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Let f(2) = Dm0 @.2" be holomorphic with radius of convergence
R (0<KRZ= ), and let u(r) denote the maximum term and »(r) the
central index of f(z). By definition, for >0, u(r) =max{ Ia,,] r"l n
=0, 1, 2,--.. } and so u(r)= Ia,,(,) | ™. We shall assume that
u(r)— o as r—R and f(z) is not a polynomial. In this note we give a
technique for comparing f(2) with its maximum term which shows
that, for certain functions f(z) which are of very slow growth, or whose
power series have wide gaps, f(2) has no finite asymptotic values. Our
result is to be compared with Wiman’s theorem [1, Chapter 3], [5]:
If f(2) is an entire function of order p <3 then f(z) has no finite asymp-
totic values. However, the class of functions for which we show the
nonexistence of finite asymptotic values is different from that of
Wiman; in particular we allow the functions to have a finite radius of
convergence.

Let z=re% and define

u(re¥) = u(r)et o

for r>0and 0<60 <2w. Then u(2) is a complex extension of u(r); it is
piecewise continuous, but has discontinuities where »(|2|) is discon-
tinuous.

Let v(¢) be a (continuous) receding curve such that !'y(t) [ —R as
t— o . Then v (¢) is an asymptotic path of f(z) if ast— «, f(y(¢)) tends to
a limit w, called an asymptotic value; analogously with this definition
we shall call y(¢) a u-asymptotic path if f(v(£))/u(y(#)) tends to a limit
w as }— o, and we say that w is a u-asymptotic value. For example, e?
has p-asymptotic value « along the positive real axis, but has p-
asymptotic value 0 along any path to « in any angle which excludes
the positive real axis. The following theorem is obvious, since u(r)
—> 0,

THEOREM 1. If ¥(8) is an asymptotic path of f(3) with finite asymp-
totic value, then y(t) is a p-asymptotic path of f(z) with u-asymptotic
value 0.

Next we investigate some situations in which f(z) has no p-asymp-
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totic values. Without loss of generality assume ao>0. Let {p(n)} be
the sequence of jump points of »(r), counting multiplicity. Since
v(r)— = as r—R, p(n)—>R as n— . We denote by {n;,} the range
of »(r), so that »(p(m)) =mi, and we define no=0. Then 0<p(ns)
<plm+1)=-- =pmep) < ---.

Explicitly
Gy, | 1 (BR—nE-1)
p(m) = £
On;
We define
L = lim sup pmr) ;
k— o p(nk)

S = lim sup (Bx41 — n1),
k— o

&
} = lim sup (41 — ms) log {P(nk+1)} ’

. k—w inf p(nk)

E . sup P("k+1)}
=1 — M) | .

s} Jim g (m = M) log { o (rz)

The proofs of the following theorems are given in [2], [3], and [4].

THEOREM 2. If L>1and S< «, then f(2) has no u-asymptotic values.

(The hypothesis L>1 implies that f(2) is a transcendental entire func-
tion.)

THEOREM 3. Suppose that f(z) has the form f(z) = D o Gn,z™ where
{m} is the range of v(r). If any of the conditions (1)-(4) hold, then
f(2) has no u-asymptotic values.

1) p=E=o, £>0.

(2 §=9=0,¢>0.
hed 1

€) R=w, } ——<®, ¢=om, £>0.
kw1 M1 — N
kel 1

) R=w, } ——<®, t=w, ¢>0.

kml P41 — Mg

THEOREM 4. Suppose that f(2) has the form

_ hd e(k)zme ‘
f&) = €O+ 2
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Assume | e(k)l =1 and (k) has period & where & is a positive inte-
ger. If 0<¢p=P< 0 and 0 <E=F < =, then f(3) has no u-asymptotic
values.

Theorem 1, combined with Theorems 2, 3 and 4, yields

THEOREM 5. If the hypotheses of Theorems 2, 3, or 4 are satisfied,
then f(2) has no finite asymptotic values.

ExaMpLEs. Each of the following functions has no finite asymptotic
values:

= 2% exp i * 271 exp iy
= Namretn S T +1)
ed 2% exp iay ¥
— ., 1+

Z {(&+ ) log p}** Ex r(akp +1)
5 5 exp (£

14 —————————, and ex ( )zl’"‘l,
i1 {(E+2) 1o 89}"4 k=1 P B

where A>1,a>0,0<8<1, 0=ar <2, p is an integer greater than 1,
and ¢ is an integer greater than 2.
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