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In 1957 A. N. Kolmogorov [1] and V. 1. Arnol’d [2] obtained the
following result (answering Hilbert’s conjecture in the negative):

THEOREM. For every integer n =2 there exist continuous real functions
Y?e, for p=1,2,-- - ,nand q=1,2, - - -, 2n+1, defined on the unit
interval E'= [0, 1], such that every continuous real function f, defined on
the n-dimensional unit cube E", is representable in the form

Sy = 3 30 |,

g=1 p=1
where the functions x, are real and continuous.

The proof of the theorem relies on two properties of E!, namely, E?
is compact and of dimension 1. (By dimension we shall always mean
covering dimension.) This paper generalizes the work of Kolmogorov
and Arnol’d to obtain the following result:

THEOREM 2. For p=1,2, - - -, m let X? be a compact metric space
of finite dimension dp,and let n= Y ., d,. There exist continuous func-
tions Y»9: X?—[0, 1], for p=1,---, m and ¢=1, 2, - - -, 2n+1,
such that every continuous real function f defined on [[™., X? is repre-
sentable in the form

S m) = 2 ] 39|

¢=1 r=1
where the functions x, are real and continuous.

The proof of Theorem 2 makes use of the following new character-
1zation of dimension of metric spaces which is of interest in itself.

THEOREM 1. A metric space X is of dimension <n if and only if for
each open cover @ of X and each integer k=n-+1 there exist k discrete
families of open sets Uy, - - -, Wi such that the union of any n+1 of
the U; is a cover of X which refines C.

1 This research was partially supported by a National Science Foundation Fellow~
ship.
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By a discrete family of sets we mean a family such that each point
has a neighborhood which meets at most one member of the family.
For dimension 0 Theorem 1 reduces to the following result, which is
well known: A metric space X is of dimension =0 if and only if each
open cover of X may be refined by a discrete family of open sets.

This note presents brief proofs of Theorems 1 and 2.

Proor oF THEOREM 1. It suffices to show that if X is of dimension
=<mu, then for each open cover € of X and each integer k=n-1 there
exist k discrete families of open sets Uy, - « -, Ui which refine @, any
n+1 of which cover X. We prove this by induction on k. Let X be of
dimension <7 and let €= {C.; a €I} be an open cover of X. By
passing to a refinement if necessary, we may suppose that € is locally
finite. We may write X as X =U}2] X, where each X is a subspace
of dimension 0.

Let €;= {CaﬂszaEI}. @; is an X;-open cover of X; By the
case of dimension O there exists for each ¢ a disjoint family U; of
X -open sets which covers X; and refines €;.

Let I be well ordered by <. Foreacha&landi=1, ... ,n+1,let
Wi=U{VEV:: VCC.NX;and for each <, VL CsNX;}, and let
W= {Wi:aEI }. Distinct members of W; are disjoint.

Let Z% = {xE Ca: d(x, W2) <d(x,Up<a W5) } and let Z;= {Zt: € T}.
Wt CZ,CCafor each 7 and a. Each Z;is a locally finite family of dis-
joint open sets of X which refines € and covers X;. It follows that
Uit Z; covers X.

As before, there exist closed sets D, CZ, such that {Di: aEI;
i=1,--+,n+1} covers X. Choose open sets U’ such that D!, C U}
CCI(UY CZt, and let U;= { UL: «E1}. Each U, is discrete and re-
fines €, and Uy, - + +, Uuqa cover X.

Suppose now that 2>n-+41 and that Uy, - - -, Uz are discrete
families of open sets which refine @, any #+1 of which cover X. We
will construct a subset 4 of X and a discrete family U, of open sets

which refines @, such that any # of the families Uy, - - -, Up—; cover
X —A4 and U; covers 4.
Let A={y=(11, -+, Yn):1S11<72< + -+ <v.<k—1}. For

vyEY, let 4,=N.; (X-Uu,,), and 4 =U,cx 4,. Each 4, is closed
and A,NA4;= for y#46. Hence there exist open sets B, such that
A, CB, and CI(B,)NCI(B;) =& for y#4. For yEY, there exists a
positive integer j,=<%k—1 such that j,EE{‘y;:i=1, 2,00, n} U;,
covers A,. Let U= { UNB,:y&EN and UG‘U.,;,}. Uz is a discrete
family of open sets which covers 4 and refines €. Thus the proof of
Theorem 1 is complete.

ProoF oF THEOREM 2. For each integer p, p=1, - -, m, each
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integer ¢, ¢=1, 2, - - -, 2n-}-1, and each integer &, k=1, 2, .-,
there exist positive real numbers ; and &, distinct positive prime
numbers 75?, discrete families 87’ of open sets of X?, and continuous
functions f2: X?— [0, 1] such that:

(1) limk,,o Yk =limkm € = 0;

(2) each member of 8 is of diameter =<+ and for each fixed p
and k any d,+1 of the families 8§ cover X?;

(3) mek<1/HZ'_1 79 for each ¢=1, 2, - + -, 2n+1;

(4) f%is constant on each member of 8}, the constant being an
integral multiple of 1/3%, and takes different values on distinct mem-
bers of 8§%;

(5) For each j<k and xEX?, f7(x) Sfi*(x) =f7(x) +¢;—es.

The v, &, 2%, 8§, and f7* are defined inductively on k.

Let X = []™., X*. X is a metric space with metric

W - 2y O 2 9)) = 30 Ay 3)-

p=1

For each g and k let 3= { 7-1 C?: CP& 8} for each p}. Each 3 is a
discrete family of open sets of X, and each member of 3¢ is of diam-
eter <myy. For each k any n+1 of the families 3¢ cover X.

Let ¢79(x) =limy.., f°(x) for x&X?. For each k and each x&X>?,
(%) SYre(x) £ f2° (x) +ex. Thus Y29, being the uniform limit of the
¥, is continuous.

Let ¢2(xy, « - =, Xm) = 2 p_1¥?%x,) for (x1, -+, xm)EX. Let
wl={¢e(C): cest}. If C=]]", CrE3, then ¢2(C) is contained in
the interval [ m,f2(C?), > ™, fi*(C?)+me]. By condition (3)
these closed intervals are disjoint for each fixed ¢ and k. Hence each
U is discrete.

Let f be a continuous real-valued function on X. For each integer
r=0and ¢g=1, - - -, 2n+1 there exists a positive integer k, and con-
tinuous functions x?: R—R (R denotes the real line, ky=1 and x§=0
for each ¢) such that if f,(x) = > 24! 37 x%(¢p*(x)) for xEX and if
M,=supsex I (f—fr) (x)l , then:

(6) kr+1> kr;

(7) if d(a, b) <mys,4,, then | (f—£) (@) — (F—£) (B)| <(@n+2)1M,;

(8) x%., is constant on each member of Uf,,,, its value on ¢¢(C)
for C€3i,,, being (n41)~2(f—f,)(v) for some arbitrarily chosen ele-
ment y of C;

(9) |¥841(a)| S (n+1)"1M, for each a ER.

The %, and x? are defined inductively on r. It is easily deduced
from (7) and (8) that
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(10) | (41" —f) (%) =x441(92() | <(n4+1)"(2n+2)' M, for
xcU{T: 7€, ,,}.

For each x€ X there are at least n+1 distinct values of ¢ such that
that x€U{T: T€5,,,}. Adding (10) for n+1 values of g and (9) for
the other n values of g yields

2n+1 ¢ a 1
1= 1)@ | = |0 =0@ = T xa@@)]| < j” +
g=1 n+ 2

Then M, 1<(2n+1)(2n+2)"M,, so M,<((2n+1)(2n+2)"1) M, for
each r and lim, ., M,=0. Hence f(x) =lim, ., f,(x) for all x€X. More-
over, by condition (9) the functions Y _*_, x? converge uniformly for
each ¢ to a continuous function x¢: R—R and

Mr.

2nt+l1 7 2n+1
f@@) = lim £i(z) = Im 3 Ta(@'@) = X x'¢'@).

This completes the proof of Theorem 2.
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