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1. In this note we state some results on existence, uniqueness, and 
a priori estimates, which have been obtained with parabolic singular 
integral operators as a main tool. 

Let Lu(x, y, t) = 2 J I « I * » aa{x, y, t)D"tyu(x, y, t)—Dtu(x, yy t), 
where x £ i ? n , 3>>0, 0<t<T. Here a = (ai, • • • , an+i), a^O is an 
integer, \a\ = «i + • • • +a»+i» Dly = d^/dxiai • • • dx%3ft,Dt = d/dt. 

(1.1) DEFINITION. For 8 ^ 0 , J # 2 M ( # n X ( S , » ) X ( 0 , T)) is the 
closure of C0°°(i^n+1X(0, oo)) with respect to the norm ||w|| = ]Cl«ls26 
•||j5Jfyw||Lp+||^«w||Lp where the 2>-norms are taken over i?nX(ô, oo) 
X(0, T). 

(1.2) THEOREM. Let L be uniformly parabolic in the Petrowsky sense. 
Assume that the coefficients, aa, of L are bounded and measurable for 
\a\ <2b and for \a\ = 2 i , uniformly Holder continuous in FHf1 

X [0, T], For Kp< oo there exists a function u(xy y, t) satisfying 
(1.3) for each S>0 , ^G£?,2&,2(-KWX(S, oo)X(0, T)) and Lu = 0 in 

i ^ + 1 X ( 0 , T) 
(1.4) Dl

y
+Ju(x, 0, t)—(j>j{x, t) in the sense of &2I>-I-I-J(ST) where 

5r = i^wX(0, T), j = 0, • • • , & — 1, and I is a fixed number satisfying 
Ofg/rgè. (1.4) means \\Dl

y
+Ju(-, y, 0-*i| |j&-iTi-jWrr->0 as y-*0+. 

In §3 we define £>1(ST) and characterize it in terms of spatial deriva­
tives of order Sk and a (fractional) time derivative of order k/2b 
belonging to LP(ST). We observe that for Z==0 and for / = & Theorem 
(1.2) is an existence and uniqueness theorem respectively for the 
Dirichlet and Neumann problems. 

We will later state an extension of Theorem (1.2) by replacing (1.4) 
with a system {Bj} of boundary operators 

Bj(x, t, Dx,y) = Z W . O A L 1 ^ j S b, 0 g f, £ 2ft - 1. 
Wary 

(1.5) DEFINITION. If k<2b is an integer, 0<ôi , ô 2 ^ l , a function b 
denned o n 3 r is in the class C(fe + 8i, fe/2&+82) if for some O O , 

(i) for \a\ ^k, D%b is bounded, uniformly continuous inSV; 
(ii) for \a\ = fe, \l%b(x, t)-D%b(zy t)\ ^C\x-z\61; 
(iii) \b(x, t)-b(x, s)\ ^C\t-s\ww+*. 
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(1.6) DEFINITION. {BJ} covers L if for some ô 0 >0, B0>0 and for 

H(z} s; x, r) 

(1 7) 
/ . « Y"-B*°(«, s: - ix, - i f X - ^ ) ' " 1 \ 

= detl | x\™ - ir)»-i-*>l» 0 *V ' ' - S A w df) 
\ */ ^4(s, 0, s; iff, tf) + ir / 

(i) H(z, s; x, r ) ^ 0 when Im r > - 5 0 | * | 2 & , (*, r ) ^ 0 , 
(ii) |ff(s, 5; x, r ) | ^ 5 o > 0 for - 5 0 | x | 2 & < I m r g O , 

where JSjdenotesthe principal part of Bk, and with ce' = (ai, • • •, an, 0), 

(1.8) 4(* , y, t; # , iq) = £ aa(#, y, /)(*£) " ' (w ; )^ . 
|a|-2& 

The contour integrals are taken over a closed curve lying in the lower 
half f-plane, enclosing all roots f of A(zf 0, s; ix, i f )+^ r = 0 lying 
there. H(z, s; x, T) is the symbol of the matrix of parabolic singular 
integral operators corresponding to the system {Bj}, relative to L. 

(1.9) THEOREM (EXISTENCE) . If the system {Bj} covers Lin (1.2), 
and bk? is uniformly continuous ifrk = 2b — l, while bkpGC(2b — 1 — rk+e, 
(2b-l-rk+6)/2b) ifrk<2b-l, then (1.2) holds with (1.4) replaced by 
(1.4)' Bj(x, t; DXly)u{x, 0, /)=0y(#, t) in the sense of «Clô-i-r*^), 

(1.10) THEOREM (UNIQUENESS). If L, {Bj\ are as in (1.9) and 
\l/&C">(Rn+1) is nonnegative and equals (\x\2+y2)112 for \x\2+y2*£l, 
then the conditions 

(i) u(x, y, 0e~c*(*'y)G£?'2MCRwX(ô, « ) X ( 0 , T)) /or some c^0 and 
each S>0 , 

(ii) L^ = 0, xERn, y>0, 0<t<T, 
(iii) (Bku)e-C*-*Q in £&_!_,* as y->0+, 

iw£/;y that u(x, y, t)=0for y>0. 

Finally we state an a priori estimate for functions in <£o,2M 

•(£WX(0, oo)X(0, T)) with Kp< co and p?*2b+l. This was done 
for p — 2 by Agranovic and Visik in [ l ] and for p large enough by 
Solonnikov in [8]. 

(1.11) DEFINITION. B%a(ST) is the closure of C^Rf1) in the norm 

- ii/iu>cv + ( fjf(- + *, •)- / i r^vy^) 1 ' | « / « \ SSS II Til r P / o \ - + - I I 117 1 • -1— #7.. • I — III TV/a \— . " | 1 / P 

|/(M + a ) - / ( * , 0 | p , JT A 1 " + f f f f • •"-'-• "'—•"•-,-,, dtdhdx) 
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(1.12) THEOREM. If the L, {Bj} of (1.2), (1.9) have respectively 
coefficients aa bounded and measurable f or \a\ <2b, uniformly continu­
ous in "ST for \a\ =26, and coefficients bpk in C(2b—rk — (l/p)+ey 

(2b—rk--(l/p)+e)/2b) on i?wX[0, T], with in addition, for some c>0, 

| D%*{%, t) - D%k(x,s) \uc\t - , |U-<I/P>+O/«> 

then there exists fx, 0 < / x g T, depending on the bounds of the coefficients 
of L, the modulus of continuity of aafor \a\ =25, and the parameter of 
parabolicity, such that for p9£2b + l, l<p<<x> we have for each 
ue£Po2U(RnX(0, » ) X ( 0 , D ) , 

I M I ^ W W ) = C\\Lu\\L
p
(E

n
+

+1xcotti)) 

b 

+ E ||A2&-1-^^(., 0, Olki-a/*)^); 

l^b-i-ru is defined in §3. 

2. A parabolic singular integral operator (p.s.i.o.) has the form 

Sf(x, t) = a(x} t)f(x, t) 

(2.1) 

+ Lp — lim I I K(x, t;x — z,t — s)f(z, s)dzds + Jf(x, t), 
€-+0 J 0 «J Bn 

where 
(i) a(x, t) is bounded and uniformly continuous, 
(ii) K(x, t; z, s ) = 0 for s < 0 , K(x, t\ \z, X26s) =\-w-26J£(x, *; 2, s) 

for X>0, fRnK(x, t; z, l)dz^0; further conditions on K are given in 
terms of $z(K(x, t; z, 1)) (the partial Fourier transform in the z vari­
able), and may be found in [3], 

(iii) J is in the class <0(.R++1) of linear operators on LP(ST) satisfying 
(a) f(x, 0 = 0 for t>s=*Jf=0 for t>s, (b) | |x<a,«WX(aWlU^;+ 1) 

^w(€)||x(ata+e)/||Lp(/e"+1) where x<a,&) is the characteristic function of 
{(x,t):a<t<b) ando)(e)—>0 as€—»0. 

(2.2) DEFINITION. If S has the form (2.1), the symbol of 5 is 

a(S)(x,t;z,s) s a(x,t) + lim I I K(x, t\ w, r)e^w'z+r8)dw dr. 

The main theorem used here to prove existence (see [4] and [ó]) is: 

file:///uc/t
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(2.3) THEOREM. If T=(Tkj) is an NXN matrix of p.s.i.o.'s then T 
is invertible on each UINLP(SR) if for some 80>0, 5 0 > 0 , 

(i) det(cr(rw)(s, t; z, f)) 5*0 for (s, f ) * ( 0 , 0), Im f > - S o | s | 2 b , 
(ii) \det(a(Tki)(x, t; z, f ) ) | ^B0>0 for \z\ = 1 , - 8 0 ^ I m f^O. 

3. The spaces JBf GSr). These are similar to Bessel potential spaces 
(see [2], [7]). Put L0 = ( — 1)&A&+D* where A is the spatial Laplace 
operator. Let $ÇIQ(X) =exp(— | x\2b), and put 

T0(x, t) = Üo(xrll2b)trnf2b if t > 0, 0 elsewhere. 

For k>0 let A-*(x, ft =r(fe/2&)^26>~ ir0(x, *) ÇT(-) is the gamma 
function). In the spaces S' of tempered distributions in xt t, $A~k 

= (\x\2b-~it)-ki2b
t 0<k£2b. For gEL*>(ST) put A-*g=A-**g, and let 

A°g = g. 
(3.1) DEFINITION. <£?(5y), 1 < £ < O O , denotes the space of func­

tions ƒ such that f—A~k*g for some gGZ^GSr). g is unique, and 
l i / I U * w H l d U ^ r ) m a k e s «£* into a Banach space. 

(3.2) THEOREM. Let fEL*>(ST), Kp< <*>. / G £ ? ( 5 r ) , wftere 0<fe 
^2& *ƒ awd <w/y *ƒ !>£ƒ, | a | g ft, and £>*A~2&+*/Gip(5r). ,4/so, 

||/l|/*<w- E ||ö«/||^(V + ||^A-^/|U^r). 

An inverse Afc to A~~* may be defined using differentiation and parabolic 
singular integrals, and is used in (1.12); the Fourier transform of A* 
is(|x|2&~;*)*/26. 

4. An indication of the methods of proof. With A given by (1.8), 
we set 

IYfi.(tf, y, 0 = ^ ( e x p ^ O * , 77, s; i£, iv)t])(x, y) 

(9^,, denotes the Fourier transform in the variables £, v) and 

Tj(z, s; x, y, t) = I I Aw(# — w7t — r)DJ
y Te>o,a(w, y} r)dw dr; 

J 0 J Rn 

y F̂ O and j = l, • • • , & . Essentially we smooth y-derivatives in #, /. 
Using each Tj as a parametrix, we construct (see Chapter IX of [5] 
and Chapter 3 of [3]) fundamental solutions 

Tj(xy y, t; z, y, s) = Tfa, s; x - z, y - y, t - s) 

+ I I Tw,v,r(x — w, y — v, t — r)$j(w, v, r;z, y, s)dw dv dr 
J0 J Bn+i 
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and set, for fjEIsiSr), Kp<«>, 

Uj(%, y,t) = I I Tj(x, y,t;z, 0, $)ƒ,(*, s)dzds. 
J o J Bn 

(4.1) THEOREM. For each ô>0, uiE.&f9\RnX,(fi, <*>)X(0, T)) awd 
Lwy = 0 for y >0. Moreover if\y\ ~r <2b, there is a constant C indepen­
dent of y such that 

\\Dl,M;y, ->|ICw(v ^ c|l/IUp<v 

awd J>—lim^o A26"1""^^ ^(#, y, t)=Sj,yfj where Sj,y is a p.s.i.o. 
with symbol 

— dÇ 
A(z, 0, s; ixy if) + it 

(cf. (1.7), (1.8)). 

(4.2) COROLLARY. Let u3- be defined as in (4.1) and set u(x, y, t) 
= ] ö - i uj(x> y y *)• Assume L and {Bj} satisfy the conditions of (1.9). 
Then for each ô > 0, u(x, y, t)E£>o,2b,1(Rn X (5, <*> ) X (0, T)), Lu = 0 for 
y>0 and L^-lim^oA2»"1^* [£*(*, t; Dm,w) u(x, y, t)]=J%ml SkJj, 
where Skjis a p.s.i.o. and the matrix (a(S*,/)(#, t; z, s))k,j is given by 
(1.7). 
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