function on (0, «) such that the linear equation 2"’ +p(x) =0 is non-
oscillatory. The main results in the sublinear case are

THEOREM 1. Assume that (1) is sublinear and that
(a) there exists a N>0 such that 2"+ (1+4+N)p(x)2=0 is oscillatory,
(b) there exist positive functions wEC2[0, =), Y& C*[0, ») such
that
(i) o’=0,
(i) ¥ s a solution of 2"’ +p(x)z=0,
(iii) W2(¥)""'+ (@)Y =0,
(iv) —w¥¥'’' =c>0,
(c) there exist My, xo>0 such that F(t, x) = (14+N)p(x) for x=x
and t< Mo Y2 (x),
(d) the function w? G(a®?, x) is nonincreasing in x for every a>0.
Then (1) has an oscillatory solution.

THEOREM 2. Assume that (1) is sublinear and that

(@) F(,x) satisfies y1F(33, x) 32 F(y3, x) for 322y,

(b) there exists a positive function YEC(0,) such that w(x)
= [=do /Y*(0) > » as x— o and w* )"+ () W' 20,

(c) for every a>0, w¥*G(a®?, x) is nondecreasing and bounded
above.
Then equation (1) is nonoscillatory.

Taking p(x) =1/4x2, w(x) =1, ¢ (x) =xY2 in Theorem 1, we obtain
the result of Belohorec [1, Theorem 5] for equation (2) with v <1.
Similarly, choosing p(x) = (1 —¢)?/4x2, w(x)=x¢, Y(x) =x1-9/2, 0<e
<1, in Theorem 2, we obtain another result of Belohorec [1, Theorem
6]. In fact, these specializations yield genuine extensions of Belo-
horec’s result to the more general equation (1). On the other hand,
we may choose different admissible functions p(x), w(x) and Y (x) to
obtain

COROLLARY. Let 0<y<1.

@) If qx)xr+¥/2 (log x)# is momincreasing for some B <0 and
bounded away from 0, then equation (2) has an oscillatory solution;

(b) If q(x)x*¥i2 (log x)# is nondecreasing for some B> (2—+v)/2
and bounded above, then equation (2) is nonoscillatory.
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The corresponding results for the superlinear case are

THEOREM 3. Assume that (1) is superlinear and that
(a) there exists a N> 0 such that 2" +(14N) p(x)z2=0 is oscillatory,
(b) there exists a positive function ¢ & C*[0, ©) such that
(i) ¥ s a solution of 3" +p(x)z=0,
(i) fodz/b2(x) =,
(iii) ¥*)"' 20,
(Gv) VW' K< .
(c) there exist My, x9>0 and N >N such that F(t, x) = (14+N) p(x),
for x Zxo and t= Mgp2(x).
(d) the function Y*G(ayf?, x) is nondecreasing in  for every o> 0.
Then equation (1) has an oscillatory solution.

THEOREM 4. Assume that (1) is superlinear and that
(a) there exist positive functions ¢ & C2(0, ») and Yy & C*(0, ©) such
that
(i) ¢ s a solution of 2"’ +p(x)z=0,
(i) @»)"' =0,
(iii) p=0@), as x—,
(iv) ¢*(¥*)" 2c>0,
(v) %" SK< .

(b) For every a>0, Y*G(ca}?, x) is nonincreasing in x. Then every
solution y(x) of (1) satisfying [ °°|y(¢2)”| < o must be nonoscillatory.

Now if we take p(x) =1/4x2 Y(x) =xY% in Theorem 3, we obtain
our earlier oscillation result for equation (1), [2, Theorem 1]. Again
if we take p(x) =1/4x2, ¢(x) =xV2¢y(x) = (x log x) /2 in Theorem 4, we
obtain the nonoscillation result given in [2, Theorem 2]. Further
specializing our results to equation (2), we obtain the results of
Jasny [3], Kurzweil [5], Kiguradze [4], and Nehari [6] cited above.
Full statements with proofs of the above theorems as well as other
details will appear elsewhere.
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