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0. The functions which operate on Fourier or Fourier-Stieltjes
transforms have been investigated by Helson, Kahane, Katznelson,
and Rudin, especially in [1]. In this note we give an example of a
positive measure on the Cantor group D,, whose Fourier-Stieltjes
transform has range in [0, 1], and on which the continuous functions
operating must have a high degree of analyticity. Our method of ex-
panding this function is based on Bernstein polynomials and is quite
different from that of [1].

1. Let D, be the complete direct sum Z,®Z:PZ:P - - -, es the
unit mass at 0 in the nth factor, m, the uniform (1/2, 1/2) mass in
the same group. For a dense sequence {a,} < [0, 1] we form the in-
finite product measure

o= ﬂ {a,,e,, + (1 - a,.)m,,}.

Denote by W the set of complex numbers {|z] <1} —{—1<z=<0}.

THEOREM. If f is continuous in [0, 1] and f o p is a Fourier-Stieltjes
transform on D., then f can be extended to a function bounded and
analytic in W.

The proof is based on certain measures ¢ on the N-fold sum

Z: B Z:® -+ ®Zy, in which each element is an N-tuple
(21, %2, + + -, xx) (x:=0, 1, 1 S2=<N). Say that ¢ is spectal if it is in-
variant with respect to permutations of the coordinates xy, « - -, xx.

A special measure is a linear combination of the measures5;, 0Sj=< N,
described as follows: ¢; assigns mass 1 to every element x for which

N .
Zl-l Xk =].

For any special measure ¢ there are defined numbers bq, * « +, by: b
is the value of & on the character

x— (—1) T =,

LEMMA. For a special measure o, set
y N
B(x) = > b (k ) (1 — x)VE,
0
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Then
N N
B(®) = 2 a(l — 20)% with 2| al sl
0 0
Proor. Because the measures oy, - - -, ox are mutually singular

it is enough to verify the estimate for each ;. The number by is the
coefficient of si in (1 — $)*(1 + s)¥*;, we write this as
(1)~197/3s7 [(1—s)*(1+5)¥-*] (the derivative is ultimately evaluated
at s=0). Then

N

56 = (| (] = 9t - 920 + 9]

k=0

97
= (]')_1-57 (1 + S - sz)N
N

=<]Y>(1 — 22)i, ats=0,

J
N
lod = ()
J
the lemma is proved.

To prove the theorem, we provide D, with coordinates
(%1, %2, - -+, X, + -+ ) and let & be the character x—(—1)%

Since

(1=n<»). Nowif m<ne< - -+ <my and €;=0, 1 (1<7<N)
N
ﬂ'(elfnl + -+ eNEnN) = H {1 + 6{(0”‘ —_— 1)},
i=1
and

fobletn, + - -+ + extay) = fqD.

Since {a.}isdensein [0, 1], we see by choosing the indices 71, « + -, ny
carefully that, for every N and every b& [0, 1], the function g, de-
fined on the dual of Z¥ by the formula

ot =11 5)

is the transform of a special measure on Z) with norm at most

F@l.
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For each >0 define ¢, (u) =f(e~™), 0 <4 <1, Then ¢, is the uniform
limit of the Bernstein polynomials
N

N
By(u) = Y, <k ) &.(k/N)uk(1 — u)V—*,

0
O<us1, N=1,2,3---.)
N /N
= Z( k)f(e-'km)uk(l — wN-,
0

Widder [2].
By the lemma, and the subsequent remarks,

N N
BN(u) = ; Ck,N(l —_ 2%)"" with ;I Ck.NI = ”f([.t)”.

Clearly the By’s form a normal family in { lu—1/2| <1/2}, so that
¢, can be extended to a function analytic in this open set and bounded
by |lf(w)||. But this just means that f can be extended to an analytic
function of (the principal branch) of log, in the set where log has real
part between e and 1. As r— e the theorem is proved.
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