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In Theorem 2 of [1]2 A. F. Monna generalized a result by W. A. J.
Luxemburg on fixed points [2], valid for one operator in a generalized
complete metric space, to a suitable family of operators; this result
was later completed by M. Edelstein [3].

Clearly, when the family reduces to a unique element (i.e. T,=T
for all 7), one gets Luxemburg’s result. But if one considers the family
of iteratesof T: T;=T" (¢=1,2, - - - ), since Hypothesis 1 of Monna’s
Theorem requires d(Tx, T:y) Spd(x, y) (¢=1,2, - - - ) when d(x, )
= C, we must have, in particular, d(Tx, Ty) <pd(x, v), and Luxem-
burg’s Theorem applies, providing even with a stronger conclusion
than Monna's for this particular situation. In order to include this
case as a strict generalization of Luxemburg’s result, we relax Hy-
pothesis 1 slightly, thus including also Monna’s Theorem, and at the
same time we get for the family {7%} a nontrivial result. This last
assertion will be clarified with an example. This constitutes §1 of our
paper.

In §2 we give some fixed point results for a family of operators
with p=1.

1. TuEOREM 1. Let (X, d) be a generalized complete metric space,® and
{T:}ics,... afamily of self-mappings of X, closed under composition,
such that

(1) There exist constants C>0, 0Sp<1, and an integer m=1 such
that if x, yEX and d(x, v) S C, then

A(Tmiit, Tminy) < pd(%,9); k=0,1,2,---

(2) Ti=TJ'=TiTi; ’i’j=1’ 2, -

(3) Let xoEX be arbitrary, and define xo,=Tp%n1 (n=1,2, ).
Then there exists N(xo) such that A(Tniixn, %a)SC, for n=N,
B=1,2---.

Then, there exists a £ X such that x,—¢& and TrE—E as n— .

Furthermore, (if)
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4) Tux—x, T,y—y as n—o=d(x, y) < C then £ is unique, and
Thub=& (h=max(m, N); k=0,1, - - - ).

(In each case, convergence refers to convergence in the metric d.)

REMARKS. (a) When m =1, we have Monna’s Theorem, with Edel-
stein’s completion of it.

(b) Example 1 will show that our Hypothesis 1 is strictly more
general than Monna'’s.

(c) If T;=Ti(i=1,2, - - - ) the conclusion means that { is periodic
under T with period not greater than max(m, N).

(d) Since £ is unique, and T3¢ =TT =T1T:£, we have ThE=£, and
£is actually a fixed pointof all T, (k=1,2, - - - ).

ProoF oF THEOREM 1. It will not be given in detail, since it follows
mainly the procedures used by Luxemburg and Monna.

Let xo&X. Then, in the usual manner, it can be shown that for
nZN+m: dXntn, Xu) Sp*V-m C(1—p)~!, and all results follow like
in Luxemburg, Monna and Edelstein.

We observe, letting A— «, that the last inequality gives an esti-
mate of the rate of convergence of the sequence {x,}, namely

d(xn, §) = p" N "C(1 — p)L.
ExAMPLE 1. Let X = {x=e“’/0§0§7r/2} and, for x, yE X, define
d(x,y) =0, if 0, =0, = x/2,
= | tg 6, — tg 9y| , otherwise.
Clearly, d(x, y)=0 iff x=y, d(x, y)=d(y, %), d(x, y)=d(x, 2)
+d(y, 2), forx, y, 2EX.
Assume {x,.=ei9"} is a Cauchy sequence in (X, d). Since, for

m, n=ny, d(%Xm, %,) is bounded, we have that either 6,=0=m/2 for
7 =n,, or 0560, <w/2—e for some ¢>0, n=n,. In the last case, since

d(@n, %) = | tg0n — tgbn| = | tg (6n — 6n) || 1+ tg bu-tg 6|
P |tg(0,,-—0,,.)|,

we have that { 0,,} is a Cauchy sequence in [0, m/2—e¢]; hence, 6,—0
asn— o, Let x=e¢%. In any case, d(x,, x)—>0asn— o, and (X, d) isa
generalized complete metric space.

Define T: X—X as follows

Tx:eio’ 0§0<7r/8’
= ¢i0+e/8) /8 £ 0 < 3n/8,
= ¢i@-37/8)  37/8 <0< w/2,
= ¢, 0 =x/2.
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Then
T2 = €¥, 0=<6<m/8,
= iGFn/0), /8 S0 <w/4,
= gil=r/0) /4 = 0 < 37/8,

= ¢, 3r/8 =0 = /2.
Ty = ¢, 0=06<u/8,
= ¢i0~7/8) T/8 =0 <7/4,
= ¢, /4 =0 = /2,
Tty = ¢i0 0=<6=n/2

Hence, neither T nor T2 nor 7 satisfy Hypothesis 1 of Theorem 1,
for they are not continuous. Obviously, T* satisfies this condition
with arbitrary C>0 and arbitrary p, 0<p <1, so that in this case
m=4.

As for Hypothesis 3 of the Theorem, let xo=e¢, It is not difficult
to see that if, for instance, C=1, and:

(a) 0=0,<m/8, then N(x,)=0.

(b) w/8=0,<3mw/8, then N(x,)=2.

(c) 3r/8=6y=w/2, then N(x,)=1.

Condition 4 clearly holds.

Also, Remark (d) implies that Txo=x, iff xo=¢%.

2. Our aim now is to obtain similar results for a family of operators
satisfying Hypothesis 1 of Theorem 1 with a strict inequality sign and
p=1. We will have to add some further requirements, for even with
T.=T the theorem would not hold. (See, for instance, [4, Remark

2].)

THEOREM 2. Let (X, d) be a generalized complete metric space, and
{T ;},-_1,2,... a family of self-mappings of X, such that

(1) There exist a constant C>0 and an integer m=1 such that if
x, yEX and 0<d(x,y) S Cthen d(Tpirx, Tmiry) <d(x,y); B=0,1, - + .

(2) TiT;=T;T 4, j=1,2, - - -

(3) Let x0EX be arbitrary, and define xn=Tnxna (n=1,2, - ).
Then there exists N(xo) such that

(a) d(Tn+kxm xn)éc; ngN; k=1, 2+,

(T oty 1¥npivey Tntira) < A(Totrs1%nsitly Tnpit1)

(b)

= )
(T niks1%ntiv1y Fnyiv) (T ik 1%niy Xnis)
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whenever the denominators do not vanish and n=N, k=1, 2, +
0=<:=k—1.
A Toitrr¥nis, @np1) _ A Tnibng1, Tni1)

A(Tnsri1%n, %)  A(Tatin, %n) ’

©

whenever the denominators do not vanish.

(4) Tyx=x, Try=y, pzm=d(x,y) =C.

Then, there exists a EE X such that x,—E, and Trf—Easn— .

Furthermore, if

(5) For some integer hzm: ThT;=Thyi 6=1, 2, - - ) (and hence
{ T,-} s a finitely generated semigroup), then & is unique, and T.E=E;
1=1,2,-.-.

(In each case, convergence refers to convergence in the metric d.)

REMARKS. (a) When T;=T, condition (3c) is obviously satisfied.
Moreover, in this case, although (5) implies the trivial transformation
Tx=§£ VxEX, we get the whole conclusion without it.

(b) When T;= T%, (5) holds for any integer %, and hence £ is fixed
under T

Before proving the Theorem, we need the following

LeMMA. If for some integer h=m, and some integer p, we have
TyXp="=%p, then xXp==%py1=2%Xpra= + - - =& Furthermore, Thi é=§ for
k2 K(p, h).

Proor. Let Twxp,=x,. Then T3T,%p=TpuTnxp=Tpux, ie.
TiXpi1=%ps1. Assume Thxp4;=%p+; (j>1). Then

Twrprivy = Thlprivr%pri = Tprir1Tr¥pri = Tpriri¥pri = Xptit1y

ie. ThXprq=%p+q; ¢=0,1,2, - .

Hence d(%ptq %pt+e') =8 (T1%prqy Th¥p+q'), contradicting (1), unless
Xpta=Xpig; fOr, by (4), d(Xpre, Xpier) = C. Therefore, all elements in
the set { xp+q} ¢=0,1,... coincide. Call their common value £ Choose K
so large that h+K=p-+1 (in case h>p, take K=0). Then, if &
2 K: Thirk= ThisXnr—1=2%nx=§, and our Lemma is proved.

ProoF oF THE THEOREM. We will assume that no element of the
set {%n } nzm is fixed under any of the elements of { 7%} szm. Otherwise,
by the Lemma, the first part of the theorem would be already proved
(and even the second one, if =1 and K =0).

Define p;(x, ) =d(Tx, Tiy)/d(x, v), for 0<d(x, y) < C. Let N be
the index specified in (3). Without loss, we may assume N=m. (If
not, we take a suitable N’>N.)
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Then d(xy41, xn) =C,

d(xnta, n11) = A(Tupo¥ntt, Xn41) = A(TwpeTwirwn, Tayr12n)
= d(Tws1Tw2%w, Tap1®n)
= pn41(Twyoxn, 28)d(Twyo%n, 2n)
S Cpvii(Trso2w, aw),
where we used (2), (3a) and the definition of p;(x, ¥).
Using the same arguments
d(xni3y ¥ny2) = A(Twystnie, tave) = A(TnisTwrotnit, Tupo®nsr)
= d(Tw2Tny3%N+1, THro¥nt1)
= pn+2( Tvys2ns1, ¥841) A(TN4s8N 11y XN41)
= pnie( Twrs08+1, N+1) (T Tvrr¥n, Tuy12n)
= pNr2(Twys¥ny1, 24 1) (TN 1 Tn 32w, Tagain)
= pvi2(Twtatnss, 440 pv1(Twrstw, 2w)d(Twys®n, %)

S Cony o Twssnia, v 1) pva(Tvpsin, %)

And, in general
k—1

d(@yiksr, ©var) = C I pwvairr(Torirrtn s, 2x4d)
=0
k-1
< C I ews1(Twsrssaon, xx)

1=0
= Clows1(Twsrrr1®y, 2) |*
< Clowsi(Twsrow, xx)J*

where we used (3b) and (3c). (We note that p;(x, v) is well defined
for all elements in the sequence, because of the assumption made at
the beginning of the proof.)

Now, let n= N, say n=N-+gq. Then

p—-1 p—1
# d(%nypy ¥n) = Z A(Xntht1, Tnpk) = Z A(®N1+qikt1, TN4gtk)
k=0 k=0

—1 qtk
_S_ Z C[pN+1(TN+1xN7 xN)]
k=0
= Clowss(Twsrzn, 2) 1" /(1 — pys1(Tws12w, #x))
for, by definition, 0=Zp:(x, ¥) <1, (:=m).

Hence, {x,.} is a Cauchy sequence. Therefore, there exists a £ X
such that x,—% as n— . Also
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A(Tat, &) = d(Tak, xa) + d(wn, )
= d(T§, Tnn-1) + d(%s, &
< d(f; xn—l) + d(xm E)y

since for #>v, d(x,—1, £) < C.

Therefore, T,£—f as n—», and we have the first part of our
theorem.

From (#), on making p— «, we get an estimate of the rate of con-
vergence of {x,, }, namely

d(%n, & = Clowss(Trsrwy, aw) " V/(1 — pyia(Tvsr%w, o).

-‘Assume now (5) holds. Hence d(TwT £, T:£) =d(Thyi, T:€). If we
let +— «, since T} is continuous, the first member tends to d(T3£, &),
while the second one tends to zero. Hence, T3¢ =E.

-Assume T';n—n as i— «, Then, as before, Typ=7. Furthermore, by
(4) d( ) =C. If £, we would have d(&, ) =d(T:&, Twy), contra-
dicting (1), for 2=m. Hence, d(¢, 1) =0 and £ is unique.

Since T =T:T£=T,T:£, and £ is a unique fixed point of T}, we
have T;(=§ (¢=1, 2, - - - ) concluding thus the proof of our theorem.

Finally, we give three examples to illustrate the extents and limita-
tions of our results. The first one is a direct application of Theorem 2,
for which no previous results can be used. The second one shows that
condition (3b) is by no means necessary. To counterballast this, the
last example shows a transformation without fixed points, which does
not fulfill requirement (3b).

ExaMPLE 2. Let X={x=¢?/0<0=<3n/2}, d(xy)= Ix-—-y|
=2|sin ((6:—86,)/2)].

Define T: X—X such that Tx=¢®/? (i.e. T;,=T, all 7). Let 0<C
<212, Hence, it is clear that d(Tx, Ty) <d(x, y) for 0<d(x, y) = C.
(The inequality can not be improved, for d(Tx, T'y)/d(x, y)—1 when
x—sei0, y—seiri2))

Let xo=¢?CX, arbitrary. Then, %x,=Tx,_1=¢%/3"=¢®,  Since
d(%ny1, %) =2|sin (Bar1—0,)/2)| =2 |sin (8/3+Y) |, it is clear that for
n= Ni(x0), d(*nt1, x2) < C, and we have (3a).

In order to show (3b), we observe that in this case the condition
reduces to

A(Xn+3, Tni2) /A (Fni2y Tny1) S A(Fny2, Xnp1)/d(Xny1, %)

when # = N(x,) and the denominators do not vanish. This last alter-
native occurs only when § =0, where the final result is trivial. So that
we may assume 0=0. Let ¢ =0/3"+3, With this notation, (3b) will
hold if and only if
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2 sin ¢/2 sin 3¢ < 2 sin 3¢/2 sin 9¢.

Clearly, taking # = Na(x,), we will have 0=<9¢ <7/2.

Consider the function f(t) =sin 3¢/sin t=2 cos?t+cos 2¢, 0<t < m/2.
A simple computation shows f’(¢) <0. Hence, f(t) decreases, and
sin ¢/sin 3t increases with ¢. In particular sin ¢/sin 3¢ <sin 3¢/sin 9¢,
which is precisely what we wanted to prove.

As stated in Remark (a), (3c) is obviously satisfied.

Also, condition (4) is immediate.

Hence, we can apply our Theorem and conclude: x,—¢=e% as
n— o, and Té=¢.

We observe that neither Theorem 1 nor Theorem 3 in [5] can be
used in this case, whereas Theorem 2 in [5] asserts at best the
periodicity of £.

ExaMmPLE 3. Let X be the nonnegative reals with the Euclidean
metric. Define T: X—X by Tx=x/(x+1). It is easy to show that
d(Tx, Ty)<d(x, y) whenever xy, so that C>0 can be chosen arbi-
trarily.

Let x0&X, %00, %, =T%,-1. (The case x¢=0 is trivial.) Hence
%n =%o(nx0+1)"1 and

d(®ar1, #2) = 50/ [(n + Do + 1] (nxo + 1).
Therefore

d(%ny3, Xnt2) _ A(Xnq2, Xny1) _ 250?)
d(%ny2y Xny1) d(%ny1, %n) [(n + 3)xo + 1][(n + 2)mo + 1

and hence (3b) is not satisfied. Nevertheless, x,—0&EX as n— o,
T0=0, and 0 is the only element with this property.

ExamMpPLE 4. We will use Rakotch’s example mentioned at the
beginning of this Section.

Let X be the nonnegative reals with the Euclidean metric, and
Tx=In(1+¢%). As shown there d(Tx, Ty) <d(x, y) whenever x7y,
so that C>0 can be chosen arbitrarily. Let xEX, %070, and
%n=T%,—1. (The case x¢=0 is trivial.) Hence, as shown by induction
%, =In(n-+e=). Since d(Xny1, x.) =In(14+1/(n+e)), we see that for
72 N(x0), d(Xni1, #.) SC. Let f(t)=(In((¢+2)/(¢+1))/(n(t+1)/1)),
t>1. Clearly, f(¢) <1, and f(f)—1 as t—x.

Also,

f'® =[¢+ D¢+ n/Hl
/9 (¢ + 2)/¢+ 1) — /¢ + 2) In (¢ + 1)/9)].

]>0
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Assume that for some s> 1, f/(s) =0. Hence, we have the following
chain of equivalences.

F'(&) =0 In((s + 2)/(s + 1))**
=ln(s+1)/s) =0+ 1/(s+ 1))+ =1+ 1/s5).

Therefore (1+1/s)*> (141/(s+1))*+, which is clearly impossible,
for the function (1+1/¢)t increases with ¢. Therefore, f/() has con-
stant sign. If it were f’(t) <0, then f(¢) would be a decreasing function,
and since f(¢)—1 when {— «, we would have f(¢) = 1, which is impos-
sible. Therefore, f(#) is increasing. In particular: f(n-+1-e%)
> f(n+e), i.e. (3b) does not hold.

It is obvious that x,— © & X, T'x,—« as n— o, and furthermore
T does not have any fixed points in X,
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